Solutions - Chapter 2 
Discrete-Time Signals and Systems 



2.1. (a) T(x[n])=c[n]x[n] 



• Stable: Let |x[n]| < M then |T[x[n]| < |<j[n][M. So, it is stable if \g\n]\ is bounded. 

• Causal: jrifn] = $[n]xi[n] and yj[nj = o[n]x 2 [n], so if xi[n] = x 3 [n] for all n < no, then 



————— hi-; »i"r»r - j - -— »*i*"j »i-*j— *r-j> — 

j*i [n] = j^M for all n < no, and the system is causal. 
• Linear: 



So this is linear. 
• Not time-invariant: 



T(ax![n] + frij[n]) = ofnHoxjtn] + 6x 2 [n] 

= ag[n]xi[n] + 6s[n]x 2 [n] 
= aT( Xl [n]) + 6T(x 2 [n]) 



T{x[n - no]) = g[n]x[n - no] 

/ V[n - no] = g[n - noM" - no] 



which is not TI. 

• Memory less: y[n] = T(x]n]) depends only on the n th value of z, so it is memoryless. 
(b)T(x[n]) = £^*[k] 

• Not Stable: \x[n)\ < M -► |r(x[n])| < ££ =ne I*l*]l ^ l n ~ "ol^- As n -+ oo, T -► oo, so not 



• Not Causal: T(x[n]) depends on the future values of x[n] when n < no, so this is not causal. 



stable. 
NotCi 
Linear: 

n 

T(axi[n] + bx 2 [n]) = £ W*) + 6z2 W 

t=no 

n n 

= o H x a [n]+fc 5Z **["! 



fc=n« t=no 

= ar(xx[n]) + W(x 2 [n]) 



The system is linear. 
• Not TI: 



T(x[n-no]) = f>[*-«o] 

n— no 

±=0 

n— tic 

/ yIn-no]= £ x[fc] 



fc=no 



The system is not TI. 

• Not Memoryless: Values of y[n] depend on past values for n > no, so this is not memoryless. 

(c)T(x[n]) ££?_„. *W 

. Stable: |r(x[n])| < £££„. M*H * E££„, *(*]** < |2«o + IjAf for |x[n]! < Af , so it is 
stable. 

• Not Causal: T(x[n]) depends on future values of x[n], so it is not causal. 



• Linear: 

»+no 



T(axiln]+bx»[nQ = £ °*iW + **»(*] 

t=n— m 

n+no n+nt 

= a Y, *i[*]+* £ x 2 [A]=aT( a : l [n]) + 6r(r 2 [n3) 



*=»— no k—n-no 



This is linear. 
• TI: 



n-rno 

r(x[n-no] = £ *[*"*•! 

= E *ra 

= y[n - no] 
This is TI. 

• Not memoryless: The values of y[n] depend on 2no other values of x, not memory less 

(d) r(*(n])=cc[n-no] 

• Stable: |r(*{n])| = \x[n - no]) < M if jx[n] < M, so stable. 

• Causality: If no > 0, this is causal, otherwise it is not causal. 

• Linear: 

T(axi[n] + bx 2 [n]) - ax x [n - no] + bx 2 [n - no] 
= an Xl [n)) + bT(x 3 ln]) 
This is linear. 

• TI: T(x[n ~ n d ] = x[n - r^ - n d ] = y [ n - n d \. This is TI. 

• Not memoryless: Unless no = 0, this is not memoryless. 

(e) r<*[n]) = «-M 

• Stable: |x[n]| < M, \T(x[n])\ = \e*W\ < e W n H < e* this is stable. 

• Causal: It doesn't use future values of x[n], so it causal. 

• Not linear: 

r(a*i[n] + 62 2 [n]) = e «iH+<*»M 

_ c oi,[n| e fct t [n] 

/ aTixfrD + bTiziln]) 
This is not linear. 

• TI: T(x[n - no]) = «*!«-«•] = y [ n - no], so this is TI. 

• Memoryless: y[n] depends on the n th value of x only, so it is memoryless. 

(f) T(x[n])=ax[n] + 6 

• Stable: |T(x[n])| = |ax[n] + b\ < a \M\ + \b\, which is stable for finite a and 6. 

• Causal: This doesn't use future values of x[n], so it is causal. 

• Not linear 

T(cxi (nj + dxj [n]) = acxi [n] + adx 2 [n] +- 6 
* cTtx^nP+dTtoM) 
This is not linear. 



• TL T(x[n - no]) = ax{n - no] + 6 = y[n - no]. It is TT. 

• Memoryless: y[n] depends on the n" 1 value of x[n] only, so it is memory less, 
(g) T(x[n\) = *I-n] 

• Stable: |T(x[n])| < |*(-n]| < M, so it is stable. 

• Not causal: For n < 0, it depends on the future value of x{n], so it is not causal. 

• Linear: 

T(ari[n] + 4er 2 (n]) = axi[-n] + bx 2 x[-n] 
= aT( Xl [n]) + bn*2W) 

This is linear. 

• Not TI: 

T(x[n-no\) ~ z[-n-no] 

5* y[n - no] = x[-n + no] 

This is not TL 

• Not memory less: For n ^ 0, it depends on a value of x other than the n th value, so it is not 
memory less. 

(h) T(x[n]) = x[n] + u\n+l} 

• Stable: |T(i[n])| < M + 3 for n > -1 and ITfifn])! < M for n < -1, so it is stable. 

• Causal: Since it doesn't use future values of x[n], it is causal. 

• Not linear: 

f(axi [n] + bx 2 [n]) = axi[n\ + tejfn] + 3u[n + 1] 
# aT(zi[n]) + bT(x 2 [n]) 

This is not linear. 

• Not TI: 

T(x[n - no] = x[n - no] + 3u[n + 1] 
= y[n - no] 
= x[n — no] + 3u[n - no + 1] 

This is not TI. 

• Memoryless: y[n] depends on the n" value of x only, so this is memory less. 

2.2. For an LTI system, the output is obtained from the convolution of the input with the impulse response 
of the system: 

y[n]= f) h[k]x[n-k] 

lcx—oo 

(a) Since h[k] jt 0, for (N <n< Ni), 

y[n]=-£h[k]x[n-k] 

The input, x[n] / 0, for (iV 2 < n < N3), so 

x[n - k] ? 0, for N 2 < (n - Jt) < N 3 



Note that the miniipmp value of (n - Jt) is N2. Thus, the lower bound on n, which occurs for 
k = No is 

N 4 = N + N 2 . 

Using a similar argument, 

Therefore, the output is nonzero for 

(No+Nd^nSiNt + Na). 

(b) If x[n] # 0, for some n„ < n < (n„ + N - 1), and h[n] £ 0, for some m < n < (nj + M - 1), the 
results of part (a) imply that the output is nonzero for: 

(n« + "1) < « < (*o + n i + M + N ~ 2 ) 

So the output sequence is M + N - 1 samples long. This is an important quality of the convolution 
for finite length sequences as we shall see in Chapter 8. 

2.3. We desire the step response to a system whose impulse response is 

h[n] = a~ n u[-n], for < a < 1. 

The convolution sum: 

y[n]» f] h[k]x{n-k} 

k=~oo 

The step response results when the input is the unit step: 



. . . . f 1, for n > 
x[n]=«[n] = | 0j forn<Q 

Substitution into the convolution sum yields 

y [„]= f] «-* u [-fc}uln-*] 



For n < Ch 



fc=-oo 
00 



t=-n 

1-a 



For n > 0: 



»w = E a ' k 



k=-ao 
00 

- E«* 

fc=0 

1 
1-a 



2.4. The difference equation: 

»M - f v[» - il + !»[" - 2 1 = ^l" " ^ 

To solve, we take the Fourier transform of both sides. 

4 8 

The system function is given by: 



i/(e") = 






1 - fe-** + \t-&* 



The impulse response (for x[n] = 5[n]} is the inverse Fourier transform of H(e } "). 
Thus, 

Mn] = -8(J)"«*w+8(5r«w- - yr*3 

2.5. (a) The homogeneous difference equation: 

y[n] - Sy[n - 1] + 6y[n - 2] = 

Taking the Z-transform, 

1 - 5r _J + 6z~ 2 = 

(l-2z- 1 )(l-3z" 1 ) = 0. 
The homogeneous solution is of the form 

(b) We take the 2-transfonn of both sides: 

Y(z)[l-Sz~ 1 +6z- 2 ] = 2z- 1 X(z) 

Thus, the system function is 



'« = m 



2z- 



1 - 52" 1 + 6z- J 
-2 2 



1-2X- 1 1-3*- 1 ' 

where the region of convergence is outside the outermost poie, because the system is causal. Hence 
the ROC is \z\ > 3. Taking the inverse z-transform, the impulse response is 

Aln]=-2(2ru[nl + 2(3)"u[nJ. 
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(c) Let x\n] = u[n] (unit step), then 



X(z) = 1 



and 

Y(z) = X(z)H(z) 

2z"» 



(l-2->)(l-2z->)(l-3z- 1 )' 
Partial fraction expansion yields 



1 - z- 1 I- iz- 1 1 - 32- 1 * 
The inverse transform yields: 

y[n] = u[nj - 4(2) n ti[n] + 3{3) n u[n]. 

2.6. (a) The difference equation: 

yW - 2 J'fa ~ l ] = *N + 2i[n - 1] + x[n - 2] 
Taking the Fourier transform of both sides, 

lV)[l - \e~ ju ] = *(e**)(l + 2e->" + e~ i9u ). 
Hence, the frequency response is 

Y(e>") 



B{e>») = 



X(eJ") 

1 + 2e~>" + e-' 3 " 



~ 1 - \e~i" 

(b) A system with frequency response: 

1 - i-e~ iw 4- e-J*"' 

H{e>") = -i— p- li 

1 + ^e-J" + f e-fr" 

Y{e**) 
cross multiplying, 

^(Otl + 5«-*" + f «-**"] = W>[1 - ie-'» + e->*"], 
and the inverse transform gives 

13 1 

&H + jld" ~ J J + 4 Vl n - 2 ) = *M " J*!" ~ *] + x I n ~ 3J. 

2.7. x[n] is periodic with period N if i[n] = x[n + N] for some integer N. 
(a) i[n] is periodic with period 12: 

=> 2irk — -JV,for integers *,7V 
o 

Making *=landAT=12 shows that i[n] has period 12. 



(b) x[n] is periodic with period 8: 

=> 2vk - -^JV.for integers k,N 
4 
g 
=3. JV = -Jfc, for integers *, N 

The smallest * for which both Jfc and N are integers axe is 3, resulting in the period JV being 8. 

(c) iln] = [sin(irn/5)l/(im) is not periodic because the denominator term is linear in n. 

(d) We will show that x[n] is not periodic. Suppose that x[n] is periodic for some period N: 

=> 2*k = -^=N,iot integers k,N 

=* JV = 2V5fc, for some.integers k, N 
There is no integer k for which AT is an integer. Hence x[n] is not periodic. 
2.8. We take the Fourier transform of both h\n} and x[n\, and then use the fact that convolution in the time 
domain is the same as multiplication in the frequency domain. 



Hie'") = 



1 + ie-> w 



5 1 



3 2 



1 + !<•-■>"' 1 - je-J"' 
y [n] = 2{ 1 -) n u[n} + 3(-lr«ln) 



2.9. (a) First the frequency response: 



y {e >«) - | e ->-y(^) + ie-^y^"") = ie- J >"X(^) 



y(e> w ) 



1 -2>u- 
3 e 



1 _ | e ->- + |e- 2 >" 

Now we take the inverse Fourier transform to find the impulse response: 

-2 2 

W> - i - £ e -i« + l - |e->> 

fc[n] = -2(l)"«[n] + 2(|)"«[n] 



10 



For the step response s[n]: 

s[n] = £ Atijtiln-fc] 



t=-oo 

l-(l/3) n+1 



= -2- 



1-1/3 



u[n] + 2 



1 - (1/2)" H 
1-1/2 



-«W 



= (l + (|) n -2(i) n )u[n) 



(b) The homogeneous solution y h [n\ solves the difference equation when x[n] =0. It is in the form 
Vh[n] = Yi M c ) n > wtere ^e c ' s s 01 ™ tne q^a^a* 10 equation 

j 5 1 n 

So for c = 1/2 and c = 1/3, the general form for the homogeneous solution is: 

VfcM = M^T + M~) n 

(c) The total solution is the sum of the homogeneous and particular solutions, with the particular 
solution being the impulse response found in part (a): 

y[n] = yhN + ypN 



= M h n + Mb" + -2&"«H + 2(5)""^ 



Now we use the constraint y[0] = y[l] = 1 to solve for j4i and A 2 . 

y[0] = i4i + i4 2 - 2 + 2 = 1 
yfl] = Xi/2 + .42/3 -2/3+1 = 1 
Ax + A 2 = 1 
Aj/2 + ^/3 = 2/3 
With j4i = 2 and A 2 - -1 solving the simultaneous equations, we find that the impulse response 



2.10. (a) 



irfn] = 2(1)" - (|)» + -2(i)"«H + 2(lr«[n] 

y[n] = fc[ n ]**M 

= Y, a k ti[-k-l\u[n-k] 

•00 

£«*, n<-l 

t=— 00 

k h=—co 



n<-l 



1-1/a' 
l-l/o 
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(b) First, let us define v[n] = 2 n u(-n - 1]. Then, from part (a), we know that 

( 2 n+l , n<-l 
w[n] = u{n] * v[n) = j ^ „ > _i 

Now, 

y[n] = u[n-4]*v[n] 



= w[n - 4] 

:3 
3 



f 2 n_3 , n< 

~ \ 1, n> 



(c) Given the same definitions for v[n] and w[n]' from part(b), we use the fact that h[n] = 2" a u[-(n - 
1) - 1] =s v[n — 1] to reduce our work 

yjn] = x[n]*h[n] 

= x[n] » v[n - 1] 
= w[n-l] 

f 2", n<0 
" | 1, n>0 

(d) Again, we use v[n] and w[n) to help us. 

y[n\ - x[n] * h[n] 

= (u[n] - n[n - 10]) • «[»] 

= w[n] - w[n - 10] 

= (2 n+1 u[-(n + 1)] + u[n]) - (2"- 9 u[-(n - 9}] + u[n - 10]) 

2<»+D - 2< n "^, n < -2 

I _ 2< n - 9 >, -1 < n < 8 

0, n>9 

2.11. First we re- write z[nj as a sum of complex exponentials: 

*M = M-f) = 27 " 

Since complex exponentials are eigenfunctions of LTI systems, 
VW = 2j 



Evaluating the frequency response at w = ±*/4: 

l-e" j 

i + i/a 

l-e*" 2 



B{t »i\ = J-l£2^L=2(l-;) = 2v^e- i * / * 



H f t -ii) = * ,„ =2(l+j) = 2v^e jT/ * 

We get: 

2y/2t- i * / *e> wn/i - 2y/2V* /4 e~ J " 1 '' 4 
»N = y 

= 2v / 2sin{im/4 - ir/4). 
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2.12. The difference equation 



y [n] = ny[n - 1] + x[n) 

Since the system is causal and satisfies initial-rest conditions, we may recursively find the response to 
any input. 

(a) Suppose x\n] = S[n): 

V ^ y[n] = 0, for n < 

vM = i 

y[3] = 6 
y[4] = 24 

y [„j = h[n] = nit*]*] 

(b) To determine if the system is linear, consider the input: 

i[n] = a5[n] + bS[n] 

performing the recursion, 

y[n] = 0, for n < 

y[0] = a + b 

y [l] ,= o + b 

y[2] = 2(a + fc) 

y[3] = 6(a + b) 

y[4l = 24(a + S>) 

Because the output of the superposition of two input signals is equivalent to the superposition of 

the individual outputs, the system is LINEAR. 

(c) To determine if the system is time-invariant, consider the input: 

x[n] = 6{n - 1] 

the recursion yields 

y [n] = 0, for n < 

y[0] = 

y[l] = l 

»12] = 2 

y[3]»6 

y[4] = 24 

Using h{n] from part (a), 

h[n - 1] = (n - l)!«[n - 1] # y[n]U[nj=<in-i] 

Conclude: NOT TIME INVARIANT. 



13 



2.13. Eigenfunctions of LTI systems are of the form a n , so functions (a), (b), and (e) are eigenfunctions. 
Notice that part {d), cos(a*n) = .5(e*"" + e"* 1 *") is a sum of two a" functions, and is therefore not 
an eigenfunction itself. 

2.14. (a) The information given shows that the system satisfies the eigenfunction property of exponential 

sequences for LTI systems for one particular eigenfunction input. However, we do not know the 
system response for any other eigenfunction. Hence, we can say that the system may be LTI, but 
we cannot uniquely determine it. =*■ (iv). 

(b) If the system were LTI, the output should be in the form of A(l/2) n , since (l/2)« would have been 
an eigenfunction of the system. Since this is not true, the system cannot be LTI. =► (i). 

(c) Given the information, the system may be LTI, but does not have to be. For example, for any 
input other than the given one, the system may output 0, making this system non-LTI. =* (ui). 
If it were LTI, its system function can be found by using the DTFT: 

_ y(^) 



1 - ic->- 



h[n] = (h n *[n] 



\ 2 j 



2.15. (a) No. Consider the following input/outputs; 



xi[n]=6[n] =* yi[n] = {J)"u[n] 
x 3 {n\ = S[n-l} => JfaM^VM"] 

Even though x 2 [n] = x t [n - 1], jftfn] # yi[n - 1] = (;) n-I ut n - 1] 

(b) No. Consider the input/output pair x 2 [n] and ^[n] above, ijlnj = for n < 1, but y 2 {0] * 0. 

(c) Yes. Since h[n] is stable and multiplication with u[n] will not cause any sequences to become 
unbounded, the entire system is stable. 

*.16. (a) The homogeneous solution y h [n] solves the difference equation when x[n] = 0. It is in the form 
Sh [n) = Y, Mc) n , wbere the c's solve the quadratic equation 

^- iC+ - = o 

So for c = 1/2 and c = -1/4, the general form for the homogeneous solution is: 

y k [n} = Ai{\) n + M-\) n 

(b) Taking the r-transform of both sides, we find that 

Y(z){l-\z- 1 -\z- 1 ) = 3X(z) 



and therefore 

Biz) = 



Y(z) 
X{z) 



1 - 1/42" 1 - 1/8*-' 

3 

(1 + \/4z-*)Q. - 1/2Z" 1 ) 

1 2 

1 + 1/4*" 1 + 1 - l/2r-> 
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The causal impulse response corresponds to assuming that the region of convergence extends outside 
the outermost pole, making 

M»J = «- W + 2(1/2)>M 
The anti-causal impulse response corresponds to assuming that the region of convergence is inside 
the innermost pole, making 

ft«[n] = -{(-1/4)" + 2(l/2)")u[-« - ll 

(c) h c [n] is absolutely summable, while fc«[n] grows without bounds. 

(d) 

Y(z) = X(z)H{z) 

1 1 



- l-iz-i'a+i^Mi-i*- 1 ) 

- _1 /3 , 2 I 2 ^— 

" 1 + 1/42- 1 1 - 1/22" 1 1 - 1/22" 1 



2.17. (a) We have 



| 1, for < n < M 
r M - | o, otherwise 

Taking the Fourier transform 



n=0 



= «-i* 



, / sin(g*M \ 
^ nn(W2) J 



(b) We have 



. / |(l + cos(2gi), forO<n<M 
°[ n i ~ 10, otherwise 



We note that, 2jm 

w[n] = r[n]-[l + co5(— )]• 



Thus, 



Wie?") = Hie*")* E ^(l + «w(-^)) c ""' n 

n=— oo 

1 , I„ 2*. l r , 2*\. 
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(c) 




2.18. h[n] is causal if k[n] = for n< 0. Hence, (a) and {b} are causal, while (e), (d), and (e) are not. 

2.19. h[n] is stable if it is absolutely summable. 

(a) Not stable because h[n] goes to co as n goes to co. 

(b) Stable, because h[n) is non-aero only for < n < 9. 

(c) Stable. 

£l%ll = £ 3" = £(1/3)" = 1/2 < oo 



(d) Not stable. Notice that 





£|sin(im/3)t = 2\/3 



* and summing \h[n]\ over all positive n therefore grows to co. 

(e) Stable. Notice that \h[n}\ is upperbounded by (3/4)< n| , which is absolutely summable. 

(f) Stable. 

(2, ,-5<n<-l 
h[n) = i 1, ,0<n<4 
[ 0, , otherwise 

So£jh[n]| = 15. 
2.20. (a) Taking the difference equation y[n] = (l/o)y[n - 1] + i[n - 1] and assuming h\0] = for n < 0: 

h[0] = 

Ml] = 1 
h[2) = l/o 

W = (i/<») 2 



%] = (l/o)"-M»-l] 
(b) k[n] is absolutely summable if |l/a| < 1 or if |nj > 1 
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2.21. For an arbitrary linear system, we have 

Let x[n} = for all n. 

For some arbitrary xi[n], we have 



y[n]=T{x{ n ]}, 
v {n) = T{x[n}} 



Using the linearity of the system: 

= yM + yiM 

Since x[n1 is aero for all n, 

U T{x[ n } + x l [n)} = T{x l {n}} = y 1 [n) 

Hence, y[n] must also be zero for all n. 

2.22. We use the graphical approach to compute the convolution: 

y[n] = x[n] * h[n] 

= -J? x[k)h[n - fc] 

y[n] = S[n - 1] * h[n] = h[n - I) 
#2 



(a) y(n] = x[n] * h[n] 



(b) y[n] = x[n) * k{n] 



- • • 



1 2 3 n 



f5 



0| 1 * *, ^ 



(c) y[n] = x[n] * h[n] 



5. .5 



5 5_ 



-~5 



2 2 2 

111 



£. 



I 



2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 IS 19 20 n 



(d) jiM = x[nj * h[n] 
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3* 3f 



Tf t - 

* • -2 -I 10 * 1 * 2 3 4 5 6 * »« 
-1* 



2.23. The ideal delay system: 



y[n] = T{x[n}} = x[n - n \ 
Using the definition of linearity: 

T{asi[n] + 6x 2 [n]} = axi[n - n ] + bx 3 [n - n a ] 

So, the ideal delay system is LINEAR. 
The moving average system: 



y[n] = TxW= * t «("-*! 



by linearity: 



n^w + ^w) = Jtfl+ U-n Jg ft (g>lW+teaW) 

m * i ^ 

_ * V Ml {„] + — — — 2^ taa[n] 

= ayi[n] + 6yj[n] 
Conclude, the moving average is LINEAR. 

2.24. The response of the system to a delayed step: 

y[n] = *{n]*/i[n] 

= f; x[k]h[n-k] 

= £ ti[Jfc - 4]fc[» - *3 
t=-oo 

vW = £>[»-*! 

fc=4 

Evaluating the above summation: 

For n < 4: y[n] = 

Forn = 4: y(n] = ft[0] = 1 

Forn = 5: y[n] = h[l] + h[0] = 2 

For-n = 6: y[n] = h[2) + h[l] + /i[0] = 3 

For n = 7: y[n] = h[Z] + h[2] + h[l] + h{0] = 4 

For n = 8: y[n] = h\A] + h[3] + A{2] + h[l] + ft[0] = 2 

For n > 9: y[n] = fc|5j + h[4) + h[3] + h[2] + h[l] + h[0] = 
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2.25. The output is obtained from the convolution sum: 

j,[n] = x[n]*h[n\ 

oo 

= ]T x[k)h[n-k] 

= f: x[kHn-k] 

The convolution may be broken into five regions over the range of n: 

y[n] = 0,forn<0 



1 - flt"-*- 1 ) 
l-O 

Jt=0 

1 - a^** 1 * 

1-a 



,forO<n<Ni 



, for Ni < n < Ni 









— 




1 ; 

1-a l-o 




2- 


. fl (N,+l) _ a (n+l) ^ 






l-O 

AT, W1+W3 


y[«] 


s= 






= 


«1 




= 


2£a* 

JfcsO 






2 .r i -" ,i+ "v 



■Aa) 



2^26. Recall that an eigenfunction of a system is an input signal which appears at the output of the syste, 
scaled by a complex constant. 
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(a) x[n] = 5»u[n]: 

»[n] = f) h{k]x[n-k] 

*=-oo 
k=-oo 

Becuase the summation depends on n, i[n] is NOT AN EIGENFUNCTION. 

(b) x[n] = e* 2 "": 



»H 


= 


£ h[ky^ n - k) 

t=-00 




= 


ao 
i=-oo 



YES, EIGENFUNCTION. 

(c) e> wn + e* 2 "" 1 : 



fc=-oo fc=-00 






= e 3 "" .ff(e J ' J )+e J ^ B H(c J ^) 

Since the input cannot be extracted from the above expression, the sum of complex exponentials 
is NOT AN EIGENFUNCTION. (Although, separately the inputs are eigenfunctions. In general, 
complex exponential signals are always eigenfunctions of LTI systems.) 
(d) z[n] = 5": 

y[»] = £) M*]5 ( "-*» 

*=-oo 

= 5» f; h[k}5-" 

t=-oo 

fc=— oo 
= SV^" J) /ilJfc]5-*e- ia - t 

t=-oo 

YES, EIGENFUNCTION. 



YES, EIGENFUNCTION. 
(e) x[n] = 5 n e i2vn : 
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2.27. • System A 



This input is an eigenfunction of an LTI system. That is, if the system is linear, the output will 
he a replica of the input, scaled by a complex constant. 
Since y[n] = ({) n , System A is NOT LTL 

• System B: 
The Fourier transform of x[n] is 

n=0 



The output is y[n] = 2x[n], thus 

Y ^ = 137^1) 

Therefore, the frequency response of the system is 

Y(e ju ) 

= 2. 



H{t**) = 



Hence, the system is a linear amplifier. We conclude that System B is LTI, and unique. 

. System C: Since x[n] = e in > 1 is an eigenfunction of an LTI system, we would expect the output to 

be given by 

„[n]- 7 e^ 8 , 

where 7 is some complex constant, if System C were indeed LTI. The given output, y[n] = 2e* n/8 , 

indicates that this is so. 

Hence, System C is LTI. However, it is not unique, since the only constraint is that 

2.28. x[n] is periodic with period N if x[n] = x[n + N\ for some integer N. 

(a) x[n] is periodic with period 5: 

2* 
=*■ 2irfc = — JV.for integers k,N 

V 

Making Jfc = 1 and JV = 5 shows that x[n] has period 5. 

(b) x[n] is periodic with period 38. Since the sin function has period of 2*: 

x[n + 38] = sin(x(n + 38)/19) = sm(m/19 + 2*) = x[n] 



21 



(c) This is not periodic because the linear term n is not periodic. 

(d) This is again not periodic e*" is periodic over period 2x, so we have to find k, N such that 

Since we can make k and N integers at the same time, xjn] is not periodic. 



2.29. 



(a) 



(b) 



(c) 



(d) 



(e) 



12 3 4 5 6 



1/2 



1/2 

-4 



f ft 



12 3 4 5 



It T 



,1/2 



1 2 

I* * * * 



■ I I 



2.30. (a) Since cos(xn) only takes on values of +1 or -1, this transformation outputs the current value of 
x[n] multiplied by either ±1. T(i[n]) = (-1)"*H- 

• Hence, it is stable, because it doesn't change the magnitude of x[n] and hence satisfies bounded- 
in /bounded-out stability. 

• It is causal, because each output depends only on the current value of x[n}. 

. It is linear. Let y,{n] = T(*i[n]) = cot(*n)zi[n], and y 2 [n] = T(u[n]) = cos(in*)xaW. Now 

T(axi[n] + ferj[n]) = cos(irn)(axi[n] + te 2 [n)} = a yi [n] + 6jtt[n] 
. It is not time-invariant. If jM = T{x[n}) = (-l) n x[n], then T(x[n - 1]) = (-l) n *h ~ 1] 9* 

(b) This transformation simply "samples" i[n] at location which can be expressed as k 7 . 
■ The system is stable, since if x[n\ is bounded, x[n 3 ] is also bounded. 

• It is not causal. For example, Tx[4] = x\lS\. 

• It is linear. Let »i[n] = T(*i[n]) = ixln 3 ), and yi[n] = T(x 2 [n]) = x 2 [ti 3 ]. Now 

Tfonln] + bx 2 [n\) = ax^n 1 ] + bx 7 [n 3 ]) = ayi[n} + bjo[nJ 
. It is not time-invariant. If y[n} = T(x[n}) = x[n 2 ], then T(x[n - 1]) = *(n J - 1] f vl" " 1J- 
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(c) First notice that 



f)*[n-*]«u[n] 



t=o 



So T(*[n]) = x[r]u[r]. This transformation is therefore stable, causal, linear, but not time- 

invariant. 

To see that it is not time invariant, notice that T{6[n}) = S[n], but T(S[n + 1]) = 0. 

(d)T(xin]) = E2 n ,. l *[fc] 

• This is not stable. For example, T{u[n]) = oo for all n 1 1. 

• It is not causal, since it sums forward in time. 

• It is linear, since 

• It is time-invariant. Let ^ 

j,[n] = T(s[n]) = $2 *W- 

*=n-l 

then 

T(*[n- no]) - ]T *l*] = »[n-no] 

fc=n-no-l 

2.31. (a) The homogeneous solution y h [n] solves the difference equation when *(n] = 0. It is in the form 
Vti [ n ] - £ A(c) n , where the c's solve the quadratic equation 

J2 1 2 n 

So for c = 1/3 and c = -2/5, the general form for the homogeneous solution is; 

(b) We use the z-transfonn, and use different ROCs to generate the causal and anti-causal impulses 
reSPOUSCS: i _ 5/11 6/11 

H[z) * (i-i^Ki + fz- 1 ) ~ l - h'- 1 + i + z*- 1 

Mn] = n ( l ruW+ n ( -f rufnl 
m»] = -n^- n - * - n ( -l rul - n " 1] 

(c) Since M"] is causal, and the two exponential bases in h e [n] are both less than 1, it is absolutely 
summable. A«[nJ grows without bounds as n approaches -00. 

(d) 

Y(z) = X(z)B(z) 

1 1 



-25/44 55/12 27/20 
" 1-1/3*" 1 1 + 2/Sz- 1 1-3/Sz- 1 
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2.32. We first re-write the system function H(e } "): 

/l + «-*** + 4£*" 



= ef'*G{e*") 



Let yi[n] = x[n] * g[n], then 



z [n] = cos( y) = 2 

ViW - — 2 



yi 



Evaluating the frequency response at w = ±*/2- 

G(e-ii) = a«*-' a 

[„] = (gei("/ 2 —/ 2) +Se i{ -" /2+ ' /I) )/2 = 8cos(^n - |) 

»[n] = e* /4 ¥iM * 8« ,>/ * «*<| n " ^ 
2.33. Since *(«-*) = H'{e»), * can apply the results of Example 2.13 from the text, 

rf B ]-|F(«'*)|eo.(^»+; + ^(e i *)) 
To find H(e>*), we use the fact that #(«*") is periodic over 2*, so 



Therefore, 
and 



Therefore, 



2.34. (a) Notice that 



%* » 2ir -3jt 11*,, 



x[n] = so[n - 2] + 2*oln - 4] + xo[n - 6] 
Since the system is LT1, 

y [n] = vol" " 2] + 2 S»t» - 4 l + *>l n ~ *l' 
and we get sequence shown here: 



■tIt 

•• h li ]2 *i * $ *> > 



T 



*-2 



24 

(b) Since 



*[n] = -lx [n + 1] + x [n - 1] = *[»] * Ml» + *1 + S ^ n ' l $' 
h[n] = -S[n+l]+S[n-l) 



2.35. (a) Notice that n [n] = x 2 M + x 3 [n + 4], so if T{} is linear, 

T{*i[»]} = T{* 2 [n]} + T{x 3 [n + 4]} 
= JT2[n] + »3[n + 4] 

From Fig P2.4, the above equality is not true. Hence, the system is NOT LINEAR. 

(b) To find the impulse response of the system, we note that 

S[n] = x 3 [n + 4] 

Therefore, 

T{S[n]} = y 3 [n + 4] 

(c) Since the system is known to be time-invariant and not linear, we cannot use choices such as: 

and j 

S[n) = -x 2 {n + 1] 

to determine the impulse response. With the given information, we can only use shifted inputs. 
2.36. (a) Suppose we form the impulse: 

S[n] = |*iH - ^x 2 [n] + x 3 [n] 

Since the system is linear, 

* 
A shifted impulse results when: 

The response to the shifted impulse 

SiBCe ' Z{*M}*L{*[n-l]} 

The system is NOT TIME INVARIANT, 
(b) An impulse may be formed: 

*[»]=5*iW-2*aW + *»W 

since the system is linear, 

= h[n] 
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from the figure, 



Combining: 



Vi[n] = -S[n + 1] + 36{n] + 36[n - 1] + S[n - 3] 
l*[n] = -*[n + IJ + S[n] - 3S[n - 1] - *[n - 3] 
y,[n] = 2S[n + 2] + 8[n + 1] - 3*[n] + 2J[n - 2] 

h[n] = 26[n + 2] + 5\n+l)-26[n} + Z6[n-l] 
+2S[n - 2j + S{n - 3] 
3 



— r 



-2-1 12 



1. 



2.37. For an LTI system, we use the convolution equation to obtain the output: 

y[n]= £ *[n-*]fc[*] 

Jt=-O0 

Let n = m + JV": 

oc 

j,[m + AT] = 53 *["» + JV - *]*[*] 
= J *[(m -*) + *]*[*] 

fc=-oe 

Since i[n] is periodic, x(nj = x[n + rJV] for any integer r. Hence, 

oo 

= yM 

So, the output must also be periodic with period N. 

2.38. (a) The homogeneous solution to the second order difference equation, 

VM - |y[" " 1] + |Vl« " 2] = 2t[n - 1], 
is obtained by setting the input (forcing term) to zero. 

yW _| y [„_l] + I y [„-2l = 



Solving, 



,_«,-.+•.-.... 
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and the homogeneous solution takes the form 

y k [n] = A 1 { 1 -) n +A 2 (\) n , 

for the constants A\ and A 2 . 
(b) Substituting the intial conditions, 



and 
We have 

Solving, 
and 
(c) Homogeneous equation: 

Solving, 



v 2 / "*\ 4 < 

Vh[0] = M + A 2 = 0. 

2A l +4A 2 = l 
A l +A 2 =0 

At = -1/2 

A 2 = 1/2. 

y[n\-y[n-l)+\v{n-2] = 



4 



and the homogeneous solution takes the form 

i _ j., - 
v 2 



V*[n] = Mh n - 



Invoking the intial conditions, we have 

y h {-l] = 2Ai = 1 
ft[0] = Ax = 
Evident from the above contradiction, the initial conditions cannot be met. 
(d) The homogeneous difference equation: 

y[n]-y[n-l] + J»[«-2] = 
Suppose the homogeneous solution is of the form 

IfcM = A 1 {\) n + nB 1 (\) n , 
substituting into the difference equation: 



Al{ l ,- + nBl {lr - ^dr 1 - (» - D^i(l)"" 1 



J*(5r J +J<» -*>*(!> 



2 



a 0. 
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(e) Using the solution from part (d): 



< 2 , ■ —^ r 
Bx = -1/2. 



1ft [0] = 1 



and the initial conditions 

and 

we solve lor A\ and B\ : 

2.39. (a) For*i[n] = *[n], 

For x 2 \n] ~ 5[n - l], 

1*10] = 1 

^[1] = oy[0] + i2(l] = o+ 1 ^l'il ) 

Even though z 2 [n] = *,[» - 1], »[»] # »[» - !]■ Hence the system is NOT TIME INVARIANT, 
(b) A linear system has the property that 

T{oii[n] + Mn]} = «T{*i W} + iT{*M}) 
Hence, if the input U doubled, the output must also double at each value of n. 
Because y[0] = 1, always, the system is NOT LINEAR, 
(c) Let ij = oii[n] + px 2 [n]. 
For n > 0; 

y 3 {n] - xz[n) + ayi\n~l\ 

= t*ifa] + 0Z2\n] + a(x a [n-l)+v*ln-2]) 

n-l "- 1 

= a^o*ii[n-*] + /5^a*X2[n-fc) 

= a(A["] * *i H) + 0<*N * Xa W) 
= cqnfn) + AftH 



For n < 0: 



For n = 0: 
Conclude, 



y,[n] = o _1 (»[n + l]-*j[n]) 

n » 

= -a £ o*xi[n - Jt] - 5Z a * l2 E n ~ fcj 
S*[n] = yi[n] = yi[n] = 0. 



»[n] = ayxfn] + ftfc[n], for all n. 
Therefore, the system is LINEAR. The system is still NOT TIME INVARIANT. 
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2.40. For the input 



the output is 



x[n] = cos(irn)u[n] 



vH = f)072) k »W(-i) ( ""*M«-*] 

t=-oo 

= (-irS(-i/ 2 )* 

fc=0 

= <- l > v r+772 / 

For large », (-i/2)<"» - 0. Thus, the steady-state response becomes 

»W - i+j/2 
cos(yn) 
= l + J/2' 



2.41. The input sequence, 



has the Fourier representation 



»w= £ *[»+«*]. 



x^-) = f; £^+^ 



,-j""" 



ti=-oo t=- 00 



-1 " 2tt*, 

16,^. l6 

v ■ f.jsn* oeriodic impulse train. There are J6 
Therefore, the frequency representation of the rnput . also a penod* unp 
frequency impulses in the range -* < u> < *. 
We sketch the magnitudes of X(e*") and *(«**): 



K(eJ ffl )t 




15 16 16 1* l6 l6 
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From the sketch, we observe that the LTI system is a lowpassflter which removes all but three of the 
frequency impulses. To these, it multiplies a phase factor f i3w . 
The Fourier transform of the output is 

+ ±e^ + g) 

Thus the output sequence is _ 

y [n]=- + -cos(^ + T ). 

2.42. (a) From the figure, 

y[n] = (x[n] + x[n]* k x [n]) * h 2 [n] 
= (i[n]*(«In] + fciH))*M«]- 

Let h[n] be the impulse response of the overall system, 

y[n] = i[n] * h[n]. 
Comparing with the above expression, 

h[n) = (*[nl + fei[n]) •*»["] 
= fc 2 [n] + fti[n]*/ij[n] 

(b) Taking the Fourier transform of h[n] from part (a), 

= f; a n u[n]e-^ n + £ a^Mn - l)*'' 1 " 1 

n=-oo n=-oo 

= £ a B e-"*" + £ a*'- 1 '*-^, 

where we have used t = (n - 1) in the second sum. 

Hie 1 ") - l _ ae „ ju + j _ Qe _ ju , 

= i±^t,for|a|<l. 
1-ae-'" 

Note that the Fourier transform of ct n ti[nj is well known, and the second term of h[n) (see part (a» 
is just a scaled and shifted version of «*u[n]. So, we could have used the properties of the Founer 
transform to reduce the algebra. 
(c) We have 

l + Pe-*" 

~ l-oe-'"' 
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cross multiplying, . 

y(e^)[l - «-*] = X(^)[l + fie-*") 

taking the inverse Fourier transform, we have 

y\n] - ay[n - 1] = x[n] + #n[n - !]• 

(d) From part (a): 

k{n] = 0, for n < 0. 

This implies that the system is CAUSAL. 

If the system is stable, its Fourier transform exists. Therefore, the ^^^fj^ 

same as the condition imposed on the frequency response of part <b). That is, STABLE, if \a\ < l. 



2.43. For (-K a< 0), we have 

(a) real part of X (&"): 

(b) imaginary part: 

(c) magnitude: 

(d) phase: 



x^'Tzh* 



X R {S«) = \-[X(^) + X'[e^)\ 

I-CCOS(uj) 



l-2ocos(w) + a 2 



-Qsm(o') 



1 -2acos(u) + o 2 



[jC(y)| = [jr(e*-)A"(e*-)]i 

- ( ' V 

Vl-2acos(u>) + a 2 / 



/ -csin(w) \ 
, W ") = arctan( l _ flcosM j 

a- 44 - ( a ) X(e>)U» = £ »tn]«-*"|«-o 

Its— so 

= i>w 

n=-oo 
= 6 

( b ) *(e*-)U„ = £ *W" 

n=-oo 

= f; X [ n ){-ir 

n=-oo 

= 2 
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(c) Because x[n] is symmetric about n = 2 this signal has linear phase. 

A(u) is a zero phase (real) function of u. Hence, 

lX{e>") = -2w, -*<u<* 



(d) 



for n = 0: 



J* Xi^e-^du = 2*x[n] 
/ X {e? u )du = 2wi[0] = 4* 



(e) Let y[n] be the unknown sequence. Then 

n 



Hence y[n] = s[-n]. 



(f ) We have determined that: 



-i 

JT(e*") = >*(u;)e- jS - 

X R (ei») = fU{X(^)} 
= X(u>)cos(2w) 



Taking the inverse transform, we have 

±a{n + 2] + ±a[n - 2] = ±«[» + 4] + ix[n] 

? 2 
1/2 t 1 ft t 1/2 

"l' T I ,tl '"J '1" 

-1/2 "™ 
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2.45. Let x[n] = *[n], then X(e**) = 1 

The output of the ideal lowpass filter: 

The multiplier: (_l) n w[n] = e^'VM 

causes a shift in the frequency domain: 

The overall output: ^ = e -i« w t«] + «[n] 

Noting that: , ^ i < Ljl < tt 

Y{t iw ) - 1, thus y[n] = 5[n]- 

2 46 (a) We first perform a partial-fraction expansion of X («*">: 

1-a 2 



1 ae*" 

~ 1 - «->- + l-ae'» 
x [ n ) = a n «W + e~"»H» " *1 

(b) 



= a 1 " 



= i(i[n - 1] + x[n + 1]) 
= l (a l»-U + l" +l1 ) 



2 
2.47. (a) 






(b) Yes . h[ B] i, finite-length and absolutely summable. 
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(c) 



(d) 



Magnitude 



H(e? u ) - l + 2e _>u +c 



-2jw 



= 2 e --"-'(cos<w) + 1) 



|H(e**)| 



2(cos(w) + 1) 
— w 




w 



2.48. (a) Notice that 



s[n] 



2t 



hl [n) = ~ f tfi^V"^ 

** J<2*> 
2* /<2ir> 

2* y<2w> 
2t y<2»> 

= <S[n] - 25[n - 1] + S[n - 2] 
s[n] = 1 + cos(xn) = 1 + (-1)" 

k 

S(J<» ) 
2n/K A 



V2V4U' 



A 



-jc it 2k o> 



(b) Since y{n] = x[n]s[n], 



y(^-) = ±- £ S(c*)X(e*«-»)<L, 
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2* J_„ 
= X{t> w ) + X(e» (w -* ) ) 

y{e^") contains copies of ^(e JW ) replicated at intervals of r. 

(c) Since u>[n] = y[n] + (l/2)(y[n + 1] + y[n - 1]), 

= yV w )(H-cosM) 

(d) The following figure shows X(e>»), Y(e i ") > and W(e> u ) for a < 2 and o > 2. Notice that 

v,>m-J 1. M<*/«, 
A ^ ' ~\-0, ir/a<|w|>ir 

So, for a > 2, y{e' w ) contains two non-overlapping replications of X(e*")., whereas for a < 2, 
"aliasing" occurs. When there is aliasing, W(e?") is not at all close to X(e>"). Hence, a must be 
greater than 2 for w\n] to be "close" to x[n]. 



X,Y,andWfor«<2 






X,Y,andWfor»>2 










-4 




* 2 
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2.49. (a) We start by interpreting each clue. 

(i) The system is causal implies 

h[n] = for n < 0. 

(ii) The Fourier transform is conjugate symmetric implies h[n] is real. 

(iii) The DTFT of the sequence % + 1] is real implies h[n -H 1] is even. 

From the above observations, we deduce that h[n] has length 3, therefore it has finite duration. 
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(b) From part (a) we know that h[n] is length 3 with even symmetry around A[l]. Let h[0] = h[2] - a 
and h[l] - b, from (iv) and using PaisevaTs theorem, we have 

2a 5 + b 3 = 2. 



From (v), we also have 


2a - b = 0. 


Solving the above equations, we get 






MO] = £ 

I 11 " 75 




*" - 5J 


or 






*M - "^ 




1 



&[2] = - 



V3 



2.50. (a) Carrying out the convolution sum, we get the following sequence q[n] 



4 4 



3 3 



1 1 



11 



3 3 



1 1 






0123456789 10 
{b} Again carrying out the convolution sum, we get the following sequence r[n]: 



3 3 

i r T T 

. T f I I 



4 4 4 4 4 4 



r[n] 



0123456789 10 



11 



12 



* -16 

-20 



13 Il4 A 15 16 
• -4 
* -8 
-12 
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(c) Let a\n] - u[-n] and b[n] = w[-n], then: 

a{n}*b[ n ] = Y, *MM»-*] 



= Y, v[-k)w[k-n} 

k=~oo 

+00 

= Y u t r M~ n ~ r l where r = ~* 



We thus conclude that q[-n] = v[-n] * to[-n] 
2.51. For (~1< o < 0), we have 



(a) real part of X(e>»): 



(b) imaginary part: 



(c) magnitude: 



(d) phase: 



2.52. x[n] can be rewritten as: 



v ' \ — ae 



I -acos(ttj) 
"" 1 - 2a cos(tj) + a 2 



— osin(w) 



1 - 2o cos(u) + a 2 



_ (_J V 

\1 - 2acos(w) + a* / 



ZW) = arctan 



/ -osin(kj) \ 
\1 - acos{u>) ) 



, 1 / 5 ™\ 

r[n] = «**(-2" J 

/' m \ 
= cos{—) 

~ 2 + 2 



We now use the fact that complex exponentials are eigenfunctions of LTI systems, we get: 
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.-*¥ 



»H = «- if5 ^ + e,f - 2 



2 + 2 
= a»(|(n-J)). 

2.53. First xfn] goes through a lowpass filter with cutoff frequency 0.5*. Since the cosine has a frequency of 
0.6*, it will be filtered out. The delayed impulse will be filtered to a delayed sine and the constant mil 
remain unchanged. We thus get: 

„ gffl(0.5g(n-5)) t „ 

win] = 3 ; r? r -*- 

1 J r{n - 5) 



y[n] is then given by: 



2.54. 



. . ,«n(0.57r{n-5)) . «n(0.Sir(n-6)) 



15a-n w 

*M = «*(— -3) 

= fl06(- T - 5 ) 

.irn ir 
= cos( T + -) 



Using the fact that complex exponentials are eigenfunctions of LIT systems, we get. 



jr[n] = e">* 



. e -if: 



2 2 

~ 2 + 2 

= «-"<— J— + 2 } 

. , xn 5jt 



= e" 



4 24 J 



2.55. Since system 1 is memoryless, it is time invariant. The input, x[n] is periodic in w, therefore w[n] will 
also be periodic in w. As a consequence, y[n] is periodic in w and so is X- 

2.56. (a) 

„[n) = *[n].(e-*" n *[n]) 
+00 
= 52 e-^ k x\k)h[n-k). 
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Let x[n] = <xxi[n] + fexjjn], then: 

■ y[n] = %]*(e-J"» B (oii[Ti] + 6ii[n])) 

= £ e-^ k (axi[k] + bx 3 [k])h[n-k) 



+00 +» 






where yi[n] and n [n] are the responses to *i[n] and x 2 [n] respectively. We thus conclude that 
system 5 is linear, 
(b) Let x 3 [n} = x\n - no], then: 

y 2 [n) = h[n] * (e-*- n *2[n]) 
+00 
- H e-**'"-*>*j[n - *]fc[*3 

+00 
= H e"-'" o(,l -* ) i[n - no - Jt]h[/t] 

Jk=— 00 

jt y[n-no]- 

We thus conclude that system S is not time invariant. 
(e) Since the magnitude of e~^ n is always bounded by 1 and h[n] is stable, a bounded input x[n] 

will always produce a bounded input to the stable LTI system and therefore the output y[n] will 

be bounded. We thus conclude that system S is stable. 
(d) We can rewrite y[n] as: 

y [n] = h[n] * («-** n z[n]) 

- £ e-** tn ~ k) *ln-k]h[k] 
t=-oc 

+00 

Jfe=-eo 

System C should therefore be a multiplication by e~ Jutn . 
2.57. (a) /Me*") corresponds to a frequency shifted version of H(e^) t specifically: 

We thus have: 
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■Hllf >~ \ 1 , 0.8* < M < 



This is a highpass filter. 



+ 1 



Q. 



-* -0-8* 0-8* * 

(b) J*2(«*") corresponds to a frequency modulated version of H(e , " w ), specifically: 

J^e*") = J(e**) * («(w - 0.5*) + j(w + 0.5*)) where |w| < *. 

We thus have: 

, M < 0.3* 

H 2 (e j ")= { 1 • 0.3*<M<0.7* 

, 0.7* < jw| < *- 



This is a bandpass filter. 



4 ft(e**) 

1 



-* -0.7* -0.3* 0.3* 0.7ir * 
(c) H 3 {e*) corresponds to a periodic convolution of ffi,(e> w ) with another lowpass filter, specifically: 



B»(e*<) ^-f^H^E^-^dB 



where Hie*") is given by: 



a ^ '~\ o , o.i* <M<* 

Carrying out the convolution, we get: 

!0.1 , H<°.l)r 
-H+0.15 , 0.1*<M<0-3* 
, 0.3* < h < *. 
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z 



4 *»(*") 



0.1 



"\ 



-* -0.3ir 0.3* 



2.58. Note that X{^ w ) is real, and Y(e' u ) is given by: 

+jX(ei") , —k < w < 0. 



y(e"-) = ( -**(«*"> • <►<<"<* 



w[n] = i[n] +iy[n], therefore: 



KV") = AV 1 ") +jT(e JW ). 



Using the above, we get: 



We thus conclude: 






l*V") = { 



2X(e ju ) , < w < w 

, -3T < W < 0- 



2 



-JT w r It 

2.59. (a) Using the change of variable: r = -Jfc, we can rewrite R*[n] as: 

oo 

fl«N«= 51 *"[- r ]*I» - r l -**[-«]• *[»]■ 

r=— oo 

We therefore have: 

*[«! = *•[-«]. 

(b) The Fourier transform of **[-n] is X*(e**), therefore: 

*,(«*") = X'(^)X(^) = |JT(e^)|». 

2.60. (a) Note that x 3 [n] = - J)*^ i[n - Jfc]. Since the system is LTI, we have: 
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(b) By carrying out the convolution, we get: 



!_1 , n = 0,n 
-2 , n = l 
, o-w. 



= 2 



2.61. The system is not stable, any bounded input that excites the zero input response will result in an 
unbounded output. 
The solution to the difference equation is given by: 

y[n} = yzir[n} + yiA n ] 
where y^n] is the zero input response and y,„[n] is the zero state response, the response to zero initial 
conditions: 

y ttT \n] = a{-)* where o is a constant determined by the initial condition. 

¥„rfn] = (5)"«N*»W- 



An example of a bounded input that results in an unbounded output is: 

x[n] = «[n+l]. 
The output is unbounded and given by: 

yln]«(5)" +1 «[«+l]-5(|)"- 

2.62. The definition of causality implies that the output of a causal LTI system may only be derived from 
past and present inputs. 
The convolution sum: 

Jem: — aa 

-1 *> 

= Y, M*]*i»-*]+H h w*[»-*] 

Note that the first summation represents a weighted sum of future values of the input. Thus, if the 
system is causal, 

£ k[k] x [ n -k] = 0. 

k=-ae 

This can only be guaranteed if h[k] = for n < 0- 

Using reverse logic, we can show that if h[n] = for n < 0, 



vM = X>*M n - *]■ 



Since the convolution sum specifies that the input is formed from past and present input values, the 
system is, by definition, causal. 
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2.63. The system could be LTI. A possible impulse response is: 

h[n] = (*[»]-Jfln-l])*(J)" 

2.64. Let the input be *[n] = «[» - 1], if the system is causal then the output, »[n], should be «ro for n < 1. 
Let's evaluate y[0]: 






t -j* e -j«/2 fa 



_2_ 
3* 



# 0. 



This proves that the system is not causaL 

2.65. ,x[n] is even-symmetric around n = 1.5, furthermore since 5>iM < ° ^ d « waDt *<°> * °' "* 
need to include a * factor in the phase. An appropriate choice for *(«) is therefore: 



8\{»>) = -Tf> + * M<*- 



»i(«) 




i 2 (n] is odd-symmetric around n = 3, therefore: 

fc(w) = -3a;+^ H< 
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2.66. (a) 



(b) Since: 
We get: 





e 2 (u) 










r 
2 ' 


\ 








\ 





\ 


t V 


7* 

e 




2x 


_« 


\ 










— * 


\ 











E(e> u ) 


= 


H^nXV"} 


JV") 


= 


E(e~ ju ) 




= 


H^e-^Xie-n 


G&n 


= 


H l {e> u )F(e J ") 




= 


H^witt-nxit-n 


Y(e>») 


= 


G{e-i") 




= 


H l {t-nHd^)XW u )- 



Y(e*) = H^e-ntixi^X^), 



(c) Taking the inverse transform of H (e* - ), we get: 

h[n] = h l [-n]*h 1 [n]. 

2.67. (a) Using the properties of the Fourier transform and the fact that (-1)" = e , " n , we get: 

V(e*"} = A-( e J <- + * ) ) 

y(e>") = W(e i( - w -' ) ) 



H{e>") is thus given by: 



0>) 
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With the given choice of i?i(e» w ), 



1 



_ ff -v+u e *-w e * 

2.68. If ii [nl = «aW, wiM *"* **M ^ not te n*""" * e * ,aL 

u»i[n] = ii[-n-2] 

wt[n] = xat-n + 2] 

,£ * 2 [-n-2] 

A simple counterexample is ii[n] - x 2 {f»] = S[n). Then. 

Wl [n] = fln + 2] 
,»,[«) = *(n-2]- 

2.69. (a) The overall system is not guaranteed to be an LTI system. A simple counterexample is: 

viW = J N 



(b) 



which is not a linear system, therefore the system is not LTI. 
*(«*) = B t {t*')X(!t*') 



Using the above relationships, we get: 



. % f unspecified , < |u| < 0.6tt 



2.70. The first difference: 



y[n] = V(i[n]) = i[n] - *[n - !]• 
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(a) To determine if the system is linear 

V(axi [n] + bx2[n\) = ax x [n] + bx^n] - aii [n - 1] - bx 2 \n - 1] 
= a(xijn] - i a [n - 1]) + b(x 2 [n] - x 2 [n - 1]) 
= V(aii[n])+V(oi2[n]). 

Therefore, the system is LINEAR. 

To determine if the first difference is time invariant: 

V(*i[n-1]) = *[n-l]-x[n-2] 
= y[n-l]- 

The system is TIME INVARIANT. 

(b) The impulse response is obtained by setting the input to x[n] = S[n], 

y[n] = k[n] = S[n] - S[n - 1] 

(c) Taking the Fourier transform of the result of part (b), we find that the system function is 

Hie*") = 1 - €->". 

Thus the magnitude of the frequency response is 

|ff(e*")j = y /{\ - e->")(l - e-J") 
= N /2-2cos(w). 




We calculate the phase of the frequency response: 

H(e>") = (1 - cos(w)) + jsin(w) 
Thus, 



lH(e iu ) - arctan 



/_an(w)_\ 
Vl-cosHJ 
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• LH(e> u ) 



(d) In general, 



V (*[»]) = x[n]*{6[n)-S[n-l)) 



So, for x[n] = /[n] * g[n], 

V(»In]) = /[n]*p[n]«(*[nj-*[n-ll) 
= /H*V($[n]) 
= V(/[n])*sW. 
Where we have used the commutivity of the convolution operator to obtain the last two equalities, 
(e) We desire the inverse system, hj[n], such that 

^[n]*V{i[n]) = i[n] 



The inverse system must satisfy: 
in the frequency domain, 
Recall from part (c), 
So, 

and 



k i [n}*h[n}=6[n), 

H («* ) = 1 - e"**. 
1 



BiiJ*) = 



1 - £->" ' 



hi\n] = «[n]. 

Hence, the unit step is the inverse system for the first difference. 
2.71- For impulse response fc[n], the frequency response of an LTI system is given by 

(a) Suppose the impulse response is h*[n], 

f) h"[n]e->" n = ( £ M»]«*~) 
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(b) We have 



\n=— oo / 



If h[n] is real, 

ff'(e**) = E W"" 

n=-oo 

Hence, the frequency response is conjugate symmetric. 
2.72. The analysis equation for the Fourier transform: 

X{e*>) = £ .He"*" 

!»= — OO 

(a) The Fourier transform of z*[n], 

n=-» \n=-eo / 

(b) The Fourier transform of x*[-n], 

£ «•[—].->« = E **w^' 
= (£ *t']< -i "") 



2.73. From property 1: 



= X-(e*-). 



JC -(e- J -')= E x *t n ' c " 



for *[n] real, x[n] = x'[n], so 

= X{e^). 
Thus, the Fourier transform of a real input is conjugate symmetric 

X(e*") = Xji(e**)+jX,(e*-) 
X'(e-> w ) = XR^n-jXiien 



48 



From property 7, X(e> u ) = X'(e~ iu ) for x[n] real. Thus, 



We may infer 



From property 7: 
So, 



property 8: X R (e>" ) = X R [e'^ ) 
property 9: ^/(e**) = -Xi(e-^) 

Xtf") = \X ( e >')jeJ' Zx < e> '' , 

Jf (e*') = X'{e~n- 

property 10: |X(e**)| = |*(e-**)| 
property 11: lX(e> u ) = -ZA^-*"). 



2.74. Theorem 1: 



= aX l {e iu ) + bX2{e iv ) 



Theorem 2: 



£ x[n-n d )e-* n = £ *[<|« 



-jw(f-nj) 






-jul 



Theorem 3: 



Theorem 4: 






= *<e-'") 



Theorem 5: 



n=-ao ■» Vwb-oo / 
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2.75. The output of an LTI system is obtained by the convolution sum, 

y[n]= f) x[k)h\n-k). 

fc=-ao 

Taking the Fourier transform, 



>V") = E (£ x[*lfc[n -*])«-*" 

n=-oc \fc=— oo / 

- E *wf E*^-*"*'") 

k=— eo \n=— oo / 



Hence, 
2.76. The Modulation theorem: 






dB 



the time-domain representation, 

y[n] = ^f dsJ'duX^W^'^W^ 

= ~ T dBX(e>')w[n]e>' n 
2jry_, 

= x[n]ic[n] 

2.77. (a) The Fourier transform of y"[-n] is Y"(e iw ), and X(e? u )Y (e^ w ) forms a transform pair with x[n\ » 
y[n]. So 

G(e**) = *(e>")y V) 



and 

form a transform pair. 



g[n] = z[n] * y*(-n] 



(b) 



for n = 0: 



i/"j:(^T^r^ = E (x[nl.y'[-n])e-^ n 

= E E *[%•[*-■*- 

A=-oofcz~ao 

y~r x^)y-(^)^^ e *i%*w 
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(c) Using the result from part (b): 



sin(im/4) 
rin(iro/6) 



VW = 



5irn 



We recognize each sequence to be a pulse in the frequency domain: 

X(e>») 



-i n - 
-4 4 



Y(e> u ) 



6 ° « 



Substituting into Eq. (P2.77-1): 
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2.78. X{e j ^) is given by: 




-* * 



tt 



"*W = \ 0, n 



even 
odd 



= 5(l + e*")*W 
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which transforms to 



(b) 



y.(e*) = 5 [*<«**) + *<«*'' + * ) >] 



4 W) 



XXX^O^X 



-W T 



Vd[n) = x[2n] 



Y d (S") = i[W*) + *(e>' ( * + *>)] 



= y<(e*t) 



(c) 



4 tt(e*) 



yxxlxxx 



-2* 2tt 



f x[n/2], n 
*« W " \ 0, n 

Y t (tt") = X(e* 2u ) 



even 
odd 



2.79. (a) 




2 j 



n=-oo 
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(b) 



nse— oo 



n=— oo 

eg 

= *£■ 



n=— oo 

= A a f> 2 e-*T 
_ A l-a 8 e-J- 



1 - o 2 c">" ' 



(c) 



n=— oo 

^• te j(— {«/»))) = £ *'[n]e» ( — " /a '". 

n=— oo 

Let S = -*-/! ^■( e j('+(-/2)))A'*(e i<, '- ( ' j/s)) )e >2, ' N <fc, then: 

*— * n=-oo i=-oo 

= h £ £ *&[*-**** fa 1 *-***** 

n=— oofc=-oo - 

iff., .... -ial^^nWfc-n + WO) 

fist— OO fcss— CO 

= ^ *[n)x-[n-2JV]e--'- L T- 1 

n=— os 

= £ *[n + 7V]x'(n - iV]e- iwn 

n=— oo 

= * x (JV,w). 



We thus conclude that: 



♦,<*«) = ^ f *( e ><-+w*»)A'V (, '- <W2) V'*" <fc. 
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2.80. 



w[n] = x[n] 4- y[n] 
The mean of w[n\: 

n, = EM"]} 

= E{x{n] + y[n]} 
= E{x[n)} + E{y[n]} 

The variance of w[n]: 

= E{u?[n]}-ml 

= S{(i[n]+yN) 2 }-mi 

= ^{x 8 ^!} + 2E{x[n]y[n]} + Etfln]} -m\- 2™,*^ - m y 

If i[n] and y[n] are uncorrelated: 

^ = E{x 2 [n]}-ml+E{y 2 [n])-ml 



2.81. Let e[n] be a white noise sequence and £{s[n]e[m]} = for all n and m. 

E{y[n]y[n + m]} = E{s[n)e[n]$[n + m)e[n + m]} 
= E{s[n]s[n + m]e[n]e[n + m]} 

Since $[n] is uncorrelated with e[n]: 

E{y[n]y[n + m]} = E{s[n]3[n + m]}E{e[n]e[n + m]} 



2.82. (a) 



f„[m) = £(i[njr[n + m]) 

= E((s[n] + e[n])(«[n + m] + e[n + m])) 

= E(s[n)s[n + mj) + S(e[nl«[n + m]) + £{s[n]e(n + m]) + £(e[n]s[n + mj) 

= * M [m] + ^H + 2E(e\7i])E{s[n]) since i[nj and e[n] are independent and stationary. 

= 4>,t\ m ] + *«t m ) where we assumed e[n] has zero mean. 
Taking the Fourier transform of the above equation, we get: 



00 



<t>„[m] = E(x[n)e[n + m}) 

= E{(s[n] + e[n])e{n + m]) 

= E{s[n))E(e[n]) + *« H *"»« «[«] aad e[n] are independent and stationary. 

= *«H where we assumed e[n] has aero mean. 

Taking the Fourier transform of the above equation, we get: 
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(c) 

^,[m] = E(x[n]s[n + m}) 

= *„M where we assumed e[n] has zero mean. 
Taking the Fourier transform of the above equation, we get: 

2.83. (Througbout this problem, we will assume \a\ < 1) 
to 

Taking the Fourier transform, we get: 




Taking the Inverse Fourier transform, we get: 

(b) Using part (a), we get: 

|tf(e*")f = HC^V") 

_ B{e> u )B{e' i *') since h[n] is real 

1 1 

- ( l _«-J-)(l-oe*') 

(c) Using ParsevaTs theorem: 

= £ |o| te «H 

n=-oo 

= £(l«lT 

nssO 
1 

" i-M 2 ' 
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2.84. The first-backward-difference system is given by: 



<*) 



*»f»M = E(y[n]y[n + m]) 

= E({x[n] - x[n - ll)(i[n + m] - *[n + m - 1])) 

= £{ar[n]ar[n + m]) - E{x[n]x[n + m - 1]) - £(z[n - l):r[n + m]) 

+£(a:[n - ljifn + m - 1]) 

= *«M - ^„[m - 1] - *«[m + 1] + *«[m] 

= 2^„ [m] - ^„ [m - 1] - ^„(m + 1] 

= 2al5[m] - c\&{m - 1] - a 3 , 6{m + 1]. 



Q 



4wM 



-a* -al 



To get the power spectrum, we take the Fourier transform of the autocorrelation function: 

= 2<r^ - 2cr*cos(w} 
= 2<r^(l -cos(w)). 




(b) The average power of the output of the system is given by tf>yy[0]: 

*«[©] = 2**- 

(c) The noise power increased by going through the nrst-backward-difference system- This tells us 
that the first backward difference amplifies the noise of a signal. 
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2.85. (a) 

B{x[n)y[n}} = E{x[n) £ h[n]x[n-k}} 

= £ h[k)E{x[n]x[n - k]} 

k=-oo 

= £ M*]*«-w 

Because x[n] is a real, stationary white noise process: 

*»[«] = <#M- 

Therefore, 

oo 

B{x[n]y[n]} = o* £ *M*M 

Jfc=-00 

(b) The variance of the output: 

= B{y 2 [n)}-ml. 
When a zero-mean random process is input to a determine LTI system, the output is also zero- 
mean: 

y \n) = x[n]*h{n) 

- = £ ,[*lMn-*]. 

t=-oo 

Taking the expected value of both sides: 

m, = £ E{x[n)}h[n-k] 

t=-00 

m, = 0, if m, = 0. 



So, 



^ = £{y s N} 



= £ ( £ h[m}x[n-m] £ M*]*l n - fc l| 

tm=-oo t=-0O * 

= £ £ ft[m]fc[*]£{*l n - m M" - *u 

n>K— oo t=— oo 

= ^ £ £ *MM*M m -*3 

■=- oo Jts=— oo 
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2.86. Using the solution to problem 2.85: 
<*) 

•»=<* £ «w 

this statement is TRUE, because i[n] is a white noise sequence. 

(b) Since y[n] is not a white noise sequence, this statement is FALSE. 

(c) Let 

hi[n] = a n u[n] 
h 2 [n] = b n u\n}. 

These systems are cascaded: 

h[n] = hi[n] * A 2 (nJ 

n 

«,[n] = z[n] * h[n]. 
Since x{n] is zero-mean, m„, = also. 

= ^f> 2 M- 
2.87. (a) x[n] is a stationary white noise process. 



E{y[n]} = *{ E M*W«-*]}. n ^° 



= E h[k]E{x[n-k]} 

n<0 



_ J m 3 
" \ 0, 



(b) 



lfc=-oo tn=-oo J 



fcs— oo fi*=— oo 

«1 *»2 



= £ E M*lM»»l^»[ n » _ *> na 



t = _qom=-«J 



58 



(c) 



Um m x V h[k) = m, £ M*l 



k=-00 









Jt=— oft m=— 00 



(d) 



A[n] = a n u[n] 
E{y[n]} = m, £ a n u[n] 

*=— eo 
_ "** 

1-a' 

2.88. (.) No, the system is not linear. In the expression of y[n], we have nonlinear terms such as *\n] and 

divisions by xfn], x[n - 1] and x[n + 1]. „ ,, , 

fb) Yes the system is shift invariant. If we shift the input by no, m.[»] shifts by no as well as ^[n] 

and tfjfn], therefore y[n] shifts by no and the system is thus shift invariant. 
(c) If x[n] is bounded, «.[»] is bounded so is ,'[«] and <r?[n]. As a result, y[n] is bounded and 

therefore the system is stable. 
Ml No the svstem is not causal. Values of the output at time n depend on values of the input at tune 
() nil (t£oug"S«dm x N). Since present values of theouput depend of future values of the 

input, the system cannot be causal. 
(e) When oiln] is very large, er 2 t {n} is zero, therefore: 

y[n) = m,[n] 

n+l 

- 5 E *" 

which is the average of the previous, present and next value of the input. 

When ai[n] is very small (approximately zero), then: 

y [n] = *[n]. 

u rnl makes sense for these extreme cases, because in very small noise power, the ouput is equal to 
?he ] i^trs"cTthTnole is negligible. On the other hand, in very large noise power, the mput is 
too noisy and so the output is an average of the input. 



2.89. (a) 
(b) 



£{x[nMn]} = &M 

= *-(e^)l^(^)| 2 

_ * 

~ •"!-«»(«) + 1/4 
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(c) 



*«[*] = *»M *h{n]*h[-n) 



= ^((D'-wG)""- 1 - 1 ) 



2.90. (a) 



= <d*kfc[n] 



4*M = E{y[k}z[k-n}} 



^rs — oo wiE— op J 

Note that #>„[«] = E{x\p]v\p - (\), therefore: 

r=— oom=— oo 

= h[-n] * h[n] * <j> tv [n]. 

*„(e*') = |JT(e*')|»*„(e*'). 

(b) No, consider x[n] white and 

v(n] = -i[n] 

*„[n] = -<#[n] 

Noting that |# (c JW )| 2 is positive, 

♦„(e*-) = -<##(«*")!* 
Hence, the cross power spectrum can be negative. 
2.91. (a) Since /[n] = «[n] - e[n - 1], 



$jf(e }W ) is given by: 



= (1 - «-**)(l - t?*)o\ 
= a\(l - e>" - e-> u ) 
= <^(2-2cos(w)). 
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(b) 4> }! \m] is the inverse Fourier transform of *//(e ; * u }. Using part (a), we get: 
<t> ff [m] = «r»(2*M " 5 l m + ^ ~ S[m ~ l]) ' 



(c) 



*„<«**) " ft(«*-)fl'a(e-*')»//(e i -) 



-{ 



^(2-2cos{«)) , H<w e 

, W c < M < *■ 




(d) 



_ J_ /""" ^(2-2cosM) 
= — i( W( . - sin(w e )). 



duj 
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Solutions - Chapter 3 
The z-Transform 
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3.1. (a) 



0>) 



(c) 



(<*) 



(«) 



(f) 



<g) 



3.2. 



therefore 



*[-G)"<-H ■ -JL®'""P* 



2z 



1-22 1 - ±r 



w<J 



«i"H-i w -n 



5 W< * 



2[S[n]] = z° = 1 all z 



2[*[n - 1]] = z- 1 \z\ > 



2[S[n + 1]] = z +1 < |zj < oo 






W>0 



d 1 



nx[n] «• -r— X(z) => n u[n] «■ -^ ! _ z -i 1*1 > : 

»*M <* (1 _ z -l)7 W >1 

2 -N-l 

*[n-no) *> *(*) • i— * => (n - AT)u[n - JV] * ^_ , |z| > 1 



z -i_z-*-i _ t-i(l-a-W) 
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3.3. (a) 



C[n] = « W < \a\ < 1 



= JV*" + £«"*-" 

n=l nsO 

a2 1 z(l - a 2 ) 



1-cu l-az~ l {l-az)(z-a) 



|a| < |z| < 



M 




pole zero 
cancel 



N roots of 1 



(b) 



(c) 



{1, 0<n<N~l n-i i- z ~ N z s -l 

0, N < n ■ => X>(z) = E z_ " = T3TT = ,w-i/._i> z * 

0, n<0 ££ 1 7 z u ij 

x e [ n ] = Xb { n - 1] * x 6 [n\ <** X £ (z) = z~ l X b (z) ■ X„(z) 




pole zero 
'cancel 



double zeros 
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3.4. The pole-zero plot of X (z) appears below 

X(z) 



3.5. 



unit circle 




(a) For the Fourier transform of x(n] to exist, the ^-transform of x[n] must have an ROC which includes 
the unit circle, therefore, j|| < \z\ < |2|. 

Since this ROC lies outside §, this pole contributes a right-sided sequence. Since the ROC lies 
inside 2 and 3, these poles contribute kft-sided sequences. The overall x[nj is therefore two-sided. 

(b) Two-sided sequences have ROC's which look like washers. There are two possibilities. The ROC's 
corresponding to these are: \\\ < \z\ < |2j and |2| < |*| < |3|- 

(c) The ROC must be a connected region. For stability, the ROC must contain the unit circle. For 
causality the ROC must be outside the outermost pole. These conditions cannot be met by any of 
the possible ROC's of this pole-sero plot. 



X(z) = (l + 2z)(l + 37- 1 ){l-r- 1 ) 
= 2r + 5 - Kz~ x - 3z -2 



= £ x[n}z' 



Therefore, 
3.6- (a) 



x[n] = 2£[n + 1] + 5S[n] - 46[n - 1] - $6[n - 2] 



Partial fractions: one pole -» inspection, x[n] - (-|)**u[n] 
Long division: 

1 - \z~ l + \z~ 7 + ... 



1 +I2- 1 

- 4»-» - ±z~ 3 



+ l*- 9 +1*-* 



t[n]=(-i)"*M 
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(b) 



'W-TTTFT ™ <l 2 



Partial 



Fractions: one pole -* inspection, x[n] = — (— j) n u[— n - 1] 



Long division: 



i^ + lp" 



Iz ~4z 2 + 8z 3 



1 + 2z 



-22 






- 2z 


-4z 2 






+ 4z* 






+ 4z* 


H-oz 3 



(c) 



r[nJ = -(-i)"u[-»-l] 



w> = 



Partial Fractions: 



Long division: 



1 - iz -1 



i + fz-' + j,-»|T 



i + (-}-*>*' 



-J2 






+ <-& + !)*- 



+ !*-» 



-iz" 2 



(d) 



Partial Fractions: 



-i + Kf + l))*- 2 +i(f + iK 3 

xW=[-3((4) n + (-|) n " I ]u[„] 
1 - iz -1 1 






M>i 
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<e) 



Long division: see part (i) above. 



Partial Fractions: 



X(2) = _ a _pLz^ w> |.-i| 

w 1 — a *z 1 

x[n] = -aS[n] - (1 - a 2 )o- (n+1) u|n] 



Long division: 

_i 


- (^J*- 1 


-(^r*)* - * +••• 


-o + z" 1 | 1 
1 


-az- 1 
-az- 1 





-1 _VL,-1 



(a" 1 -*) 



3.7. (a) 



s[n] = -aS[n] - (1 - a*)o- (n+1) u[n] 
c [n] = u[-n-l]+Q) uW 



xw-^i,- * 



1 



r^r-r^-x 2 <|z|<1 



Now to find *7(z) we simply use H(z) - Y(z)/X(z); i.e., 

*{*) -\*~ l {\-x- l ){\-\z- l ) _ \-z- x 



H(z) = 



-ix-i 



1 + 2" 



*(*) (l-j2-»)0+*-») 

/f(z) causal =s- ROC |i| > 1. 
(b) Since one of the poles of JT(z), which limited the ROC of X{z) to be less than 1, is cancelled by 
the zero of H(z), the ROC of Y(z) is the region in the z-plane that satisfies the remaining two 
constraints \z\ > £ and \z\ > 1. Hence Y(z) converges on \z\ > 1. 



(c) 



^) = rrfc + r+^ w>1 



Therefore, 



y[n] = -i(5) n «M + i(-i)M«] 
3.8. The causal system has system function 

and the input is x[n) - (£)" w[n] + u[-n - 1]. Therefore the z-transform of the input is 

w - ttt^i - tzttt - (1 - i;-l; ( T- ,- 1} J <w<i 
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(a) h[n] causal 



(b) 



3.9. 



2—1 3 

Y {X ) = X(z)H(z)= (l _ 1 _~J ) Z {1 + ^ l) 3 <|Z! 



A 



Therefore the output is 



*-S(i)"-« + a(-!) " w 



(c) For AW to be cual the ROC of *(»> m* b. } < M wbiC" »*.»= "» "* » de Th< « fae > 
h[n] absolutely summable. 



1 + 2" 

H{z) = 

2' 



(a) h[n] causal =*• ROC outside \z\ = \ => 1*1 > ?• 

(b) ROC includes |z| = 1 =* stable. 
(c) 



^ = 4(-i)"uH-J(2ru[--i] 



y(«) = 



1+ i 2 -^l-2z-i 



1 + *~ l i<|z|<2 



(<*) 



3.10. (a) 



" (l+^- 1 )(l-2z- 1 ) 4 

* W _ E{z) (l-2z-*) 
X [n) = -(2) n u(-"-ll+^ 2 r"M- n l 

Mn] = 2Q)\[n]-(-i) B «[nl 
s[n] = Q)"uln-10]+(5) n ^-l03 

-[(G)" + (i) n ) Mnl - uln " ul) ] 

The last term is finite length and converges everywhere except at z = 0. 
Therefore, ROC outside largest pole f < \z\. 
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(b) 



,, fl, -10 < n < 
r l n J ~\ Q, otherwise 



10 



Finite length but has positive and negative powers at z in its X (z). Therefore the ROC is < 

Ul < oo. 



(0 



x[n] = 2 n «[-n]=^) u[-n] 
x[-n] ** X(\/z) 



=* ROC is \z\ > - 



=> ROC is \z\ < 2 



(d) 



*■[© 



n-M 



-(€*-/»)» 



«{ll - 1] 



x[n] is right-sided, so its ROC extends outward from the outermost pole e>' /3 . But since it is 
non-zero at n = -1, the ROC does not include oo. So the ROC is 1 < \z\ < oo. 



(e) 



(0 



x[n] = u[n + 10] - u[n + 5] 
f 1, -10<n< -6 
— ^ 0, otherwise 

x[n] is finite-length and has only positive powers of z in its X{z). So the ROC is \z\ < oo. 



c[n] = (j) " «M + ( 2 + 3j) n ~ 2 u!-« ~ 1] 



j[n] is two-sided, with two poles. Its ROC is the ring between the two poles: 5 < \z\ < [j^j j, or 



3.11. 



go 

x[n] causal => X{z) = £ x\n\z~ n 

which means this summation will include no positive powers of z. This means that the closed form of 
X{z) must converge at z = 00, i.e., z = 00 must be in the ROC of Jf (z), or lim,_K» *(*) # <»■ 

(a) 



(1 - z' 1 ) 7 
Una ^ — — = 1 could be causal 

i-fooH — J7" 1 ) 
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(b) 



(c) 



(d) 



«-» (z - |) 



tafclK -0 



>(z-|)« 



(2-l) 6 

lim^ ftr=» 



could not be causal 



could be causal 



could not be causal 



3.12. (a) 



1 - U- 1 



(b) 



The pole is at -2, and the zero is at 1/2. 

I-**' 1 

Xa(2) " (l + ^Xi-lf*- 1 ) 

The pole, are at -1/2 and 2/3, and the «ro is at 1/3. Since x 2 (n] is causal, the ROC is extends 
from the outermost pole: \z\ > 2/3. 





(c) 



A st 2 ' ~ i - M 2 -i + z~ 2 
The poles are at 3/2 and 2/3, and the «ros are L 1 and .2. Since „[»] is absolutely sununable, 
the ROC must include the unit circle: 2/3 < \z\ < 3/2. 



X 3 (z) 
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3.13. 



G(z) = aa(z- 1 )(l + 3z-* + 2z-*) 

- (^ l -^r+ir- £ 7rK 1+32 " 2+2r " 4) 

n 

g[U] is simply the coefficient in front of z~ u in this power series expansion of G(z): 

13 2 
*[11]= — + 9J-IT!- 



3.14. 



*w = m^ 



(l-Iz-'Hl+ir- 1 ) 
0.5 05 



Taking the inverse z-Transform: 



*W = ;(|)"«W + J(-;)"W«] 



2 V 2' 



2 V 2' 



So, 



A 1 = l o lSS |; ^=2", ^""2 ; 



3.15- Using long division, we get 



H(z) = 



1 

n=9 



= E<5>"*~" 



Taking the inverse z-transfonn, 



Mn]= { (*)". " = 0.1.2 1 

nm \ 0, otherwise 



Since h[n] is for n< 0, the system is causal. 
3.16. (a) To determine H{z), we first find X(z) and Y(z): 

1 1 



X(z) = 



l_l r -i 1-22" 1 

5,-1 



(l-^Kl-fc-i)' 3 



r < |z| < 2 



72 



Y(z) = 



Now 



H{z) = 



1 - i*~* 1-f^- 1 

-*z _1 

(l-J^Ki-l*- 1 )' 

Y(z) 



W>| 



1-22- 1 
1-fx-i 



w>? 



The pole-zero plot of S(z) is plotted below 
H(z) 




(b) Taking the inverse a-transform of H(z), we get 



h[n) = (|)"uln]-2(|)»- 1 t.[n-l] 
= (|)"(«W-3«In-l]) 



(c) Since 



H{z) = 



Y(z) 1 - 2z~ l 
X{z) l-I*-»' 



we can write 



Y(z)(l - J*" 1 ) = X (z)(l - 22" 1 ), 



whose inverse z-transform leads to 

»in]-|»ln-l] = *W-2i[n-I] 

(d) The system is stable because the ROC includes the unit circle. It is also causal since the impulse 
response h[n] = for n. < 0. 
3.17. We solve this problem by finding the system function S{z) of the system, and then looking at the 
different impulse responses which can result from our choice of the ROC. 
Taking the s-transform of the difference equation, we get 



Y[z){l - |*"» + 2-') = X{z){l - 2" 1 ), 



and thus 



H(z) = 



1-z- 1 



Y(z) 

X(Z) 1 - §2-1 + 2- a 



1-z" 



(l-2z-i)(l-^- 1 ) 

2/3 1/3 

1 - 2Z" 1 1 - iz" 1 
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If the ROC is 

(a) \z\ < i: 



(b) i < |z| < 2: 



(e) M > 2: 



(d) \z\ > 2 or |z| < |: 



3.18. (a) 



A[«] = -|2 n «[-n - 1) - f ^/M-" " 1] 
=> h[0] = 0. 



/ l [n] = -|2 n u[-n-l]+5(5ru[«] 



3*2' 



m = i 



h[ n ] = l2 n u[n]+l(\ru[ n } 



h[0) = 1. 



A[„]=|2 n u[n]-|(i)"u[n-l] 



H{z) = 



l+2'-l + z~ 2 
(l+|z^)(l-*-») 



= -2 + 



l+i*-» 1-z" 1 



Taking the inverse z-transfonn: 



h[n] = -2*[n] + |(-5)"tt[n] + |u[n]. 

(b) We use the eigenfunction property of the input: 

y[nl = if(e^)*[n], 



where 



*<«*"*> = - 2 + TTi^ + T^ 



Jir/2 



1 1 

~ * + *" 



Putting it together, 



vH = frr^ /2) " 
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3.19. The ROC(Y(z)) includes the intersection of ROC{H(z)) and ROC(X(z)). 
(a) 

Y(Z) = (l+|2-»)(l-i*-») 

The intersection of ROCs of H(z) and X(z) is |z| > \. So the ROC of K(z) is |zj > \. 
(b) The ROC of Y(z) is exactly the intersection of ROCs of H (z) and X"(z): $ < |*! < 2. 
(c) 

y(2)= (l-K l )(l + ^- 1 ) 
The ROC is \z\ > |. 

3.20. In both cases, the ROC of H{z) has to be chosen such that R0C(y(*)) includes the intersection of 
KOC{H{z)) and RQC(X{z)). 

(a) 

1-Jz- 1 

TheROCis|z| > |. 
(b) 



*(*) = 
3.21. (a) 



TheROCislzl > i. 



y [n] = n<0 



t=o *=o 



"- 1 N_1 \-a- N ,l~a~ N 



t=o 



(b) 

*w = !>"*"*= tt^ |z|>w 
*(*> = I>~" = t^ ,r|>0 

n=0 

Therefore, 

l-x- w 1 *"* | z |>|a| 

y(z) = (i - «-M<i - *-') " (i - ""'H 1 " * _1 ) (i-^-Mti-^- 1 ) 

Now, 

(i-oz-'jd-*- 1 )" i-«-i + i-z-i vi-flAi-^- 1 i-«-v 
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So 



3.22. (a) 



(b) 



3.23. (a) 



*W 



= (~A [ u [ n ] _ a» +1 «[n] - u[o - N] - o"-" +1 u[" - tf\] 



*W = 



n<0 
=£^i 0<n<^-l 



^ +1 {^r) *> N 

y[n] = f; hl*]x[n-*] 

= £ (3(-|)'«i*])«i»-*i 



!(i-(-^ n+I )- n ^° 

otherwise 



Y(z) » 



3 1 

l + iz-U-z- 1 

1 » 

4 + " 



1+ i z -i i_,- 



yM = 



- !H(-i)> 

- !H4)> 



jw = 



1-^- 



(l-iz-wi-i*- 1 ) 

-4 + 



5+ _L 2-1 



= -4- 



2 7 



1-4*- 



fc[n] = 



-«[n]-2Q) B w[n] + 7(iy«[n] 
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(*>) 



*M " \vfa " 1] + |*1« - 2] = x[n] - ±x[n - 2] 



3.24. The plots of the sequences are shown below. 
(a) Let 

o[n]= f) 5[n-4k], 



Then 



(b) 



A(z)= J2 z- 



fc[„] = ± [«*"•+ cos (|n) + sin (| + 2*n)] u[n] 
= i[(-l)" + e«(|n) + l]«[n] 



f, n = 4Jfc + 2, *>0 
0, otherwise 



■( 



1- z~* 



? Y ? f T 

.... ••*- 



_a-2C14*11D 



».»■»»♦« t «— ■■ 



X 



J 



.10 -« -* -4 -a a 2 4 • • w 



3.25. 



X(z) = 



(z-a){z-b) * 2 -(a + fc)r + o& 



Obtain a proper fraction: 
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- (a + b)z + ab |z* 

z 7 - (o + b)z + ab 



(a + b)z - ab 



y, * . (o + 6)z-o* '_ jt U__^_iri_ 

*<*> = 1+ (,-a)(z-6)" 1+ z-a + .-6 

= l + f=a"7^b~ 1+ a~^b\l-az-i l-fc-ij 

= 4»] + (-^j (c n+1 - t n+1 M« - 1] 
3.26. (a) x[n] is right-sided and 

1 - s2 



Long division: 

1 


-*-" 


+ §*-* 


+ ... 


i 


-I*- 1 










1 -K 2 





+ 1*-' 

Therefore, x[n] = 2(-|) n u[n] - *[n] 



0>) 



X(z) = 



$z- 



i-j-i^'u-^-Md + i*- 1 ) i-^ _1 !-t 



4 



Poles at i, and -J. z[n] stable, => |z| > | =* causal. 
Therefore, „ 

*W = -* (I) «l n l- 4 (-4J U W 



(t) 



Therefore, 



X(z) = ln{l-^> W<4 



E [n] = i(4)-"«I-n - 1] 
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(d) 

*W = , \ - 3 M > (3)"* =* «a«l 
By long division: 



1 +iz- 3 +^~ 6 + ■■■ 



1 - lz- 3 J 1 



1 -h*~ 3 

+ l*-3 _I z -6 



J (J)*, R = 0,3,6,.. 
^ 0, otherwise 



3.27. (a) 



I _M 1568 2T00 

— 35 . liiS j225 i 1125 

~ (l + iz- s ) 2 + (l + iz-i) (1-2*- 1 ) (1-3Z- 1 ) 
Therefore, 

(b) 

--2 2 -3 2 -4 

X{z) = e*- =1 + Z - I + — + — + — + ... 



Therefore, x[n] = -ru[n]. 
n! 



(c) 



Therefore, 
3.28. (a) 



i[n] = % + 2] + 2£[n + 1] - 2(2) n u[~n - 1] 

nx[n] *» -z— X(z) 
i[n-no]«r*»Jf(2) 

*[n] is left-sided. Therefore, X(z) corresponds to: 

*[n] = -12(n-2)(i) u[-n+lj 
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0>) 



oo / -,\k 



fc=0 l ' 

Therefore, 

(2fc + 1)! 



'W=E7^r 4 i" +2t+, i 



Which is stable, 
(c) 



Therefore, 



'w-nii-'-ii' w>1 

n=0 

oo 

j[n]=*[n + 7]-£*[n-7*] 



3.29. 






3.30. 

Jf{*)-iofe(i-*) W<5 



(a) 



Therefore, 



j=l *=-oo t=-co 

«M-;(5)V»-1] 



(b) 
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3.31. (a) 



x[n] = o n u[n] + b n u[n] + e B u[-n - 1] |o| < |6| < |c| 
X{z) = r -i_ + __L- T --J_ r |6|<|z|<|c| 

„, . 1 - 2c*" 1 + (be + a c - ab)z- 3 ... ,, ,, 

'W - (1 -«-*)(! -te-»)(l- CT -») ' 6 ' <|Z|<|C| 

Poles: a, b, c, 

Zeros: z\, z 3l oo where «i and zj are roots of numerator quadratic. 

pole-zero plqt (a) pole-zero plot (b) 





(b) 



in = n*o"un 



x x [n] = a n u[n] <» *i(z) = 1 _ gg . 1 l 2 l>° 



i 2 [n] = nxi(n] = no"u[n] *> * 2 (z) s -z— *i(z) = » 8 |*| > « 



xfnl = ni 2 [n] = n i a n u[n} -» 



(1-az- 1 ) 2 



X(z) = 



(1 - az~ 1 ) 3 



(c) 



i[n} = e n * (cos ^n) u[n] - e n * (cos ^n) u[n - 1] 
= e n * (cos ^n) (u[n] - «[n - 1)) = *[n] 

Therefore, X{z) = 1 for all \z\. 
3.32. From the pole-zero diagram 

y[n] = x[-n + 3] = x[-(n-3)] 

=> y(z) = z-^fz- 1 ) = — 

8/3 



(z-»-2-i + i)(z-i + f) 



z(2-2z + z')(i + z) 



Poles at 0, -j, 1 ± j, zeros at oo 

x[n] causal =*■ x[-n + 3] is left-sided => ROC is < \z\ < 4/3. 
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3-33. Ftom pole-zero diagram 



(a) 



zeros ± j j 
poles - , oo 



(b) 




poles at ±jj 
zeros at ±1 



'W-TTT 



»[n]=Q)"*[n]^y(*) = Jr(2z) = 



4^ + 1 

2-r- i 




v,[n] = cos (^) x[n] = \{e"^ + e"^)^] 
WW = ~X(e-*' 2 z) + | W" 2 z) = \x(-jz) + ijf tf*) 
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3.34. 



(a) 



(b) 



3.35. 




g ,^- 3-7*-* + S*- a 1 _3_ 

h[n] stable =* h[n] = 5S[n] - 2 n u[-n - 1] - 3 U ) U N 



V[n] = Mn]*x[n]= £ h[k] 

t=-oo 

- £ 2* = -2 n+1 



n < 



-f;« , t»-t'G) , - 4 -' i T^r- ,+, (5)" "-" 

= -2u[n] + 3(i) u[n] - 2 n+1 u[-" " 1] 
y[n] = -2u[n]-2(2) n ti[-n-l] + 3Q) u[n] 



1-z- 1 I-*" 4 
u[n] • %] = «[n - 1] - £*(n -4-4*1 
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3.36. 



x[n] = u[n] « X(z) = y^=i W > 1 

(i\ n_1 /l\ n+1 4z i i 1 



(a) 







(b) 



*<*) = 



42 



\*\>\ 






(c) The ROC of H{z) includes \z\ = 1 => stable. 

(d) From part (b) we see that h[n] starts at n = -1 =* not causal 



3.37. 



X(z) = 



1-kz- 1 1- fa- 



has poles at i = 5 and z = 2. 

Since the unit circle is in the region of convergence X{z) and z[n] have both a causal and an anticausal 
part. The causal part is "outside" the pole at i. The anticausal part is "inside" the pole at 2, tbereiore, 
i[0] is the sum of the two parts 



3.38. 



Y(z) = 



(l-tr-iHl + Jr- 1 )"!-*- 1 



U!>1 
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Therefore using a contour C that lies outside of \z\ = 1 we get 

«\i\ = _L / 2(2 + l)z n dz 
VU 2rj J c (*-$)(z+|)(*-i) 



3.39. (a) 



2($ + l)(j> . 2(-j + l)(-|) . 2(1 + !)(!) 

(i + J)(i - 1) H - *)(-! - 1) a - 1)(! + i) 

18 2 , „ 

™-5 +6 = 2 



* w -(*-*)(*-§)">(* + §)>(* + §)(*+ 1) 



Stable =>• ROC includes |*j = 1. Therefore, the ROC is ± < \z\ < § . 
(b) i[-8] = £[residues of X(z)z~* inside C], where C is contour in ROC (say the unit circle). 

i [8] = £ residues of ; s — ; s-r e rr inside unit circle 

First order pole at z = | is only one inside the unit circle. Therefore 



1 j " (i-|) 10 (i + !) 2 (§ + f)(| + i) 96 
3.40. (a) After writing the following equalities: 



we solve for W(z): 



<b) 





V(z) = X(z)- 


-W{z) 




W(z) = V(z)Jir(z) + £(z) 


W(z) 


- H{2) Xlz) 
-l + H{z) X{2) 


1 


1 1 + H(z) 


Bi(z) 


H(z) 
l + H(z) 


*-• 


1+I& 


H*(z) 


1 


zl-*- 1 



£(*) 



(c) H(z) is not stable due to its pole at z = 1, but #1(2) and H*{z) are. 

3.41. (a) Yes, h[n] is BIBO stable if its ROC includes the unit circle. Hence, the system is stable if r min < 1 
and r^,, > 1. 
(b) Let's consider the system step by step. 

(i) First, v[n] = a~ n x[n]. By taking the z-transform of both sides, V(z) = X{az), 
(ii) Second, v[n] is filtered to get w[n]. So W(z) = H(z)V(z) = H(z)X(az). 
(iii) Finally, y[n] = a"w[n}. In the {-transform domain, Y{z) = W{z/a) = E(z[a)X(z). 
In conclusion, the system is LTI, with system function G(z) = H(z/a) and g[n] = a n h[n). 
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(c) The ROC of G{z) is <rr min < \z\ < cow. We want r min < 1/a and fw > 1/a for the system 
to be stable. 

3.42. (a) h[n] U the response of the system when x[n] = S[n]. Hence, 

10 
A[n] + Y, a *M" " *3 = *M + W n _ 1 1> 

Further, since the system is causal, h[n] = for n < 0. Therefore, 
(b) Atn = l, 



h[i] + ttiA[o] = *[i] + « «* 0l = ^p = - Mi] 

(c) How can we extend h[n] for n > 10 and still have it compatible with the difference equation for S? 
Note that the difference equation can describe systems up to order 10- If we choose 

%] = (0.9) n cos(Jn)ti[n], 

we only need a second order difference equation: 

o 3 s o« = 0:5 = a* = 0:7 = as = 09 = o;jo = 0. 
The z-transfonn of h[n] can be found from the z-transform table: 

1- 



H(z) = 



■75 



(1 - Q.9ei'/*z- 1 ){l - 0.9e-J*/*z- 1 ) 




3.43. (a) 



e 6 



5 <W<2 



-1* 



B{2) = 



Y(z) _ (i-^-f){i-ii->) 






1 - 22" 1 



W>! 
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\3 








in 


r 


>, 




L ° 


i 


j 


2 


-Oi 


\ 


j 




-1 


\~_ 


— ^ 




-1J 









-1 -<L5 OS 



(b) 



(cj 



Mn]=(5) B «W-2(j)'" 1 u[n-l] 



„In]-Jy[ n -l] aS *[n]-2x[n-l] 

(d) The system is stable because the ROC includes the unit circle. It is also causal since h[n] = for 
n < 0. 



3.44. (a) 



X(z) = 



1-i-- 1 



1-2*- 



The ROC is \ < \z\ < 2. 
(b) The following figure shows the pole-zero plot of Y{z). Since X{z) has poles at 0.5 and 2, the poles 
at 1 and -0.5 are due to H (z). Since H{z) is causal, its ROC is \z\ > I. The ROC of Y(z) must 
contain the intersection of the ROC of X(z) and the ROC of H(z). Hence the ROC of Y{z) is 
1< Izl < 2. 





rm-ttnmtatrvb 




1.S 








CL5 


r 


^ 




, 


\ -u 


} 


1 


-as 


V 


J 




-1JS 









(c) 



H(z) = 



X(z) 

<i-»-*)(i+j»-')U-»*-')' 
i 



(1 + *-!)(! -J2-') 

(1 -*-»)(! -i*" 1 ) 



= 1 + 



\-z- 



2 
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Taking the inverse z-tiansform, we find 

(dj Since H{z) has a pole on the unit circle, the system is not stable. 

3.45. (a) 

ny[n] = x{n] 

„ 2 *m = xiz) 

dz 

Y{z) = -Jz- 1 X(z)dz 

(b) To apply the results of part (a), we let x[n] = v[n - 1], and w[n] = y[n]. 

W(z) = -fz-'j—^dz 

= ]n(z) - ln(z - 1) 

3.46. (a) Since j/[n] is stable, its ROC contains the unit-circle. Hence, Y{z) converges for \ < \z\ < 2. 

(b) Since the ROC is a ring on the B-pIane, y[n] is a two-sided sequence. 

(c) x[n] is stable, so its ROC contains the unit-circle. Also, it has a aero at oo so the ROC includes 
oo. ROC: |*| > |. 

(d) Since the ROC of x[n] includes oo, X{z) contains no positive powers of z, and so x[n] = for 
n < 0. Therefore x[n] is causal. 

(e) 

x[0] = X(z)\ t= „ 



(l + I^Ki-ir-i) 1 



= 



(f) H (z) has zeros at -.75 and 0, and poles at 2 and oo. Its ROC is \z\ < 2. 
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P0to-jm(m«H(Z) 


« 




1 




ROC: M<2 


l" 






, ° y ^.k > } * 


-OS 






-IS 







-1 -fti o as i u 2 



(g) Since the ROC of h[n] includes 0, H(z) contains no negative powers of z, which implies that 
h[n] = for n > 0. Therefore h[n] is anti-causal. 



3.47. (a) 



x{z) = 2>M 2 " n 

X(<x>) = lim Y, x l n )*~ n ~ x [°l 

Therefore, X (oo) = i[0j / and finite by assumption. Thus, X(z) has neither a pole nor a «ro 

at z = oo. 

(b) Suppose X (z) has finite numbers of poles and zeros in the finite z-plane. Then the most general 

form for X{z) is 

u 

II(*- C *> 

x{z) = Y, x W n = KzL *7r 

"° fib-**) 

where K is a constant and M and AT are finite positive integers and L is a finite positive or negative 
integer representing the net number of poles (L < 0) or zeros (X > 0) at z = 0. Clearly, since 
Jf{oo) = x(0] / and < oo we must have L + M = N; i.e., the total number of zeros in the finite 
z-plane must equal the total number of poles in the finite z-plane. 



3.48. 



X(z) = 



PI') 
Q(z) 



where P(z) and Q{z) are polynomials in z. Sequence is absolutely summable => ROC contains \z\ — 1 
and roots of Q{z) inside \z\ = 1. 

These conditions do not necessarily imply that x{n] is causal. A shift of a causal sequence would only 
add more zeros at z = to P(z). For example, consider 

X(z) = -^ [z|>i 
*- 5 I 



7=T- 2 i-kz-> 



/1\ 

B I n ] = ( n J u ( n + 1] ^ right-sided but non-causal. 



89 



3.49. 

x [n] = S[n] + aS(n - N) |o| < 1 

X{2) = logJT(z) = k»g(l + «-")*«"" 2~"+ 3 

Therefore, „ 

3.50. (a) 

*(„]=*[-«] =►*(*) = * (;) 

Therefore, / ^ \ 

i.e., 1/zo is als a zer0 °f -^( 2 )- 
(b) 

i[n] real => x[n] = *"[n] =* X(z) = X*(T) 

Tberefore X(*)-0-X«) 

i.e., z5 is also a zero and by part (a) so is l/aj- 
3.51. (a) 



(b) 



(c) 



(d) 






3.52. 



ns-ao 

The poles and zeros are rotated 180 degrees about the origin. 
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N-l 

3.53. (a) -£>[n]sin(na,) 

•*>--- (SK)~ ^fTTTT 

v l \ x[n] cos(nw) 

W-I *-* 

tan^fw) Y, *[n]eas(wn) « - £ x[n]sin{nw) 

JV-1 



tan» x (w)z[0] + 53 *[n](tanfl,(w) cos(tuj) + sin(nw)) = 
n=i 

tan*,(w*) + -J-i £ *M(taii *«(«"*) cos(nw t ) + sin(nwi)) = 

for Af - 1 values of w* in the range < wt < *■ 

(b) *[n] = S[n) + 26[n - 1] + 3% - 2) => X(z) = 1 + 2z" x + 3z" 2 

j / -2sin(w)-3«in(M \ 
ff,(w) = tan ^ 1 + 2c os(u;)+3cos(2w)y 

Consider the values *, (§) = ** and X (£) = £ , which give the equations 
+ i[2](tan^(|)cos7r + sinir)] =0 
+ *(2](tan*,(f)cosf + sin^)]=0 

i + -Lf(x[i]-i + *P]--i) = ° 

x[0] + x[l)-*[2] = 1 f x[l] = 2*[0] 

-i[0] + 2i[l]-t[2] = 0J I x[2] = 3*[0j 

Therefore , ___ Al . 

z(n] = i[0](<5[n] + 28\n - 1] + 3*[n - 2» 

where x[0] is undetermined. 
3.54. x[n] = for n < implies: 

Urn *(*) = lim T, x[n]z~ n = x[0] + Um ]T »(n]*- = x[0] 
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For the case x[n] = for n > 0, 

op 

lim X{z) = lim V x[n]*— = i[0] + lim V x[-n]z n = x(0] 

W- 00 B=l 

3.55. (a) 

C«fn] = J *[*Jx[n + *] = £ *[-*]x[n - k] = x[-n] » x[n] 
te-oo ts-se 

C„(z) = X(z' l )X(z) = *(*)X(* _1 ) 

JT(x) has ROC: r* < |z| < r t and therefore JC(z _1 ) has ROC: r£ l < |*| < rj 1 . Therefore C„(z) 
has ROC: maxfr^ 1 ,!-*] < |z| < minf/jj 1 ,n] 
(b) x[n] * a"u[n] is stable if |a| < 1. In this case 



X(z) = 



1 - ar" 1 



|a|<|z| and X(z~ l ) = 



1 — OZ 



1*1 < I*" 1 1 



Therefore 



C„(2) = 



—az 



1-oz-M-ar (1 - a*-*)fl -o" 1 *- 1 ) 

r^T - i—^=r |at < |r < < |a " 11 

1 —az * 1 - a ** * 



This implies that 



"••W = j—j [«"«M + «-"«!-» - 1)] 



Thus, in summary, the poles are at a and a~ l ; the zeros are at and oo; and the ROC of C XI {z) 
is \a\ <\z{< jo- 1 ). 




(c) Clearly, xi[n] = x[-n] will have the same autocorrelation function. For example, 
1 



Xi(z) = 



I — az 



W < |.-»i _ c^w = J^.^.i = c«w 



(d) Also, any delayed version of x[n] will have the same autocorrelation function; e.g., *j[n] - x{n - m] 
implies 
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9.56. Id order to be a z-transform, X(z) must be analytic ia some annular region of the z-plane. To determine 
if X(z) = x" is analytic we examine the existence of X'(z) by the Cancfay Rtemann conditions. If 

X{x) = X(x + jy) = u(i, y) + jv(x, y) 
then for the derivative to exist at z, we must have 

d%x _ dv dv _ dv 

dx'dy dy~~dx' 



In oar case, 
and thus, 



X(x + jy) = x-jy 



du , dv 

~ = 1 a£ ZZ. — -I 



unless i and y are aero. Thus, X'{z) exists only at z = 0. *(z) is not analytic anywhere. Therefore, 
x[n] = — r « X(z)z n ~ 1 dz does not exist. 
3.57. If X(z) has a pole at z = zo then j4(z) can be expressed as a Taylor's series about z = zq. 



^ B (*o), 



X(z) = J 4(z ) + ^^p(z-z r 



where A(zo) = 0. Thus 



Res [X (z) at z = zo] = *(*)(* - *<>)|«x. = 



*(z)(z-zo) 



B(z) 
A(z) 



£M 



A'{zo) 
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Solutions - Chapter 4 
Sampling of Continuous-Time Signals 



4.1. 



x[n] m x t (nT) 

= -»(a»tu»>»55) 



ib) 



4.2. The discrete-time sequence 



x[n] = «*(—) 



results by sampling the continuous-time signal 

* e (t) = a»(fU). 
Since ut = OT and T = 1/1000 seconds, the signal frequency could be: 



/ 



or possibly: 



4.3. (a) Since x[n] ~ x e (nT), 



O, = ^ ■ 1000 = 250* 

4 



ft = (2* + 1) 1000 = 22507T. 
4 



3 

T = 



= 4rK)0irnr 
1 



12000 



cos(-n) = cos(yn), 



(b) No. For example, since 

T can be 7/12000. 
4.4. (a) Letting T = 1/100 gives 

x[n] - x c (nT) 

= sin ( 2lbrn T5o) +cos ( 40xn Ioo) 

(b) No, another choice is T = 11/100: 

x[n] = x e (nT) 

" ~(«hm^)+««(4<hm^) 
. /llxnN /22*n\ 



(rn\ /2im\ 



4.5. A plot of H(e iu ) appears below. 
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♦ HteJ*) 



-K/8 



W 



(*) 



* e (t) = 0, , |fl| > 2x - 5000 

The Nyquist rate is 2 times the highest frequency. =*• T « j^ ■«• This avoids ^ aJiasin 8 » 
the C/D converter. 



0>) 



i = lOJtHz 
T 

w = TCI 

r 1 



n £ 



8 10,000 

n e ss 2* • 625rad/sec 
U = 625#z 



(0 



r 

w = TO 

w 1 



n e 



8 20,000 

il e = 2* • 1250rad/sec 
f e = 1250^2 



4.6. (a) The Fourier transform of the filter impulse response 

HcUV) = f \{t)e- i(ti dt 



a-f jfl 



So, we take the magnitude 



i*W0)l-( 3 rh ? )*- 



I /a 
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(b) Sampling the filter impulse response in (a), the discrete-time fih-f » described by 

h d [n] = Te- nT u[n] 



naeO 



Taking the magnitude of this response 
\H d {c**)\ = 



T 



{l-2e- T cosM+« _3oT )* 
Note that the frequency response of the discrete-time filter is periodic, with period 2*. 



j i i 1_ 




-4k -2n 



2k 



4it 



(c) The nM"'™"™ occurs at w = jr. The corresponding value of the frequency response magnitude is 

T 



|JW)l = 



T 
l + e-" T ' 



H%(ci°°)i 




4.7. The continuous-time signal contains an attenuated replica of the original signal with a delay of r+ 

x e (t) = s c (t) + <*s e (* - u) 

(a) Taking the Fourier transform of the analog signal: 

X e (jil) = S e W)(l + <*-*<*) 

Note that X e (jft) is zero for |fl| > */T. Sampling the continuous-time signal yields the discrete 
time sequence, x[n]. The Fourier transform of the sequence is 



+ ? f:^fiT)^ , * + ^ 
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(b) The desired response: 



otherwise 



ff(jfl)={; i H 

Using w = AT, we obtain a discrete-time system which simulates the above response: 

(c) We need to take the inverse Fourier transform of the discrete-time impulse response of part (b). 
h[n) = JL|*ff(e*V B <k 

. J- /*(1 + «"'*>«*'" *" 

2* ;_„ 

(i) Consider the case when r d = T: 

A[n] = £ r (e >™ + ae i"l»-»)<L, 



sin(irn) a sin[*"(n - 1)] 
m r(n - 1) 



s S[n] + a6[n-l] 



(u) For tj = T/2: 



4.8. A plot of Ae{jn) appears below. 



h[n] = JLyV^+oe^-^du; 

sjn(rn) asin[y(n - g)] 
*" m ir(n - ^) 



"X C GG> 




-2jtxI0 



2xxl0 



r"& 



(a) For xM) to be recoverable from c(n], the transform of the discrete signal must have no aliasing. 
When sampling, the radian frequency is related to the analog frequency by 

w = frT. 
No aliasing will occur if the sampling interval satisfies the Nyiwist Criterion. Thus, for the band- 
limited signal, x e (t), we should select T as: 



T< 



2x10*' 
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(b) Assuming that the system is linear and time-invariant, the convolution sum describes the input- 
output relationship. 

y[n]= £) z[k)h[n-k] 
We are given 

V[n) = T £ x[k) 

= rf x[k]v{n-k] 

k=-oO 

Hence, we may infer that the impulse response of the system 

fc[n] = Tu[n]. 

(c) We use the expression for y[n] as given and examine the limit 

n 

Urn y[n] = liniT- V x[k] 



= T - £ x[k] 
Recall the analysis equation for the Fourier transform: 

W) = £ xHe->-" 

Hence, 

lim ylnlrr^lUo 

n-»eo 

(d) We use the result from part (c). Noting that 

rat— oo 

Thus, we' have 

ao n 

TX<e*')Uo= Y, x ^ 3 -f-) 

r=— oo 

From the given information, we seek a value of T such that: 

f; ^c(^) = /2*c(o* 

For the final equality to be true, there most be no contribution from the terms for which r ^ 0. 
That is, we require no aliasing at = 0. Since we are only interested in preserving the spectral 
component at ft = 0, we may sample at a rate which is lower than the Nyquist rate. The maxi m u m 
value of T to satisfy these conditions is 

r< 1 



-1x10*' 
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4.9. (a) Since Jt(e>") = X(e>l u —)) t X(^") is periodic with period *. 
(b) Using the inverse DTFT, 



**■ J(3w) 
2* /(Jjr) 

= — f X{e iv )e iiu +' )n tL; 
2* /far) 



All odd samples of x[n] = 0, because x[n] « -x[n). Hence x[3] = 0. 
(c) Yes, y[n] conuins all even samples of x(n], and all odd samples of x[n] are 0. 



[n] " \ 0, oi 



even 
otherwise 



4.10. Use x[n] = x c (n7*), and simplify: 

(a) x[n] = cos(2irn/3). 

(b) x[n] = sin(4jrn/3) = - sin(2srn/3) 

4.11. (a) Pick T such that 

x[n] = x e (nT) = sin(10rnT) = sin(*n/4) => T = 1/40 

There are other choices. For example, by realizing that sin(im/4) = sm(9m/4), we find T = 9/40. 
(b) Choose T = 1/20 to make x[n] = x e {nT). This is unique. 

4.12. (a) Notice first that H(e'-') = lOjw, -* < w or. 

(i) After sampling, 



x{n] = cos(— n), 



5 

3w 



y[n] = [#(e>*)|cos(yn+ZiiV*)) 



= 6rcos(yn+^) 

= -6rsm(— n) 
y e (t) = -6irsin(6irt). 



(u) After sampling, x[n] = cos(^n) = cos(£n), so again, y e (t) = -6*sin(6irt). 
(b) y e {t) is what you would expect from a differentiator in the first case but not in the second case. 
This is because »i<"i«g has occurred in the second case. 
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4.13. (a) 



(b) We get the same result as before: 



x e (t) = ant^Q*) 
y e (t) = $m(^{t-5)) 

y[n] = sin(y^) 



»c(t) = sin(^(l-2.5)) 



= sinf — t--) 

no 4 y 

y[nj = sin(y-j) 

(c) The sampling period T is not limited by the continuous time system h e (t). 

4.14. There is no loss of information if X(e*"/ S ) and JC(e» <w -' 3 -* ) ) do not overlap. This is true for (b), (d), 

4.15. The output x,[n] = x[n] if no aliasing occurs as result of downsampUng. That is, X(e }w ) - for 
jr/3 < H < ». 

(a) x[n] = cos(jrn/4). Jt(e*") has impulses at u> = ±t/4, so there is no aliasing. x r [n] = x[n], 

(b) x[n) = cos(irn/2). X (fr"" 1 ) has impulses at u - ±r/2, so there is aliasing. x r [n] ? x[n}. 

(c) A sketch of A"(e jw ) is shown below. Clearly there will be no aliasing and x r [n] = x[n). 




4.16. (a) In the frequency domain, we have 

*X(ei°>) 



-x/3 x/3 to 



X<e J w ) 



-5*6 



5)tf6 <0 



M 5t/6 S 



This is unique. 
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(b) One choice is 



Af w/2 _ 2 

L 3»/4 ~ 3 



However, this is not unique. We can also write i*(n] = cos(^n), so another choice is 



M 5ir/2 _ 10 
L 3*/4 ~ 3 



4.17. (a) In the frequency domain, 



A ^ ' ~\ 0, 2w/3<M< 



After the sampling rate change, 



which leads to 



x*\* J - \ o, */2 < M < * 

. 4 sin(im/2) 

1 J 3 «ti 



(b) Upsampling by 3 and low-pass filtering s[n] = sm(3)rn/4) results in sin(»n/4). Downsacspling by 
5 gives us X4[n] = sin(5im/4) = -sin(3xn/4). 

4.18. For the condition to be satisfied, we have to ensure that wq/L < win(ri L,*/M), so that the lowpass 
filtering does not cut out part of the spectrum. 

(a) wo/2 < jt/3 =* "*,«« = 2ff / 3 - 

(b) wo/3 < t/5 =*■ «o.m« = 3)r/5. 

(c) Since L> M, there is no chance of aliasing. Hence wo,™* = *• 

4.19. The nyquist sampling property must be satisfied: T < */fV 

4.20. (a) The Nyquist sampling property must be satisfied: T < */fio =* **« > 2000. 
(b) We'd have to sample so that X (**") lies between |w| < */2. So F '. > 4000. 

4.21. (a) Keeping in mind that after sampling, w = flT, the Fourier transform of x[n] is 

uX(eJ w ) 




(b) A straight-forward application of the Nyquist criterion would lead to an incomct conclusion that 
the sampling rate is at least twice the maximum frequency of x c (t), or 2fl a . However, since the 
spectrum is bandpass, we only need to ensure that the replications in frequency which occur** * 
result of sampling do not overlap with the original. (See the following figure of X,U«h) Theretore, 
we only need to ensure 



n a -^<fii 



T< An 
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' x s <jQ) 




c) The block diagram Jong with the frequency response of h(0 is ahown here: 



(c) 



4.22. (a) 



x[n) 



convert 
sequence 
to impulse 
train 



bandpass 
filter 

h(t) 



x(t) 






„ 2 * 

-nr, r = ^ 




JI 0) 



(b) To recover simply filter out the nndesired parts of X(e"") 

xtn] 



Bandpass j yft) 
Filter 



n 



-t r 



-2*/r -*n 



WT 2JC/T O 



(c) 



«£ 



4.23. In the frequency domain, we have 
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T~*a> m -xfy * T 2*° 



Therefore, since we are sampling this x c (t) at the Nyquist frequency x[n] will be full band and unaliased. 

x[n] = x e (nT x ) 



lte(t) is a band-limited interpolation of *[n] at a different period. Since no aliasing occurs at x[n], the 
spectrum of y e (t) will be a frequency axis scaling of the spectrum of i e (0 for ^ > T 2 or u < H- as 
we show is the figure, 

4.24. The Fourier transform of y t (t) is sketched below for each case. 
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♦ Y C (JQ) 




-2 jc x 5 x 10? 2k x 5 x 10 3 Q 



4.25. (a) x,(t) = x c {t)s{t) => A«{jfl) * s(;ft) 



'X(jQ) 






-2k/T 




2*/T 




/ 


A/ 


V 


A 


\ 


m ' 


-2k 




2* 
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(b) Since H<(e>") * » ideal lowpass filter with «* = f, we don't care about any signal aliasing that 
occurs in the region \ < w < it. We require: 

£-2*. 10000 > £ 

I > 1. 10000 

r - 7 

T < - x 10~ 4 sec 
o 

Also, once all of the signal lies in the rangeM < f, the filter will be ineffective, i.e-, f < T(2*x 10*)- 
So, T > 12.5jisec 
(c) 




zn x 10 4 8xl0 4 1/T 

4.26. First we show that ^(e^) is just a sum of shifted versions of X{^"\. 

. . _ J x[n], n = M*, * = 0,±1.±2 
**!"] - | o, otherwise 

- (if-**" )"" 

n=-oo 

ns-oo *»0 

M ftsO n*-oo 

Additionally, *,(*>") is simply X.(w*-) with the frequency axis expanded by a factor of M: 
*<(«*") = £) X t [Mn]e~^ 

Is— ee 
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(a) (i) ^(e*") and X 4 {^) are sketched below for M = 3, ui H = r/2. 

AX s (eJ<» ) 




-2ji -it * 2je to 

(ii) ^.{e''') and Jf rf (e^) are sketched below for M = 3, w w = */4. 

iX s (eJ«> ) 




-n -2je/3 




-it/4 rc/4 2je/3 

iX d (eJ« ) 
1/3 





2ic 



-2n -it 

(b) From the definition of A,(e*"), we see that there will be no aliasing if the signal is baridlimited to 
r\M . In this problem, M = 3. Thus the maximum value of w* is jt/3. 



4.27. ParsevaTs Theorem: 



£ I'Mf^/V^I 2 ^ 



When we upsample, the added samples are *eros, so the upsampled signal z„[n] has the same energy as 
the original x[n]: 

£ i*wi j = E i*.mi'. 



and by Parseval's theorem: 



A. J* \X(e*)?<L, = £ £ | X U {J*)?<L>. 



Hence the amplitude of Che Fourier transform does not change. 

When we downsample, the downsampted signal n[n] has less energy than the original x[n] because some 

samples are discarded. Hence the amplitude of the Fourier transform will change after downsampling. 
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4.28. (a) Yes, the syrtem is linear because each of the subblocks « ^^ «£> ^Jf^ 
K X [n] = x c {nT), which is dearly linear. The DT system is an LTT system- 2l£ '£*? 
of converting the sequence to impulses and of CT LIT filtering, both of which are linear. 

(b) No, the system is not time-invariant. , . 

For example, suppose that *] = *t»], T - 5 and * e «) = 1 *-}***± ^\TVtt 



No, the system is not time-invariant. 

For example, suppose that AM = *»], T = 5 and * e «) = 1 for -*£« *J- " » "STS)' 
result in «[n] = J[n] and *(i) = sinc(*/5). Now suppose we delay the input to be s e (t *)• 
x[n\ = and y«(t) = 0. 
4.29. We can analyze the system in the frequency domain: 



• f2 *- 



H^e** ) 



Y^lHiCe* ) 



I 2 



Y^) 



^(e^) is AV^)^**") downsampted by 2: 

ri(^) = i{jf(e'>-^ 1 (e>«/ J ) + X(e^-^)H 1 (^- 3 " ,/2 )} 

= i{ff 1 (e> W2 ) + i?i(^ f -' ) )}^(^) 
= iT 8 (e*')jr(e* ,, ») 
ft(e^) = 1 {*,(«*"») + A{« J( *-" ) )} 



4.30. 



x e {jn) = o im>40oo* 

von) = iniJf.O"). 1000ir ^ l fl l ^ 2000,r 

Since only half the frequency band of X t (jQ) it needed, we can alias everything past = 2000*. Hence, 

T = 1/3000 s. 

Now that T is set, figure out H(e>") band edges. 

Wl = niT =*^ = 2ff-500 s&_ ^wi = - 

W2 = n 2 T => wj = 2jt • 1000 5^0 => ws = y 



4.31. 



W>-{o o<H<|T*<MS* 
XcCjo) = o, pi > £ 



In discrete-time, we want 



ff(e*")«{ £' 



X. -*■ < w < * 
otherwise 




4.32. (a) The highest frequency isn/T-irx 10000. 




1 * 


■ 




l 


I- 









0») 

(c) To filter the 60Hz out, 



-«.< -CJ O 03 0.4 04 OJ 1 



4.33. 



•*- Tn -«OT- l ""-S 



V [n] = «*[»] 



therefore, Y(e }u ) will occupy twice the frequency bud that X(e iu ) does if no aliasing occurs. 

If Y{e>*>) #0, -w < w< w, then Jr(e>") ?* 0, -§<«<§ and so JtOn) = 0, (ft| > 2x(l000). 

Since w * OT, 



- > r-2*(1000) 

r < -!- 

- 4000 
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4.34. (a) StacethereisnoaliasiBginvolvedii.thi^^ 

fa simplicity. X c {jfl) . 0,|fi| > */T. Since Y e (jQ) = HcOWM *(*> - 0.P > »/T. 

Therefore, there will be no aliasing problems in going from y e {t) to ypj- 

Recall the relationship w = SIT. We can simply use this in our system conversion: 

ff(e**) = c-*'* 

= --*»/». T = l 



Note that the choice of T and therefore ffO'fl) »* not » ni < rae - 



(b) 



.(5f»-j) - i[e**-*> + e-**-*>] 



- 2 2 

Since *(**) is an MI system, we can find the response to each of the two eigenfunctions separately. 

y[n] = \ t -^B (<***<*) ^' mn + \# w/4) * (<- ili " 3) ) f^* 

Since *<•*") !■ defined for < M < * we must evaluate the frequency at the baseband, i.e., 
5*/2 => 5ir/2 - 2w = x/2. Therefore, 

yln] o 1 9 



-1° 

4.35. The frequency response B[e>») = B<[jtyT)- Finding that 

1 



ffe(jfi) "0n) 2 + 40«) + 3' 



£T(e*") = 



(10ju) 3 +4(10jw) + 3 
1 



~ -100w 3 + 3 + 40jw 
4.36. (a) Since UT = w, {2* ■ 100)T = § ^ T = 555 
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(b) The downsampler has M = 2. Since x[n) is bandlimited to *. there will be no aliasing. The 

frequency axis simply expands by a factor of 2. 

For y c (t) = i e (t) » nO'H) = *« W 
Therefore tlT ^ 2* ■ lOOT =» r = 5fe- 

4ST. Inboth^^.the^^wasnherednrst^that *>*^Zffi^£J£Z 
Therefore, going *[*] to , l [n) basically requires changing the sampling rate by a tactor oi «nz/o 
3/5. This is done with the following system: 



sM w 



\ 



Digital LPF 
cutoff *n/3 
gains 3 



- \> 



s,[n] 



4.S8. Jf e {jfl) is drawn below. 




x c (t) is sampled at sampling period T, so there is no aliasing in x[n] 




Inserting L - 1 zeros between samples compresses the frequency axis. 



' V(e J» ) 
1/LT 




-x/L */L <° 

The filter i^e*') removes frequency components between x/L and x. 

1 WCe* 40 ) 
1/LT 



AAA 

— l -*VL »VL « 



The multiplication by (-1)" shifts the center of the frequency band from to ». 

J Y(e j© } 
,/LT a / 

_AT A /.. 



112 



The D/C conversion mapstherange-*to*tothe range -*/T to »/T. 

' Y C QQ ) 



L 



l/L 




~=JDT 

4.39. (a) 

A[n] = 0, \n\>{RL-l) 

Therefore, for causal system delay by RL - 1 samples, 
(b) General interpolator condition: 

MO] = i 



(c) 






This requires only RH multiplies, (assuming M°l - 1) 



(d) 

vH= £ .MM»-*1 

H n = mL (« an integer), then we don't ha ? any^ ^^^^^L"S1 -" 
non-«ro samples of vfl bit at the «eros *)- O^rj^EJ^tfpihT 
samples of i»[n], but only 2R of these are non-«ro. Therefore, there are ut 

4 40. SpUt H(e? w ) into a lowpass and a delay. 

/ l. M < t 



x c (t) 



C/D 



|iwJ^T"-*[ 



H^e*) 



.-j«> 



YrW 



Ideal Upsampler with gain 
of 1 instead of L 

Then we analyze the system as follows: 

x [n) ■ x e [vT) no aliasing assumed 
«[n] = k(-x) rate change 



' * Li ** 

r ! r- ll - i* ( n- - -^ , delay at higher rate 
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4.41. (a) See figures below. 

(b) From part(a), we see that 



Therefore, 



Yctia) = XMCi - 5)) + x e (j(n + Y )] 



„ e (0 = 2* c <0«»(y0 




i/T 



"X^e J") 




"•"-511/4 -3*4 -»?4 JtM 3lt/4 S»4fl) 




-3*4 -x/4 it/4 3*4 



-3it/t -i/T x/T 5*7T" 



4.42. (a) The Nyquist criterion states that x e (t) can be recovered as long as 

In this case, T = 1/500, so the Nyquist criterion is satisfied, and x e (t) can be recovered. 

(b) Yes. A delay in time does not change the bandwidth of the signal. Hence, y e (t) has the sam 
bandwidth and same Nyquist sampling rate as x e (t). 

(c) Consider first the following expressions for X(e>"') and Y(e>°): 

iV) = jK.on)U»-f*" jn/l- " J W°)lo-» 
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Hence, we let 

u\? ) - ^ Q otherwise 

Then, in the following figure, 

fl(e*') = Xtf*") 

W{er-) - ^ Q otherwise 

Y{tP") = e-*" /2 X(e> u ) 



x[n] m 


♦ * 


t[n\ 


H 


w[n] 

» 


t* 





yW 



(d) Yes, from our analysis above, 
4.43. (a) Notice first that 

X e (j«) 



I 0, 






0'fi)|H„(jft)l«" iQ *. 4<»ir < \Sl\ < 80(hr 
otherwise 



For the given T - 1/800, there is no aliasing from the C/D conversion. Hence, the equivalent CT 
transfer function H c (jCl) can be written as 



*«(*)-{£ 



J5T(e**)UaT, |*!|<ir/r 
otherwise 



Furthermore, since Y e {jty = B e {jQ.)X c {jSl), the desired tranfer function is 



400ir 
otherwise 



ffcOn) - 1 othen 

Combining the two previous equations, we find 

^ > " \ 0, ft 12 < M < 



(b) Some aliasing will occur if 2ir/T < 1600*. However, this is fine as long as the aliasing affects only 
E c \j&) and not F e C;fJ), as we show below: 



'tXte* )! 
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In order for the aliasing to not affect FeO'fl), we require 



2* 



2* 



_ 800* > 400* =>tjt> WOO* 

The minimnm ^ is 1200*. For this choke, we get 

e« ,0fc '>\ MS 2 */ 3 

2*/3 <MS» 



*<«*>-{* 



4.44. (a) See the following figure 



iRtei*) 




A^e* ) 




-H/3 %/3 



5JC/3 0) 



^ -5*/3 -k 

(b) For this to be true, H(S») needs to filter out X(e>-) for */3 < M < *■ Hence let u* = */3- 
Furthermore, we want 

IB = 2»(1000) =* T 2 = 1/6000 
Is 

(c)Matchmg the foUowir* figure of S(e*«)wrth the n^^ 
« get T 3 = (2*/3)/(2000*) = 1/3000. 




-2x/3 
4.45. Notice first that since x e (t) is time-limited, 

A = f**At)dt = f° x € {t)dt = X c 0'ft>lo«o- 
To estimate X e {} i- 0) by DT proo«smg, we need to ample only fast enough so that *e(j • 0) is not 

2*/r = 2* x 10* =* T = lO"* 4 . 



aliased. Hence, we pick 
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The resulting spectrum satisfies 



Further, 



jr(e* D )*ix«u-o) 

PC 



Therefore, we pi* M^^w**^ 

y[n] at n = 10/(10-) = 1*. *^**^j££££ tailU-. 
an exact estimate given oar assumption of both band- and tu ^™"^r_ ti _ ute for actual signals. 
new be exactly satisfied, however, this method only gms an approximate estunate tor aci ig«» 

The overall system is as follows: 



*«> , 



C/D 



*■ hln] = Tu[n] 



y[nl 



A = ytl000001 



T= 1/10000 



4.46. (a) Notice that 



yi [n] = r[3n + l] 



and therefore, 



( *[n/3], »*» , 

jn] = < »it(« - D/3], « = 3*+l 
\ y,l(n-2)/3]. n = 3fc + 2 



( W Yes Since the bandwidth of the niters are ftr/S, there is no aliasing introduced by downsampling- 
{ b) £«T««-*™ct x[n], we need the sy*em shown in the foUowmg figure: 




(c) Yes, ,(«] can be reconstructed from *[«] and y,[n] as dmonstrated by the foUowing figure: 



x[n] 



H,<*> 



H 4 (z) 



w Jnl 



l» 



I' 



ftfrl 




1 = 



44 f: 



v, W 



Jjfl 



H.(z) 



stn} 
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In the following discussion, let x t [n] denote the even samples of i[ n ]> Md *•[**] d«">t« the odd 
samples of x\n]: 



e»en 
odd 



r *™ - \ 0, n 

/ 0, never 

X ' W ~ \ x[n\, n odd 

In the figure, yj[n] = z[2n], and hence, 

. . f i[n], n 



even 
odd 



x.W 



Furthermore, it can be verified using the IDFT that the impulse response h^n] corresponding to 
ff*(e*") is 

** lnJ ~ \ 0, otherwise 

Notice in particular that every oiher sample of the impulse response ^(n] is zero. Also, from the 
form of JMe*"), it is dear that H < (e> u )H A (c>'*) = 1 and hence A«[n] » h*[n] = 5[n). 
Therefore, 

even 
odd 



-h - { s: [n/23, ; 

_ ( u> 4 [n], n 

~ \ 0, n 

__ J (i*fc4)[n], n 

~ 1 0, n 



even 
odd 



even 
odd 



= *•[»»] * ht[n] 

where the last equality follows from the fact that fc|[n] is non-zero only in the odd samples. 
Now, s[n] = v t [n]*hi[n) = *<,[*]* M n ] * M"l = x r M. and since x{n] = a: e [n] + x [n], s[n]+t>j[nj = 
x[n). 

4.47. Sampling random processes 

*,.,,(r) = £(i t (()i;(< + t)) «■ JW«) = / *«.x.(T)e- inT dr 

/-oo 

(a) 

*««M = £(x[T»)z'[n + m]) = f?(* e (nT)i;(nT + mr)) 
= ^,,,,(mr), i.e., sampled autocovariance 

(b) Since ^«(m] is a sampled 4>*.zA T ) 

(c) If 

P.... =0, forM>* 

then 1 /w\ 
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4.48. (a) 

(b) 



^,,.(t) = E(x c (t)x e {t + T) 
4„[m\ = £(,[»]x[fi + ml) = S{x,(nT)«c(nT + mT)) 



Therefore, we require that f > fto- ,^*™ m 

(e) For the spectrum of Hg FlU it is dear that if T -ft *- *• discrete-tune power spectrum 



will be white, as shown in the figure above. 



*Pxx<«» 




-4jc -2* 



1* An o> 



(d) For white discrete-time signal * *„M = 0, m # *« *^ *£>£■ J^Ew I 
(dJ analog signal whose autocorrelaUon fu^ 

white discrete-time sequence is sampled with sampling penoa i . ror «-uv 

# v staffer f , _ MtlemT 



Ho 



4.49. (a) Consider the following plots. 



' X c (jQ) 
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y»(0 = »(«): Convolution is a linear process. Aliasing is a linear process. Periodic convolution is 
equivalent to convolution followed by aliasing. _ 

Vi(«) / **(»): System 2 at Step 1 shows X*{jfl). This is dearly not ViO")- >i0«) is an abased 
version of X e (jfl) 



(b) Now, 



X £ (jO) 

_1 t- 



|X(«J") 



-5*4 -W JM &* « 



JL_t 



_'ir tf , 



_JL 






Iy.oo ) 



-Mtfx) 30(2«) O 



f irlir 



r 



lOdx) 10(2*) 



(c) 



i{t) = Acos(3<brt) 

4 4 

v[n] = ^cw(jirn)+Jj4cosQim) 



v[n] = * J [n] 

We can see here that sometimes aliasing won't be destructive. When aliased sections do not overlap 
they can be reconstructed, 
(d) This is the inverse to part (c). Since multiplication in time corresponds to convolution in frequency, 
a signal x 2 («) has at most two times the bandwidth of x(t). Therefore, i 1 ' 3 will have at least j the 
bandwidth of r(i). If we run our signal through a box that will raise it to the 1/Af power, then 
the sampling rate can be decreased by a factor of M. 



4.50. (a) 



*,[n] = x u [n] * h to k[n] 
h«*[n] = | o, else 

(b) The impulse response W»] corresponds to the convolution of two rectangular sequences, as shown 
below. 




= 1/L 



.Ld. L± 
2 2 



Id. Id. 

2 2 
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*«.(«*•) - ^ ^ sin(w/2) ^ 



(c) The frequency response of tero-order-hold it flatter in the region [~*/L,*/L], but achieves lea 
out-of-band attenuation. 



«**<*" >' 







^N 




*=t I ^ 



/\ 



4.51. 

The bandwidth of *«(e>") i> no larger than the bandwidth of X(e*"). Therefore, the outputs of the 
systems will be the same if ffj{e"") is an ideal lowpass filter with a cutoff of */L. 
4.52. The idea here is to exploit the fact that every other sample supplied to h[n] in Fig 3-27-1 is zero. That 
is, 



yi [n] = fcln]*w[n]= £ ™[»-*l h M 



= ow[n] + bw[n - 1] + cu[n - 2] + 6o[n - 3] + ew[n - 4] 
f oxIn/2] + ex[(n/2) - 1] + e[(n/2) - 2], n even 
te[(»/2)-(V2)] + <kl("/2)-(3/2)], nodd 



■{ 



-{ 



ki[n/2] * x[n/2], n even 



n odd 



/n[0]z[n/2] + Ai[lM(n/2) - 1\ + M2l*[(»/2) -2], n even 
0, nodd 



w - { 5 
■{ 



h,[n/2]**(n/2], n 



n odd 



A,[0]x[n/2] + A a [lM(n/2) - 1] + /ij[2]x[(n/2) - 2), n even 
n odd 
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Comparing u/i[n],W3[n] with in[n] above: 

w[n] can give even samples if hi[0] - a, fci[l] = c,fcj(2] = e. Similarly, w 2 [n} can give the odd samples 

if hi\n] delays W2(n] by one sample, i.e., h*[0] = 0,a 3 [1] = 0,Aj[2] = 0. Thus 



«-M = { £ 



ft,[0]i[(n - l)/2] + h 2 [l]z[(n - l)/2 - 1] + Aj(2]i[(n - l)/2 - 2], n even 

n odd 



4.53. Sketdies appear below. 

(a) First, X (e*") is plotted. 



h,[0) = b, ha[l]=d, A3[2] = 



fciJ® ) 




The lowpass filter cuts off at f. 



MbCeJ 40 ) 




-x/2 Jt/2 © 



The downsampler expands the frequency axis. Since Ro(e>") is bandlimited to jjy, no aliasing 
occurs. 



V > 




-K no) 

The upsampler compresses the frequency axis by a factor of 2. 

AGrfe* ) 




The lowpass filter cuts off at f =* Vote* - ) = /tote*") »s sketched above, 
(b) Cote*") = J (X(^)B {^) + *(e*-+«>)tf <e*' + *>)) 
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(c) 



y^) = %(«*") -n(«**) 



► at odaT as fcaawwt 



The aliasing terms always cued. Y{j") is proportional a» JT(e^| * £fij(c^> - Bf(^% is a 
constant. 

X{e*-) = 0,w/3 < M < «■ *l«l «■ ■* *»<>■** <* *» » «w e u«n M s»yL p caaaaoach is to 
determine whether no is odd or even, then sample so that no a ■«**-« m«1i flaw* !■*■■«* *tter. 

This recovers z[no]. 
4.54. {*) In the case where no is not known, we determine whether U m 

i[n] = x[n] - jtff* - m] 
Xie*") = Xtf") - Jar*"— 

n 

If the result is real, no is even. If the result is imaginary, no *a*A 

(b) If no is even, sample z[n] so that the even-numbered sequence nlai 
sample so the odd-numbered samples are set to zero 

(c) Filter the sampled sequence with a lowpass filter with cutoff feeawej »/l nipsil 1b»»*3 
exact procedure if ideal filters are used. 



are- set to ten V r% is odd, 



4.55. (a) 



W[n] ~ \ x 2 ((n-l)/2], . 
xi[n] = w[2n] 
Xi [n] = u>[2n + l] 



even 



w[nl 



- \- 



* S[ii+1] 



• I* 



The system is linear, time-varying (due to downsampung), 



(aa*toJ^+l]),»i*aMe. 



(b) 



r -fi^ 2* x 5000 """ T 
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7b avoid aliasing in y e (t): 



-jr + Y < T 



20* 



Wx = 



20* + 2x = £* 
L = 22, «! = 2»(J5) 



l 22' 



(c) The Fourier transfonns are sketched below. 

i 



ATT 




s/r 




After T L 



After LPF 



After cosine 
modulation 



After HPF 



Yiti* ) 



-X 


X 


<u 


i. 
AH" A 

.AAA 


*—*- 



-X X 0) 

« 

B/T 



-Jt/L x/L <o 

LA/T 



_£ 




-x/L x /L (0 

LB/T 




-x -Jt/L x/L x co -R -x/L Ji/L x co 

*LB/2T 





-x -oa t ii) j * (i) -x -*>2 



UJZT 



CO-, X CD 



LB/2T 



-x -Oj co i x (t> —x -o>2 «»2 

LB/2T 



(O-i X <0 



ZM 




Y c QO) 



M 1 *j[\" 



U) j Leo, *h 



T T 



(d) To generalize for M channels, we would use the same modulators, bat we would choose a larger 
value of L to make room for additional spectra above the lower frequency bound. If the lower 
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bound remained 2x- 10 s , L would became L = 20 + M for M channels. 
A branch of the TDM demultiplexing system would be 



w["l m 



git+k] 



-* Jm 



4-56. Since we want W(t**) to equal W), then ff(e**) must compensate for the drop ofe in H„{jil). 



4H(eJ«) 



Q p T x a> 



4.57. (a) 



1 f A/s e 3 A/? A 2 

r[m, n] = £(e[mje[n]) = | £(e ij^j )f m = „ 

r[n, m] = r[n - m] = T^l" _ m l 



(b) 



SNR = -f = -rr 
e; A 2 



(c) Let e,[n] be the output noise. 

fart **o 

* \jfc-0 fc-0 / x ' 

The variance of i[n] is weighted similarly so the SNR does not change. SNRo Ut = 12^. 
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<d) f\n) = x[n]e[n] 



£{/[*]) = E(x[n)e[n)) = E(x[n])E(e[n}) = 
<r) = £(/*[n]) = E(x*{n]e 3 {n]) = E(x 3 [n))E(e 7 [n\) = a\a\ 
rf[n,m) m E{x[n]x[m]e[n\e[m]) = E(x[n}x[m]) I • E(e[n]e{Tn]\ 



(e) 



(f ) Using the results of part (c). 






Again, the variance of x[n] is weighted by the same factor, so the SNR does not change. 

SNRout = £j- 

4.58. First, notice that since y e (t) * *i{«)**(t), KeOO) = £(*xt?fl) » X 7 {jtl)), and so nOft) = ** 
|ft| > ll*/2 x 10*. Hence the Nyquist rate T = l/55000s. 
Choose System A and B such that v>i[n] = ai^nr) and ^j[n] = frz 2 {nT). 
For System A, we need to resample such that 

T _ 2 x 10~ 5 _ 10 
T x ~ 1/55000 " 11 



*1 



* m 



w,[n] 



Lsll 



M=10 



For System B, we need to resample such that 



M T_ 



*?i n K 



L=ll 



2 x 1Q-* _ 1 
1/55000 11 



* in 



w 2 [n] 



System C is simply the identity system. 

4.59. The speech is first sampled at 44.1 kHz, and we wish to resample it so that the sampling rate is at £ 
kHz. There are no aliasing effects anywhere in the system. Hence 

L_ 441 441 
M * 8 * 80 

We simply make L = 441, M = 80, and w c ~ */441. 
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4.60. ft p , and ft, has to be chosen such that 

(a) The region |ft| < ft p maps to M < w/4: 



n,T«J 



ft, = 44* 



(b) No aliasing occurs in the region |ft| < ftp during sampling: 



2ir 



4.61. (a) 



— -ft, = ft, s+ ft, = 2*(4-44) -44* « 308t 



v(*) = j? x (z)(jr(z)-y(z)) 

tf(z) = ff a (z)<V(z)-y(z)) 
y(z) = tf<z) + £<z) 

Hy{z)H 2 (z) 



X{z) + 



E{z) 



(b) 



i + isr a (*)(i+'iri(i))" 1 " / ' i + ^Wd + ftW) 

Substituting J? : (z) = 1/(1 - z" 1 ) and r7 3 (z) = z~V(l - z _1 ), we find 

H„{z) = z" 1 
£T (z) = (1-z- 1 ) 2 

Hence the difference equation is y[n] = x[n - 1] + /[n], where 

f[n] - e[n] - 2e[n - 1] + e[n - 2J. 

= <r»|(l -e"^) 1 ! 1 

= of(I - e- jw ) 2 (l - e*") 2 

= (rJ{2-2cos(w)) 2 

= ai{4sin 3 {w/2)) J 

= 16ff 2 sin*(w/2) 

The total noise power <rj is the autocorrelation of f[n] evaluated at 0: 

o) = £[(e[n]-2e[n-l] + e(n-2])*} 

« i?[« 3 En]] + S[-2« 2 [n-lI] + ^[e[n-23 I ] 
= ft* 

where we have used linearity of expectations, and the fact that since e[n] is white, £[e[n]e[n-fc]] = 
for k ± 0. 
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(c) Since X{t> v ) is bandlimited, x[n] * fc 3 [n] = x[n). Hence, 

v,[n) = y(n] * ft,[n] = (x[n - 1] + /[n]) « A 3 [n] = i[« - 1] + 9H 

where j[n] is the quantization noise in the region M < <*jM. 

(d) For a small angle x, sins « z. Therefore, 



i W 



- ?£ 
5Af s 

(e) XcfjH) must be sufficiently bandlimited that X{e>") = XcO'fiT) is zero for |w| > ir/JH. Hence 
X e (jtt) = for |0| > */MT. 

Assuming that is satisfied, t;,[n] = x\M n - 1] = x c {MTn - T). 
Downsampling does not change the variance of the noise, and hence o^ = o\. 

= 16tr*sin«<w/2M) 



K U) 



4.62. (a) (i) The transfer function from x[n] to y»[n] is 

ft, (r) = 

Hence y,[n] = x[n - 1). 
(ii) The transfer function from e[n] to y e [n] is 



. = ,-» 



1 + 



B„(z) = 



l+l* 



= l-z _ 



So 



/>,» = P«(w)fl'«(e*')A f e-*' 
= *»(l-e"*')(l-«*') 
= <7*(2-2cos(u>)) 

(b) (i) x[n] contributes only to yi[n], but not )&[«]. Therefore 

Vls [n] = x[n - 1] 
r,[n] = x(n-2) 
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(ii) In part (a), the difference equation describing the sigma-delta noise-shaper is 

y\n\ = x[n - 1] + ejn] - e[n - 1]. 

So here we apply the difference equation to both sigma-delta modulators: 

|fi«[n] = ei[n] - ex[n - 1] 

Vu[n] = ei{n-l) + ej[n]-ej[n-l) 

r,[n] = yi € [n-l]-(v2c[n]-Vu[n-l]) 

= -*7 W + 2e 2 [n - 1] - e. [n - 2] 

B w (z) = -(I-*" 1 ) 2 

ft.(w) = ff*(2-2cosw) s 
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Solutions - Chapter 5 
Transform Analysis of linear Time-Invariant Systems 
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5.1. 



.,, / 1, < n < 10, 
V[n] = { 0, otherwise 



Therefore, 



Y{e*) = €-**"■ 



igu> 



This y (<•*") is fall band. Therefore, since Y[t? w ) = Xf^Bfe'"), the only possible x)n) and <* that 
could produce yfnj is xfn] = y[nj and w e = *. 

5.2. We have y[n - 1] - ^ y [ n ] + y[n + 1] = s [n] or z- l Y{z) - %Y{z) + zY(z) = X(z). So, 

1 



JT(z) = 



(a) 



-» - ^ + z 



(z-$)(z- 3) 

_i * 



1 zero at z = i 




• (b) 



-hz~ l S,-i 



Stable * ROC is i < |z| < 3. Therefore, 

*M = -\ (f )" * «[n - 1] - |(3)-M-»] 



5.3. 



y[n - 1] + -y[n - 2) = *In] 
*- l Y(i) + ±z-*Y(z) = X(z) 



B{z) = 
H{z) = 



Y(z) 1 

X{z) *-! + $*-* 



1 + ^z-i 
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i) i < |*|, h[n] = (-|)" +1 u{n + 1] * answer <a) 
ii) I > 1*1. 



5.4. (a) 



= J (-5) «[-"- 2] *> answer (d) 
xH=Q)"u[n3 + (2)-u[-fi-l] 

»[n] = 6(i)"«[n]-6(J)"tt[n] 
■•»/ v 6 3 . . 



H{z) = 



Y(z) 



-i*-i 



*(*) (i-^-i)(i-l,-i, 



(l-I^Xl-to- 1 ) 1-2Z- 1 3 



-i*-i 




(b) 



1 2* _1 , . 3 



(c) 



Mn]»(|)"«t"]-2(j)" _I «I«-lJ 



y(*) - \z- l Y(z) = *(*) - *-**<*) 
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<d) The ROC is outside \z\ = |, which includes the unit circle. Therefore the system is stable The 
h[n] we found in part (b) tells us the system is also causal 
5.5. 

VW = (|) w[nj + (j) n «[n] + u(n] 
*[n] = u [nJ 

x to-yrpr* W>i 
u *(*> i-&*~» + **-»• " 5 

(a) Cross multiplying and equating x~ x with a delay in time: 

Vln) - ^yfn - 1] + -y[ n - 2] = 3x[n] - ^*(„ - 1] + |*[„ - 2 ] 

(b) Using partial fractions on H{z) we get: 

So, 

^-(5) m ^l-(5)^»-iJ+(J)"-hl-(J)"' I «{»-il + *l»] 

(c) Since the ROC of S{z) includes |x| = 1 the system is stable. 
5.6. (a) 



1-lj-i l-22-i (l-^-X)(l -fa-I)' 2 



'W- 7-4=7 + ^4-=r-=-r-JL . l w<2 - 



(b) 



This has the same poles as the in 
(c) 



(l-t*-*)(l-2*-») 
This has the same poles as the input, therefore the ROC is still 1 < \ z \ < 2. 



* W = X$) = l " *"* <» %] « «M -fln - 2] 
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5.7. (a) 



(b) 



<c) 



5.8. (a) 



x[n) = Su[n] «• X(z) = j-~ZT. 1*1 > 1 

■w = ( 2 G) B+3 (-!)") ^^-i^f^ 1 ^' |z|> * 




1-z 



_2 



3-TT + 



Therefore, 



*w-|g)"-w + I(-i)"-w 



W>7 



#(*) = 



1-r" 



y<*) ^ 



y (l) + \z' l Y{x) - \z~ 2 Y(z) = X(z) - z~ l X{z) 
V [n] + i»[n - 1] - |»[n - 2] = *M - x[n - 1\ 



y[n] = -y[n-l] + y[n-2j + x[n-l] 
y(,) = lz- l Y{z) + z- 2 Y(z)+z->X(z) 



H(z) = 



Y{z) _ *-' = * 

XjD'l-l'- 1 -*-* (l-2z- 1 )(l+5^ 1 ) 

lm 

zero ai z » — 



Iz|>2 
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00 



S{x) = (T^2F%TF^ = (r^) + {TTp^)' lz,>2 



A = 



B = 



(l + J*-*)U_j 5 



(I-b- l )U.. a 5 

Mn] = f[(2r-(-i)]«[n] 
(c) Use ROC of £ < \z\ < 2 since the ROC must include |i| = 1 for a stable system. 

AH = -|(2) B u[-n - 1] - | (-iy«W 



5.9. 



y[« - 1) - jvM + y t n + l 3 = *W 



jsrw = 



y<*) 

X(z) 



l-fz-i + z- 2 

z- 1 
(l-2z-i)(l-iz-i) 





a 

s 




2 




1- 


-2Z- 1 


1 


- *Z" 
2* 


-1 


Im 











1 zero at z ■■ 




Three regions of convergence: 
(a) M < J: 

0>) J < N < 2: 



AM = -|{2)M-n - 1] + | (j)*«I-n - 1] 



A[»] = -|(2)"u[-n - I] - | (|)"«W 
Includes |zj = 1, so this is stable. 
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(c) |z|>2: 



A[n]=|(2)"«[n]-|Q) n u[n] 
ROC outside of largest pole, so th« is causal. 



5.10. Figure P5.16 shows two zeros and three poles inside the unit circle. Since the number of poles must 
equal the number of zeros, there must be an additional zero at z = oo. 

H (z) is causal, so the ROC lies outside the largest pole and includes the unit circle. Therefore, the 
system is also stable. 

The inverse system switches poles and zeros. The inverse system could have a ROC that includes fz] = 1, 
making it stable. However, the zero at z = 00 of H(z) is a pole for Hi(z), so the system H t {z) cannot 
be "qttt 

5.11. (a) It cannot be determined. The ROC might or might not include the unit circle. 

(b) It cannot be determined. The ROC might or might not include z = oo. 

(c) Folic Given that the system is causal, we know that the ROC must be outside the outermost pole. 
Since the outermost pole is outside the unit circle, the ROC will not include the unit circle, and 
thus the system is not stable. 

(d) True If the system is stable, the ROC must include the unit circle. Because there are poles both 
inside and outside the unit circle, any ROC including the unit circle must be a ring. A ring-shaped 
ROC means that we have a two-sided system. 

5.12. (a) Yes. The poles z = ±j'(0.9) are inside the unit circle so the system is stable. 

(b) First, factor H(z) into two parts. The first should be minimum phase and therefore have all its 
poles and zeros inside the unit circle. The second part should contain the remaining poles and 
zeros. 



H(z) = 



1+0.2Z" 1 l-9z" 



1 + Q.81z-* 



minimum phase poles & zeros 

outside unit circle 



Allpass systems have poles and zeros that occur in conjugate reciprocal pairs. If we include the 
factor (1 — \z~ 2 ) in both parts of the equation above the first part will remain fnin'T" 1 "" phase 
and the second will become allpass. 

Htz\ = A + 'MOP-i-*"') 1- Q z-* 
{ ' 1 + 0.81*-' ' 1 - \z~* 

= H x {z)H^z) 

5.13. An aside: Technically, this problem is not well defined, since a pole/zero plot does not uniquely 
determine a system. That is, many system functions can have the same pole/zero plot. For example, 
consider the systems 

Hi(z) = z~ l 
Bt{z) = 2z"» 

Both of these systems have the tame pole/zero plot, namely a pole at zero and a zero at infinity. 
Clearly, the system Bi(z) is allpass, as it passes all frequencies with unity gain (it is simply a unit 
delay). However, one could ask whether H 2 (z) is allpass. Looking at the standard definition of an 
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allpass system provided in this chapter, the answer would be no, since the system does not pass all 
frequencies with unity gain. 

A broader definition of an allpass system would be a system for which the system magnitude response 
jiTfe*")! s= a, where a is a real constant. Such a system would pass all frequencies, and scale the output 
by a constant factor a. In a practical setting, this definition of an allpass system is satisfactory. Under 
this definition, both systems Bi(z) and H 2 (z) would be considered allpass. 

For this problem, it is assumed that none of the poles or sens shown in the pole/zero plots are scaled, 
so this issue of using the proper definition of an aQpass system does not apply. The standard definition 
of an allpass system is used. 
Solution: 

(a) Yes, the system is allpass, since h is of the appropriate form. 

(b) No, the system is not allpass, since the zero does not occur at the conjugate reciprocal location of 
the pole. 

(c) Yes, the system is allpass, since it is of the appropriate form. 

(d) Yes, the system is allpass. This system consists of an allpass system in cascade with a pole at zero. 
The pole at zero is simply a delay, and does not change the magnitude spectrum. 

5.14. (a) By the symmetry of Xj[n] we know it has linear phase. The symmetry is around n = 5 so the 
continuous phase of Xi(e iv> ) is argpti (e >i ')] = -5u>. Thus, 

grdpr,<e**)] = ~ {aigPUe*")!} = ~ <" 5u '> = 5 



(fa 



<Ll> 



49 



3? 



29 



*,[n| 



0123456789 n 

(b) By the symmetry of x 2 [n] we know it has linear phase. The symmetry is around n = 1/2 so we 
know the phase of X 2 (e iu ) is argfJfjfe^} = -wjl. Thus, 

grd[X 2 (e>«>] = -£ {arg[X,(01} = -£ {-£} = \ 
3/2 9 9 



3/4 9 



3/8 



-2-10123 



5.15. (a) h[n] is symmetric about n = 1. 



H{e?") = 2 + «"> w + 2e- a >" 

_ e -' w (2e> , + l + 2e->') 
= (l + 4cosw)e" > " 
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A(u) at 1 + 4cosw, a = 1, = 
Generalized Linear phase but not Linear Phase since A(w) is not always positive. 

(b) This sequence has no even or odd symmetry, so it does not possess generalized linear phase. 

(c) h[n] a symmetric about n = 1. 

Hie*) m l + Se-^ + e-**' 

_ e-*V + 3 + «-*") 
= (3 + 2cosw)e->" 
A(w) = 3 + 2 cos w, a = 1, = 
Generalized Linear phase tc Linear Phase. 

(d) h[n] has even symmetry. 

£r(e*") = l + e~' w 

= 2cos(w/2)e-* i/2)w 

.4H = 2cos( w /2) t a = i, ^ = 

Generalized Linear Phase but not Linear Phase since A(u>) is not always positive- 

(e) h[n] has odd symmetry. 

= e~^ w 2j'sinw 
= {2sina;)e- iw+ J* 

A{w) = 2aaw, a = 1, /3 = ~ 

Generalized Linear Phase but not Linear Phase since A{J) is not always positive. 

S.16. The causality of the system cannot be determined from the figure. A causal system Ai[n] that has a 
linear phase response LH(e?") = -aw, is: 

ft![n] « S[n] + 26[n - 1] + S[n - 2} 
B^e*) = l + 2c-*'+e-> 2 " 

~ e -><*{e iw + 2 + e-> v ) 
= e - -' ,J (2 + 2cos{w)) 
\H l (e' u )\ = 2 + 2cos(w) 
LHxW*) = -u 
An example of a non-causal system with the same phase response is: 

A,[n] = 6[n + l] + 6[n]+46[n-i\ + 6[n-2] + 5[n-3] 

= e"'-(e J3 " +V + 4 + e-"* + «-"") 
= e-*'(4+2cos(a0 + 2cos{2w)) 
1^(^)1 = 4 + 2cos(w) + 2co»(2w) 

Thus, both the causal sequence hi[n] and the non-causal sequence fcj[n] have a linear phase response 
lH(e>") - -ow, where o = 1- 



517 '^7^^™;^ "» * P- - — «— ^e unit circle. * „ c^, 

11 f^ , ^*^ <W ^^^^^* = 2*it»«K>tmiiun. n inph«e 
b *W««"Wi«ipfcm*eillipol««d« Wiiilfall-t4fctI1-tclld|: 

£S e ^T ro T ide ^ e "^ dlde **-«•> » * »* miBimum phase. Moreover the 
"»erse system would not be causal due to the pok at infinity. Moreover, the 

518 -^r/£^ * ^^ *. 8ystem 

locations TfciV^ii .^ " f 8 ^ *^ w "^^ t^ °^ c* 1 ^ to thw comunte redor^ 

inside the united "^ ^ * ^ e £a ^ ^ ^ «trodacrf when the p<»le or «ro i5 reflected 

(4) 2al p ^^^* 7=2to *^ 

The (1 + iz" 1 ) terms cancel, leaving 
therefore minimum phase. A, a re.uk, we^K^^T ' " " 

w 55£w5£^ 

''"■^(^t-T^wt^ "^ rr *" *• <ySto **« f—""* linear phase of 
2JW")]-* «^ where n„ * the pomt of symmetry in the impulse response graphs. T^oup 

T^deach system's group delay we need only find the point of syn^ n , ta ^ system , s ^^ 
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grd [27 2 (e*")] = 
grd[ir,(e>-)] = 



2 Bid [«*(•**)] = 3 

1.5 pdfjfs^)] = 3 

2 grd [#,(***)] * 3.5 



5.20. (a) Kes. The system function amid be a generalized linear phase system implemented by a linear 

constant-coefficient differential equation (LCCDE) with real coefficients. The zeros come in a 
set of four: a zero, its conjugate, and the two conjugate reciprocals. The pole-zero plot could 
correspond to a Type I FIR linear phase system. 

(b) No. This system function could not be a generalized linear phase system implemented by a LCCDE 
with real coefficients. Since the LCCDE has real coefficients, its poles and zeros must come in 
conjugate pairs. However, the zeros in this pole-zero plot do not have corresponding conjugate 
zeros. 

(c) Yes. The system function could be a generalized linear phase system implemented by a LCCDE 
with real coefficients. The pole-zero plot could correspond to a Type II FIR linear phase system. 

5.21. hi p [n] is an ideal lowpass filter with u> e = J 

(a) y\n] = x[n] - x[n] . fc,„[n] =» B{e?») = 1 - tf,„(e*-) 
This is a highpass filter. 



-x/4 



ic/4 



(b) x[n] is first modulated by x, lowpass filtered, and demodulated by t. Therefore, Hi p {^") filters 
the high frequency components of X («**). 
This is a highpass filter. 



-3x/4 



3*4 



(c) Ajp[2n] is a downsampled version of the filter. Therefore, the frequency response will be "spread 
ont" by a factor of two, with a gain of \. 
This is a lowpass filter. 
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This is a bandstop fiher. 



*»s will be compressed 




-K-7K/8 



n/B jc/8 



7ji/8 * to 



•i^affss^ **"-*«*-* vw in. **.* tebte 



This is a lowpass filter 



the 



5.22. 




n <u 



1-oz-i "*£)' causal > «» R OC is |rj > o 

(a) Cross multiplying and taking the averse transform 

y[«]-ay[T,- 1 j = x[ n j_I a . [n _ 1] 

(b) Since H(z) is causal, we know that the ROC is 1*1 * „ »L - .... 

unit circle. So, B(z) is stable for |«| < 1 ' ' ** * taWB *' the R °C must include the 

(c) o = 1 



Izl > 1/2 
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(d) 



(«) 



„-i,-t 



w 1 — az -1 1 — or * 
h[n] = (a) n u[n] - ±<a)— l ufri - 1] 



H(e*) = H(z)\ 



1-ae"** 



1 / a a + l-2ocosuA * 
~" a \l+a? -2aoosw/ 



5.2S. (a) Type I: 



u/i 
M") - S o[n]coswn 



cosO = 1, cos ir = -1, so there are no restrictions. 
TypelL 

{U+D/2 , jn 

XM= £ 6{n]cosu,(n--J 
cosO = 1, cos (nir - J ) * 0. So £T(e") = 0. 
Type ID: 

sinO = 0, sinn* = 0, so £?(e>°) = tf(eJ') = 0. 
Type IV: 

*(<") = £ <*Mo n( "^ n - J J 
sinO = 0, sin (n* - §) ^ 0, so just H(e*») = 0- 



(b) 



Lowpass 

Bandpass 

Highpass 

Bandstop 

Differentiator 



Typcl 



Typen 



Type HI 



N 



Type IV 
N 
Y 

_N_ 
Y 
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5.24. (a) Taking the z-transform of both sides and rearranging 

Y(z) _ -i+r- 



B(z) = 



X(z) 1 - \z~* 



Since the poles and zeros {2 poles at z = ±2/2, 2 zeros at z - ±2} occur in conjugate reciprocal 
pairs the system is allpass. This property is easy to recognize since, as in the system above, 
the coefficients of the numerator and denominator z-polynomials get reversed (and in general 
conjugated). 

(b) It is a property of allpass systems that the output energy is equal to the input energy. Here is the 
proof. 



tt-i 

E l»N! 



= £ l*[n]| J 

= T I l y < e *'}l' A ' (by Parseval's Theorem) 

= ± J'jHVnXiefrfdu, 

= ~ f' \X{e^)fdu, (\B(^")\ 7 = 1 since h[n] is allpass) 

00 

= £ t x [ n ]l 2 (by Parseval's theorem) 

n=-oc 
Af-l 

= E^N! 1 

WO 

= 5 

5.25. The statement is false. A non-causal system can indeed have a positive constant group delay. For 
example, consider the non-causal system 

h[n] = *[n + 1] + S[n] + 4S{n - 1] + S[n - 2] + S[n - 3] 
This system has the frequency response 

B(e> u ) = e i " + l + 4e->"+e-> 3< --l-e- j3 - 

= c-^V 3 " + e>" + 4 + e~ iu + e" j2w ) 

= e _>w (4 + 2cos(ar) + 2cos(2w)) 

|ff(e*")| = 4 + 2cos(w) + 2cos(2w) 

*W) = -w 

grd[i?(e>")] = 1 



5.26. (a) A labeled pole-zero diagram appears below. 




1 zero at z = - 
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The table of common z-transform pain gives us 
which enables us to derive h[n] 



"^"^" i-^X^ ">' 



h[n] = f-J— ^ (r n «nwten)u[n] 



(b) When <* = 



H(z) = 



l-{2rcoswo) 
Again, using a table lookup gives us 



= " ,„ , (z|>r 



h[n] = nr n u[n] 



1 zero at z = •• 




5.27. Making use of some DTFT properties can aide in the solution of this problem. First, note that 

h,[n] = e-'-"fti[n) 
Using the DTFT property that states that modulation in the time domain corresponds to a shift in the 
frequency domain, 

Consequently, ffj(e*") is simply H^e**) shifted by x. The ideal low pass filter has now become the 
ideal high pass filter, as shown below. 









rye*") 
1 


















-K 


-a 


[/2 ( 


) » 

H 2 (e>-> 
1 


2 


it ( 











-« -it/2 



n/2 
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5.28. (a) 



(b) 



to 0) 



(ii) 



Biz) = = - ur > i M n ] causal 

1 ' (l-i2-»){l + |z-i)' " 2 l J 

J7(l) = 6 ^ A = 4 



l-}r» l + jr 1 
Mn] = lf(i) n ttE „ ] + |(4)\[n] 



Y{z) = A"(z)F(z) 

- — - T -^xi + fr-'r irt>1 

4 



d-*-»)(i + !*-») 

3 1 

+ 



1-Z- 1 l + l2-> 

y[n] = 3u[n]+f-ij u[n] 



x(t) = 50 + 10cos(20irt) + 30cos{40ir0 

T = ±- t = nT 
40 

x[n] = 50+ 10 cos -n J- 30 cos *n 

= 50 + 5^ (B "/ J ' + 5e-><"*/ 2 > + 15e>" + 15e-'™* 
Using the egenfuoction property: 

v [n] = 50fl'(^ )+5^ ( " /I) ^(e j( ' /3 ' )+5e-' ( "/ 2 »tf (e-^'/^J+lS^^^^'J+lSe-^'iTte- 

4 



Hie"*) = 



1 - ^e->" - le-J 2 " 



ff(e>°) = 6, flV<*/ s >) = 7(g) - jif, J(e-><"/«) = 7(g) + >», 
J? {e") * 4, F(e-'*) « 4 



y[n] = 300 + 24\/2cos f |n - tan" 1 {^\ } + 120< 
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S.29. 



H{z) = 



21 

(X-|*-i)(l-2«-»)(l-4*-») 
1 28 48 



l-lz" 1 l-2z-» 1-4*- 1 



Since we know the sequence i$ not stable, the ROC must not include |z| = 1, and since it is two-sided, 
the ROC must be a ring. This leaves only one possible choice: the ROC is 2 < |*| < 4. 

W 



(b) 



5.30. (a) 



(b) 



Let v[n] = x[2n], 
Therefore, 



5.31. (a) 



*M = (|) B «W " 28(2)"u[n] - 48{4)"«t-n - 1) 



*i« = 



28 



1 - hi' 1 1 - 2z~ l 



B 2 (z) = 



48 



1-4T" 1 



Hw = <i±M<£zil = z -(«-^! _ J,-«) 



1 9 



M-2 



M-1 



-1/4 



M 

I - " 



w[n] = x[n - (M - 2)] - -*[n - M] 

y[nj = n>{2n] = x[2n - (A* - 2)] - \x[2n - M\ 

4 

y{n\ = vjn - (Af - 2)/2] - i»[n - {Mj2)\ 

fl[nj = tyi - {M - 2)/2] - i S[n - (M/2)], M even 
G(z) = z-< t *-W-±z- i "* 



g(j) = (l-i;-i)(l-3 2 -i) ' «table,sotheROCisf <!zf<3 
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F(z) = X{z)H{z) = 



i i 1 



1 
S + £ 

1-kz- 1 1-3Z- 1 !-*-»' 



1< |z] < 3 



*M = I (i)" «W - |(3)"u[-n - 1] - «[«] 



(b) ROC includes z = oo so h[n] is causal. Since both h[n] and x[n] are for n < 0, we know that j/[n] 
is also for n < 



JT(») " 1 - |z~i + !*-» 

y (z) _ Iz-^y(z) + ^z- a K(z) = z- a X(z) 

y[n] = r[n - 2] + -y[n - 1] - -y[n - 2] 

Since y[n] = for n < 0, recursion can be done: 

y!0] = 0, s,[l] = 0, y(2] = l 

(c) 

1 7 3 

H,(z) = 7^-r =b z a - -z + -, ROC: entire z-plane 
o\zj 2 2 

M«] = % + 2]-^[» + i] + ^H 

5.32. Since H(e }v ) has a zero on the unit circle, its inverse system will have a pole on the unit circle and 
thus is not stable. 

5.33. (a) 

*(z) = S(z)(l-e-»*z- 8 ) 

if 1 (z) = l-e- So z-* 
There are 8 zeros at z - « _< V ** for * *= 0, . . . , 7 and 8 poles at the origin. 




<b) 



8ti order pott 



Y(z) = H 2 (z)X(z) = B 7 (z)H l {z)S(z) 
|z( > e~* stable and causal, |z| < e~° not causal or stable 
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(c) Only the causal fcj[n] is stable, therefore only tt can be used to recover s[n). 

n = 0,8,16,.-. 






otherwise 



(d) 



5.34. 



*[n] = S[n] =► x[n] « *H - e'^n - *3 

x[n]*h»\n] = *ln]-e- to *[n-8] 

+ «- to (*ln-8]-e-^[n-16]) 
+ c- lt *(6[n - 16] - e-^^n - 32]) + 

= *M 



MH-(5)"«W+(1)"«W 



(a) 



Since %j,x[n] - for n < we can assume initial rest conditions. 

y[n] = | V (n - 1] - \y[n - 2] + 2»[n] - |*[» - 1] 



(b) 



(c) 



AlW - \ 0, n > 10» 



m=0 



y[n) = ^ M"»W" " m l 
<d) For IIR, we have 4 multiplies and 3 adds per output point. This gives us a total of 47V multiplies 
n th output point, so this configuration has order TV*. 

5.35. (a) 

20k>g 10 |ff(e**'»>)| = oo =*■ pole at e**' 5 > 

201og 10 l£T(e><** /s) )| = -oo =► sero at t**'M 

Resonance at w = ^ ^ pole inside unit drck here. 

Since the impulse response is real, the poks and teros must be in cwjugale pairt. The remaining 

2 xeros are at zero (the number of poles always equals the number of teros). 
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(b) Since H(z) has poles, we know A[n] is OR. 

(c) Since k[n] is causal and HR, it cannot be symmetric, and thus cannot have linear phase. 

(d) Since there is a pole at f*j s l, the ROC does not include the unit circle. This means the system 
is not stable. 



5.36. (a) 



Biz) = (l-g»- , )(I + fc- 1 )(H-0.9*-*) 

(1 - x~ l )(l + 0.7j2-')(l - 0.7j2-i) 

1 - 0.6*- 1 - 2.35z~ 3 - 0.9*- 3 

1 - z- 1 + 0-492-* - 0.49z~ 3 

= 1M 
X(z) 

Cross multiplying and taking the inverse ^transform gives 
VM - »[« " 1] + 0.49y[n - 2] - 0.49»[n - 3] = x[n] - 0.6x[n - 1] - 2.35x[n - 2j - 0.9i[n - 3] 



(b) 




Note that since A[n] is causal, ROC is bl > 1. 



to 
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IHiehl 




(d) (i) The system is not stable since the ROC does not include |z| = 1. 

(it) Because h[n] is not stable, h[n] does not approach a constant as n -f oo. 

(iii) We can see peaks at w = ±| in the graph of \H(e^)\ shown in part (c), so this is false. 

(iv) Swapping poles and zeros gives: 

lm 




There is a ROC that includes the unit circle (0.9 < \x\ < 2). However, this stable system 
would be two sided, so we must conclude the statement is false. 



5.37. 



v , , q - h*- l Hi - jr *)U - j«) _ 6 (1 - §*-*)(! - I*- 1 
* (z) = (TT|5) "5 (l-fa"») 

a*x[n] *> X(a *») = ^ * (i-*»-i) 

A minimum phase sequence has all poles and teros inside the unit circle. 



)(l-52-i) 



)a/2|<l =* 

i«/4|<l * 

|5a| < 1 * 

|6a| < 1 => 



W<2 
|a|<4 
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Therefore, a n z[n] is real and minimum phase iff a is real aod \a\ < $■ 
5.38. (a) The causal systems haw conjugate xero pairs inside or outside the unit circle. Therefore 

H{z) = (l-0.9e* -2- l )(l-0.9e-^*^- 1 )(l-l-25e^*^- 1 ){l-1.25e-^" 2 - 1 ) 
B^z) = (0.9) 3 {l.2S) i (l-(\0/9)e»*"z- 1 )(l-(lQ/9)'~ JOt '*~ 1 )- 

(1 - 08« |DJ '*- X )(1 - 0.8e -i0 - , '*- J ) 
H 2 {z) m (0.9)'(1 - (10/9>e*- , -z- 1 )(l - (10/»Je-* , **- 1 )(l - 1.25e*'-*- 1 ) • 

(1 - LMe-*""*- 1 ) 
H s <*) = (1.25) a (l-0.9e* 6, *z- l )(l-0-9e" >0, "*" l )0-0-8^"*" 1 )- 
(l-0.8e-' 0, '2- 1 ) 



0») 



J? 2 {2) has all its zeros outside the unit circle, and is a maximum phase sequence. £f s (z) has all its 
zeros inside the unit circle, and thus is a minimum phase sequence 



(c) 



H(z) = l + 2.5788z" 1 + 3.49752~ s + 2.5074z- 3 + 1.2656z- 4 

A[n] = &[n] + 2.578«[n - 1] + 3.497W(n - 2] + 2.50745[n - 3] + 1.265W[n - 4] 

Bi(z) = 1.2656 + 2.S074z- x + 3.4975* -2 + 2.57882- 1 + 2 -4 

Ai[n] = 1.2656*[n] + 2.5074J[n-l]+3.4975%-2i + 2.S788i[n-3] + *[n-4] 

Ht(z) = 0.81 + 2.1945*" 1 + 3.3906*" 1 + 2.8917Z" 1 + 1.5625z'* 

AaM = 0.8Htn] + 2.1945i[n-l] + 3-390&S[n-2] + 2^9m[n-3] + 1.562S5[n-4] 

H 3 (z) - 1.5625 + 2.8917z" 1 + 3.39062-' + 2.1945z- , + 0.81z -4 

hz[n] = 1.5625*ln] + 2.89175[n-l] + 3.3906J[n-2] + 2.19455[n-3l + 0.8U[n-4] 



n 


B(n) 


Ek{ n ) 


ft(n) 


bin) 





1.0 


1.6 


0.7 


2.4 


1 


7.7 


7.9 


5.5 


10.8 


2 


19.9 


20.1 


17.0 


22.3 


3 


26.2 


26.8 


25.3 


27.1 


4 


27.8 


27.8 


27.8 


27.8 


5 


27.8 


27.8 


27.8 


27.8 



m 



fjjM 



73 1 rti 
9 



£,m 



E& 



27J 27* 

e 



27.1 2™ *&■ 
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The plot of Ei[n] corresponds to the minimum phase sequence. 
5.39. All zeros inside the unit circle means the sequence is minimum phase. Since 

is true for all Af, we can use Af = and just compute ft a [0]. The largest result will be the minimum 
phase sequence. 

A\B\C\D\E\ F I G \S 
44.5 | 28.4 | 1.8 | 2.8 | 1^ j 177.7 j 113.8 | 7.1 

The answer is F. 

5.40. 

(i) A aero phase sequence has all its poles and zeros in conjugate reciprocal pairs. Generalized 
linear phase systems are zero phase systems with additional poles or seros at z = 0, oo, 1 or 
-1. 
(ii) A stable system's ROC includes the unit circle. 

(a) The poles are not in conjugate reciprocal pairs, so this does not have zero or generalized linear 
phase. Hi(z) has a pole at x - and perhaps z s oo. Therefore, the ROC is < |*| < oo, which 
means the inverse is stable. If the ROC includes z = oo, the inverse will also be causal. 

(b) Since the poles are not conjugate reciprocal pairs, this does not have sero or generalized linear 
phase either. H,(z) has poles inside the unit circle, so ROC is |z| > f to match the ROC of H(z). 
Therefore, the inverse is both stable and causal. 

(c) The seros occur in conjugate reciprocal pairs, so this is a zero phase system. The inverse has poles 
both inside and outside the unit circle. Therefore, a stable non-causal inverse exists. 

(d) The zeros occur in conjugate reciprocal pairs, so this is a zero phase system. Since the poles of the 
inverse system are on the unit circle a stable inverse does not exist. 

5.41. Convolving two symmetric sequences yields another symmetric sequence. A symmetric sequence con- 
volved with an antisymmetric sequence gives an antisymmetric sequence. If you convolve two antisym- 
metric sequences, you will get a symmetric sequence. 

A : h t [n] * ftjfa » k 3 [n] = (M»] * h»[n\) * h 3 [n] 

hi[n] * hj[n] b symmetric about n = 3, (-1 < n < 7) 

(hi[n] * hiln]) • Aj[n] is antisymmetric about n = 3, (-3 < n < 9) 

Thus, system A has generalized linear phase 

B: (Mn]*Aa(n]) + ft,[nl 

hi[n] * Aj[n] is symmetric about n = 3, as we noted above. Adding Aj[n] to this sequence will destroy 
all symmtery, so this does not have generalized linear phase. 

5.42. (a) 

A{e>") = 1, M < * 
j(w) = -aw, |w| < it 
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(b) 



A(e*) 




x « 



\ t* ■ sinirfn 



$in *(n - a) 
a) 



x a> 



a*3 



1 

a = 3.5 



J 

6 n 



a = 3-25 
« 



T 



(c) If a is an integer, then h[n) is symmetric about about the point n = a. If a « f , where M is odd 
then k[n) is symmetric about f , which is not a point of the sequence. For a in general, h[n\ wiU 
not be symmetric 
5.43. Type I: Symmetric, M Even, Odd Length 

(M-3)/2 J* 

(M~2)/3 (tf-S)/2 
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_ e ->«(«/i) 



([U-D/2 (M-2)/2 

53 2A[m] cosu;{{Af/2) - m) + h[M/2] j 
- e-WM j £ 2/i[(M /2) - n] a»wn + M^/2] 1 



Let 



Then 



^ m (HMm. . «-o 



2A[(M/2)-n], n = l,..-,W/2 



ff (e*") = e _ ' w( *' /3) £ a[n] eoswn 

and we have 

U,i hi 

Type II: Symmetric, hi Odd, Even Length 

M 



Let 
Then 

and we have 



= 53 A(n]e->-+ £ A[nje"*" 

<M-l)/3 («-!)/» 

= E A[n]e-> wn + E h\M~m)t- iv(U ' m) 

n=0 "»=0 

53 fc{m]e*"«*"*>- m > + 53 A[m]e->« M/2) - m| 

■at m=0 

((v-D/a \ 

53 2A[m] c 08 <•*(( **/*) - "») J 

((*+«/a \ 

53 2h[(M + l)/2 - n] cm w{n - (1/2)) j 

6(n] = 2M(M + r)/2-n], n» l,...,(Af + l)/2 
£T(e*-) = e-*" (J " 3) 53 6{n]c«w(n-(l/2)) 

A{u)= 5) H»]«»w(n-(l/2)), a = — , = 
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Type III: Antisymmetric, M Even, Odd Length 
u 

*<«*) - EM*"**" 

<Jtf-a)/a m 

= E M«le"'" n + o+ E *!«!«"** 

ft»0 (Jtf+3)/a 

(*-a)/a (J*-s)/a 

((«-2)/a (W-a)/J \ 

E AHe y " (lM/2, " n,) - E AH« _>w((W/2) " n) 

((M-3)/a \ 

j ^ 2h[m]smv((M/2)-m)\ 
m-0 / 

_ e -i«(i#/») e i(r/a) I £ 2A[{M/2) - n] sin urn J 



Let 
Then 

and we have 



c[n] = h[(M/2) - n], n = 1, . . . , W/2 

JW/2 

#(**-) = «-i-(*'/»)e*t»' a > ^ c(n]sinum 

ml 
n=l 



Type IV: Antisymmetric, M Odd, Even Length 



n=0 

(M-D/2 U 

= E ^w«- >wn + E %]«"'"" 

n=0 n=(V+l)/2 

(W-D/S {«-l)/J 






_ e ->«(M/a) 



(<J*-D/a {«-i)/a 

MO »»o 

(("-D/a \ 

i E 2M"»]«in«((Af/2)-m)j 

<jtf+i)/a 
= e -M*mjt'm 53 2A({W+l)/2-nlsinu;(n-(l/2)) 



_ „->«(M/a) 
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Let 
Then 

and we have 



d\n) = 2h[(M + l)/2-n], n = l,...,{M + l)/2 
jy^wj = e -M«/J) e i(-/') JJ d[n]imw{n-(l/2)) 



X(«)= ^ dtn]rinw(n-(l/2)), a -"J". P=2 
5.44. FUter Types II and m cannot be highpass filter* since they both must haw *»ero at * = 1. 
Type I -» Type I could be highpass: 

9 9 9 9 ° 



Type II -+ Type IV can be highpass: 

e o o o © o 



6 6 6 



Type III -»■ Type III cannot be highpass: 

9 9 



Type IV -► Type II cannot be highpass: 
9 9 



A 



* * 
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S.45. 



, (l-0.S2- 1 ){l+2J2- 1 )(l-2j2- 1 ) 




(a) A minimum phase system has all poles and teros inside \z\ = 1 




H.,(z) = 



(1 + 4Z- 1 ) 
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(b) A generalized linear phase system has zeros and poles at z = 1, -1, or oo or in conjugate reciprocal 
pairs. 

(1-0.5*- 1 ) 



JfcM = 



(1 - 0.64*-*)(l + \z~ % ) 
Im 




3tt3 enter zsro 



4>2j 




5.46. (a) Minimum phase systems have all poles and zeros inside \z\ = 1. Allpass systems have pole-zero 

pairs at conjugate reciprocal locations. Generalized linear phase systems have pole pairs and zero 
pairs in conjugate reciprocal locations and at z = 0, 1, -1 and oo. This implies that all the poles 
and zeros of H min (z] are second-order. When the allpass filter flips a pole or zero outside the unit 
circle, one is left in the conjugate reciprocal location, giving us linear phase. 

(b) We know that h[n] is length 8 and therefore has 7 zeros. Since it is an even length generalized 
linear phase filter with real coefficients and odd symmetry it must be a Type IV filter. It therefore 
has the property that its zeros come in conjugate reciprocal pairs stated mathematically as S(z) = 
H(l/z*). The zero at * = -2 implies a zero at * = -J, while the zero at z = 0.8e iC * /4) implies 
zeros at z = O-Se'^^K z = 1.25e** /4) and z m 1.25e _ '<*/* ) . Because it is a IV filter, it also must 
have a zero at t = 1. Putting all this together gives us 

B{z) = (1 + 2* _1 )(1 + 0^*-»)(l - 0At* m Mz- l )(l - QAe-H*t A h- 1 ) ■ 
(1 - i.2oV<* / * ) jr 1 )(l - 1.25e-' (w/4) z- 1 )(l -*" 1 ) 

5.47. The input x\n\ in the frequency domain looks like 
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k (10n) 



X(eh 
5 



k{10jl) 



-* -0.5k -0.4* 

rhile the corresponding output y[n] looks like 



0.4k 0.5k 



Therefore, the filter most be 



Y(e»") 
lOe-* 10 " 



-0.3k 0.3* 



In the time domain this is 



5.48. (a) 



H(0 



2e 



H 10u > 



-0.3* 0.3it 



., . 2sin[0.3T(n-10)] 

h[n] = — ^TToj — 



Property 


Applies? 


Comments 


Stable 


No 


For a stable, causal system, all poles must be 
inside the unit circle. 


UR 


Yes 


The system has poles at locations other than 
z s or z = oo. 


FIR 


No 


FIR systems can only have poles at z = or 

Z = 00. 


Minitnnm 
Phase 


No 


Minimum phase systems have all poles and zeros 
located inside the unit circle. 


Allpass 


No 


Allpass systems have poles and zeros in conjugate 
reciprocal pairs. 


Generalized Linear Phase 


No 


The causal generalised linear phase systems 
presented in this chapter are FTR. 


Positive Group Delay for all w 


No 


This system is not in the appropriate form. 
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r- 



(b) 



Property 


Applies? 


Comments 


Stable 


Yes 


The ROC for this system function, 
|*| > 0, contains the unit circle. 
(Note there is 7th order pole at z = 0). 


iir 


No 


The system has poles only at t = 0- 


FIR 


Yes 


The system has poles only at z = 0. 


Minimum 

Phase 


No 


By definition, a minimum phase system must 
have all its poles and seros located 
inside the unit drde. 


Allpass 


No 


Note that the xeros on the unit circle will 
cause the magnitude spectrum to drop zero at 
certain frequencies. Clearly, this system is 
not allpass. 


Generalized Linear Phase 


Yes 


This is the pole/zero plot of a type II FIR 
linear phase system. 


Positive Group Delay for all w 


Yes 


This system is causal and linear phase. 
Consequently, its group delay is a positive 
constant. 



\ 



w 



Property 


Applies? 


Comments 


Stable 


Yes 


All poles are inside the unit circle. Since 
the system is causal, the ROC includes the 
unit circle. 


hr 


Yes 


The system has poles at locations other than 
z = or z s= oo. 


FIR 


No 


FIR systems can only have poles at z = or 

2 = OO. 


Minimum 
Phase 


No 


Minimum phase systems have all poles and zeros 
located inside the unit circle. 


Allpass 


Yes 


The poles inside the unit circle have 
corresponding zeros located at conjugate 
reciprocal locations. 


Generalized Linear Phase 


No 


The causal generalized linear phase systems 
presented in this chapter are FIR. 


Positive Group Delay for all w 


Yes 


Stable allpass systems have positive group delay 
for all w. 



5.49. (a) Yes. By the region of convergence we know there are no poles at z = oo and it therefore must be 
causal. Another way to see this is to use long division to write iii(r-) as 



lM*)«p™T«l + *- 



+ z~ 7 + z~ 3 + z~* , I*] > 



(b) 



hi[n] is a causal rectangular pulse of length 5. If we convolve hi[n] with another causal recta n gu l ar 
pulse of length N we will get a triangular pulse of length AT + 5 - 1 = JV +4. The triangular pulse 
is symmetric around its apex and thus has linear phase. To make the *"?ingnlir pulse g[n\ have at 
least 9 nonzero samples we can choose JV = 5 or let Ajfn] = fti[nj. 
Proof: 

G(e*") * J^(e*)Jf 3 {e*') = Jr 1 V*') 
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[ 1 - e-J" J 



sin 2 (w/2) 

(c) The required values for h 3 {n] can intuitively be worked out using the flip and slide idea, of convo- 
lution. Here is a second way to get the answer. Pick h 3 [n] to be the inverse system for hi[n] and 
then simplify using the geometric series as follows. 



H 3 {z) = 



l-z- 



= 1 - 2 _1 + Z~ S - Z 



+ z 

-6 



+ Z~ w - Z" 11 + Z~" ~ Z- 



This choice for h 3 [n] will make q[n] = i[n] for all n. However, since we only need equality for 
< n < 19 truncating the infinite series will give us the desired result. The final answer is shown 
below. 



19 



10 



h^n] 



15 



-1* 

5.50. (a) This system does not necessarily have generalized linear phase. The phase response, 

G fc*M - tan"* f Nft(^ + g»(^)) ) 

is not necessarily linear. As a counter-example, consider the systems 

AiW = 6[n] + 5[n-l) 

fc[n] = 2S[n] - 2S[n - 1] 

Sx[n] = h 1 [n] + h 2 [n} = 36[n}-6[n~l] 

G 1 (e' u ) = Z-t~ iu = 3-cosw + jsinw 



iGiie^) = tan 



_j / sinw \ 
\3 — cosw/ 



Clearly, Gi(e JW ) does not have linear phase, 
(b) This system must have generalized linear phase. 

G 3 (e*") = Hx^Htit*") 
|<?2<e*")| - |Hi(«*')||ft{«*')| 
ZG 2 (e**) = lHi(e^) + LB^j") 



The sum of two linear phase responses is also a linear phase response. 
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(c) This system does not necessarily have linear phase. Using properties c.'the DTFT, the circular 
convolution of Hiie**) and H 2 {t iw ) is related to the product of hi[n] and h 2 [n]. Consider the 
systems 

/n[n] = 6[n} + 6[n-l) 

h 2 [n] = 8{n] + 2S[n - 1] + *[n - 2] 

93[n] = hjHA 2 [n] = *N + 2J[«- 1 ] 

G 3 (e**) = l + 2e" J " = 1 + 2cosw - j"2sinw 



lG 3 (e> u ) = tan- 
Clearly, Gjfe*") does not have linear phase. 
5.51. False. Let h[n] equal 



■i ( 2sinu; ^ 
\l+2cosu// 



_ sia* c (n-4.3) < _ f e"* 3 -, |w| < w e 

fe{n] ~ "^T^TST ( ,_ l.O. otherwise 

PtooJ: Although the group delay is constant ( grd [£f{e >UP )] = 4.3 ) the resulting M is not an integer. 

h[n] = ±h[M - n] 
#(0 = ±e> Uu H(e-' u ) 

M = -8.6 
5-52. The type II FIR system Hu(z) has generalized linear phase. Therefore, it can be written in the form 

Bn(tP) = ^MOe-*" 1 " 2 

where M is an odd integer and At{e* u ) is a real, even, periodic function of w. Note that the system 
G{z) = (1 - 2 _1 ) is a type IV generalized linear phase system. 

G(e> u ) = 1-e"** 

= e--» w/3 (2jsin(w/2)) 

= 2sin(w/2)e-> u,/3+i,r/2 

= A*(e*") e -i u/2+i * /2 

A.(***) = 2sin( W /2) 

The cascade of Hn(z) with G(2) results in a generalized linear phase system H(z). 

where j*',,^'") is a real, odd, periodic function of w and M ' is an even integer. 

Thus, the resulting system #(«*") has the form of a type III FIR generalized linear phase system. It is 

antisymmetric, has odd length (M is even), and has generalized linear phase. 
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5.53. For all of the following we know that the poles and zeros are real or occur in complex conjugate pairs 
since each impulse response is real. Since they are causal we also know that none have poles at infinity. 

(a) • Since Aj[n] is real there are complex conjugate poles at z = 0.9c*'*'' 3 . 

• If x[n] = w[n] 

Y(z) = H x {z)X{z) = YZ^i 

We can perform a partial fraction expansion on Y(z) and find a term (l) n u[n] due to the pole 
at 2 = 1. Since y[n) eventually decays to zero this term must be cancelled by a zero. Thus, 
the filter must have a zero at z = 1. 

• The length of the impulse response is infinite. 

(b) • linear phase and a real impulse response implies that zeros occur at conjugate reciprocal 

locations so there are zeros at z = z lt l/zi,2j, 1/zJ where z\ = O.&e 3 '^*. 

• Since h 3 [n] is both causal and linear phase it must be a Type I, II, IE, or IV FIR filter. 
Therefore the filter's poles only occur at z = 0. 

• Since the arg {•ffa^*)} = -2.5w we can narrow down the filter to a Type II or Type IV filter. 
This also tells us that the length of the impulse response is 6 and that there are 5 zeros. Since 
the number of poles always equal the number of zeros, we have 5 poles at z = 0. 

• Since 20 log jff 2 (e j0 )| = -oo we must have a zero at z — 1. This narrows down the filter type 
even more from a Type II or Type IV filter to just a Type IV filter. 

With all the information above we can determine Hz{z) completely (up to a scale factor) 

H 2 {z) = A(l - z~ l )(l - 0.&e>' /4 z~ l )(l - O.&e^'^z- 1 )^ - 1.2Se"'*z- l )(l - \.2he~>*l*z- 1 ) 

(c) Since H${z) is allpass we know the poles and zeros occur in conjugate reciprocal locations. The 
impulse response is infinite and in general looks like 

(2-1 - 0.8e>^«)(z-' - (hoe-*/") 
Hi{z) ~ (1 - 0.8<>-/<z-i)(l -0.8e^'/«z- 1 )* pl ] 



5.54. (a) To be rational, X(z) must be of the form 



x ^-^ 

nu -dtz- 1 ) 

Because x[n] is real, its zeros must appear in conjugate pairs. Consequently, there are two more 
zeros, at 2 = \t~^>*, and z = \t-' 3 *l*. Since x[nj is zero outside < n < 4, there are only four 
zeros (and poles) in the system function. Therefore, the system function can be written as 

X (z) = (l - ie"«,-i) (l - ie^z- 1 ) (l - ie-"«*->) (l - \e~^^) 

Clearly, X(z) is rational, 
(b) A sketch of the pole-zero plot for X{z) is shown below. Note that the ROC for X(z) is \z\ > 0. 
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4th ordtr pole 

(c) A sketch of the pole-zero plot for Y{z) is shown below. Note that the ROC for Y(z) is \z\ > 5. 

Im 




5.55. • Since x[n] is real the poles & zeros come in complex conjugate pairs. 

• From (1) we know there are no poles except at zero or infinity. 

• From (3) and the fact that x[n] is finite we know that the signal has generalized linear phase. 

• From (3) and (4) we have a = 2. This and the fact that there are no poles in the finite plane 
except the five at zero (deduced from (1) and (2)) tells us the form of X(z) must be 

X(z) = x[-l]z + x[0] + xfljz- 1 + x[2]z' 2 + x[3]r~ 3 + x\4\z~* + x{5]*- s 

The phase changes by w at w = and * so there must be a zero on the unit circle at z = ±1. The 
zero at z = 1 tells us Ji[n] - 0. The zero at z = - 1 tells us £(-l) n x[n] = 0. 
We can also conclude x[n] must be a Type m filter since the length of z[n] is odd and there is a 
zero at both z = ±1. x[n] must therefore be antisymmetric around n = 2 and x[2] = 0. 

• From (5) and Parseval's theorem we have £ \x[n]\ 2 = 28. 

• From (6) 

>I0] = hI'/ ieiU)du ' = 4 

= x[n) * u[n] U=o = *[- 1] + x(0] 

V[l] = ^f Y{<**)tr** = * 

= x[n] * u[n] Ui = x[-l] + x[0] + x[l] 

• The conclusion from (7) that ^2(-l) n x[n] = we already derived earlier. 

• Since the DTFT {x e [n]} = fte {X(e>»)} we have 

x[5] + x[-5| _ _3 
2 2 

x[5] = -3 + x[-5] 

x(5] = -3 
Summarizing the above we have the following (dependent) equations 
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(1) i[-l] + x[Q] + x[l] + 1[2] + x[3] + x[4] + x[S] = 

(2) -x[-l] + *{0I - i[l] + x[2] - *[3] + x[4] - x[5] = 
(3)*[2] = 

(4) x(-l] = -*[5] 

(5) x[Q] = -*[4j 

(6) s[l] = -x[3] 

(7) s[-l] 2 + x[0] 2 + x[l] 2 + s[2] 2 + x[3] 3 + x[4] 2 + x[5] 2 = 28 

(8) z[-l]+*[0j = 4 

(9) xl-l] + x(0] + x[l] = 6 
(10} x{5] = -3 

x[n] is easily obtained from solving the equations in the following order. (3),(10),(4),(8),(5),{9), and (6). 



3' 


2 < 


. 


m 




M 


3 4 


-1 


1 2 


-ii 






-2 I 


i 



-3 i> 



5.56. (a) The LTI system S 2 is characterized as a lowpass filter. 
The z-transform of /ijn] is found below. 



y[n] - y[n - 1] + ~y[n - 2) = x[n] 
Y{z)-Y(z)z- 1 + ^Y(z) 2 - 2 = X(z) 
Y(z) (l - z- 1 + \z~ 3 } = X(z) 



JSTiW = 



(1 - 2-1 + iz" s ) (1 - \z-i)* 

This system function has a second order pole at z = 5. (There is also a second order zero at z ~ 0). 
Evaluating this pole-zero plot on the unit circle yields a low pass filter, as the second order pole 
boosts the low frequencies. 
Since 

H,{z) = H x (,-z) 
If we replace all references to z in Hi(z) with ~z, we will get S 3 (z). 

1 



B 2 {z) = 



(1 + iz-i)* 



Consequently, B 2 (z) has two poles at x « -|. (There is also a. second order sere at z = 0). 
Evaluating this pole-zero plot on the unit circle yields a high pass filter, as the second order pole 
now boosts the high frequencies. 
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(b) The LTI system S 3 is characterized as a highpass filter, ifj(e^) is the inverse system of Bi(e> u ), 
since H 3 (e' v )Hi{e' u ) = 1. Consequently, ^(zjtfafz) = 1. 

As shown in part (a), Hi(z) has a second order pole at z = 5, and & second order zero at z = 0. 
Thus, H s {z) has a second order zero at z = \, and a second order pole at z = 0. Evaluating this 
pole-zero plot on the unit circle yields a high pass filter, as the second order zero attenuates the 
low frequencies. 

S3 is a wiiTiTmnm phase filter, since its poles and zeros are located inside the unit circle. However, 
because the zeros of S3 do not occur in conjugate reciprocal pairs, S3 cannot be classified as one 
of the four types of FIR filters with generalized linear phase. 

(c) First, we compute the system function £T|(z) 

y[n] + aiy[n - lj + o^n - 2] = fox[n] 
Y(z)+a 1 Y(z)z- 1 + a 2 Y(z)z'' i = foX(z) 

v ' I + ait- 1 + a 2 z~ 2 
St is a. stable and noncausal LTI system. Therefore, its poles must be located outside the unit 
circle, and its ROC must be an interior region that includes the unit circle. We place a second 
order pole at z = 2, which is the (conjugate) reciprocal location of the second order pole of Hi (z) 
at z = |. This gives 



(1-22- 1 ) 2 

00 



(1 - Az' 1 + Az~ 2 ) 

In order for 

1^(^)1 = 1^(^)1 

an appropriate value of fio must be found. Consider the case when r=l. Then, 

j ft I I 1 I 

{(l-iz-i+Az-*)] |(l-2- 1 + j2- 2 )l 

1 ft I = I l I 
i(l-4 + 4)| |(i_i + l)| 

Iftl = * 

The values ctj = -4, a 2 = 4, and ft = 4 satisfy the criteria. Note that ft = -4 also is a valid 
solution, 
(d) If /ij[n] * h x [n] is FIR, then the poles of ffi(z) must be cancelled by zeros of >7 s (z). Thus, we 
expect a second order zero of H b {z) at z = \. Therefore, Hs(z) will have the term (1 - j*" 1 ) 2 - 
In order for the filter Ajfn] to be zero phase, it must satisfy the symmetry property hs[n] = AJ[-"]. 
which means that H*(z) = H$(z). For this property to be satisfied, we need two more zeros located 
at z — 2. In addition, we want these zeros to correspond to a noncausal sequence. Therefore, H$(z) 
will also have the term (1 - |z) 2 - 
Combining these two results, 



- ( i -'" , H( i - t H 

4 4 16 4 4 
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Taking the Inverse z-transform yields 

A 5 [n] = \s[n - 2] - |«|n - 1] + |<S[n] - j*[n + 1) + \i[n + 2] 



5.57. (a) 



x[n] = s{n] coswon = L[n]<>" ,n + -s[nj«" 



y(e*-) = H^Xi^) » ie-J*»5(e J ' tu -" ,) ) + |^* , 5(e>< w+w » ) ) 

y[n] = i*tn]^--*«> + ^[n} e -'<— -*»> 
= s[n] cas(<u n - 4>o) 
(b) This time, 

y(e*") = H[e* u )X(e*') = l c -^<>e' 3un *S{^'-'-^) + I e J*> c ->' n <<S{eJ (w+ '*' < ' ) ) 



y{n) = *[n-«J»(i*In] e ''^»-*-» + is[n] e -^-"-*»>) 



= J[n - nj] * s[n] cos(ii4>n - #0) 
= *[n - rid] cos(won - <Jon«j - ^0) 

Therefore, if <j>\ = 4>o + wo"* then 

y[f»] = s[n - n d ] cos(won - ^j ) 

for narrowband s[n]. 
(c) 

T P h = arg[E(e>")] = — ;[-&> - wn<i] = 77 " "d 

' u w w 

y[n] = i[n - v{wo)]cos[a»o(n - ^(wo))] 

(d) The effect would be the same as the following: 

(i) Bandlimit interpolate the composite signal to a C-T signal with some rate T. 
(ii) Delay the envelope by T ■ T r , and delay the carrier by T • t^. 
(iii) Sample to a D-T signal at rate T 

5.58. (a) 

m r = => *„H = r„[m] «* T„(z) = *„(*) 

4> v A m ) = y\ n \ * yi~ n ] ~ x \ n \ * I ( -n l * A N * M-«] 
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*„(*) = X(z)X(z- 1 )H{z)H(z- 1 ) = *„{z)H{z)H{z- 1 ) 
4„[m] = <% S\m) «* #«(z) = *l 

Y{z) = JT a k Y(z)z- k + X(z) + £ 0^(2)*-* 



1 + S>*~* fltl-c^- 1 ) 
H{z) = — ti = A^l 



i-5>*-* n^ 1 -^" 1 ) 



So, 



Or equivalently, 






r„w = A a ^^i 

(b) To "whiten" the signal y[n\ we need a system: 

H v (z)H u {z-*) = H{zm2 _ X) 
Therefore, 

N 

nti-d**- 1 )*!-**) 



ff.Wfr.u- 1 ) = 



n(i-cfc»-»)(i-«**) 



The poles of H.(z) are the zeros of F(z) and the zeros of £.(*) are the poles of E(z). We must 
now decide which JV of the 2JV zeros of J?»(z)£r.{z _1 ) to associate with tf .(z). The remaining 
N zeros and JW poles will be reciprocals and will be associated with B„(z~ l ). In order for R„(t) 
to be stable, we must chose all its poles inside the unit circle. Thus for a pair ct,^ 1 we chose the 
one which is inside the unit circle. 



169 



(c) There is no real constraint on the zeros of H v (z), so we can select either d k or <£*. Thus, it is not 
unique. 
5.59. (a) 



*(«*") = £ e 



-jwn _ 



I _ e -j«M 



1 - e~> w 

*<**) = /"IT* ** *.-w = £> - *a#i - *i» - *m - 1] 

M+1 



9 1 



9 1 



2M+1 



4-1 



2M 



A-1 



A-1 



fcln] has infinite length, so we can never get a result without infinite sums. Therefore, it is not a 
real time filter. We can use the transform approach but we must have all the input data available 
to do this 
(b) The proposed system is a windowed version of hi[n): 

Ai[n] * h 2 [n] = Mn]pM 

Where , . „ ^ ^ ,, 

< qM 



. f 1, < n < 

pm ~ \ 0, otherwise 

x\n] * h[n) * hi[n]p[n] = w[n] 



Therefore, if x[n] is shorter than qM points, we can recover it by looking at w\n) in the range 
< n < qM - 1. 



(c) 



4=0 



Thus, 



Note that 



ft(*) = 



1 l-z- M 
if (z) 1 - *-«* 



1 _ z -«« 
has M «ros and *M poks. Since H 2 (z) Is causal, there are no poles at z = oo. If tf (*) ^ P 
poles and Z zeros: 
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5.60. (a) 



(b) 



1 Q2-1 _ a-z- 1 

H{z) — z = = zr~ 

w a a az* 1 



1 pote at 2 = ' 




Hie?") = &>"-- = cosw + j'sinw - - 



arg[tf (e>")] « tan 







<?(*) = 



G{e> w ) = 



2 - a 1 - az -1 
1 1 



1— at~' u 1 — acosw + jasinu; 

, / a sin d; \ 
arg[G(e-)] = -^{—^ 

, / asinu \ 

= tan -1 ( 1 

^acosw- 1/ 

5.61. (a) Because A^n], h 2 [n] are minimum phase sequences, all poles and «n» of their transforms must 
be inside the unit circle. 

h 1 [n]*h 3 [n]^H 1 {z)H 2 (z) 

Since H t (z) and #2(2) have all their poles and ten* inside the unit rirck, their product will also. 



(b) 



hi[n) + Aj[n] « ffi(z) + B 2 (z) 
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Both of these are minimum phase, with a zero at z ss and a pole at z = j. 

A\(z) + A" 2 (z) = - — ;— : y 
i - 5 z 

This is minimum phase, with the same pole and zero as Xi(z) and X 3 (z). 



*i[»] = 6 (|)""W *-♦ ITT7T = *><*> 



*i(z) has a pole at z = \ and a aero at z = 0. A" 2 (z) has a pole at z = \ and a zero at z = 0. 

^(z) + Jt 2 (z)= (i _^_f )(1 _, 2 _ 1) 
This has zeros at z = 0, oo and poles at z = 5, 3. Therefore, it is not minimum phase. 



5.62. (a) 



■M = !(i) n 4n] + !(2) n «[-n-l] 



(b) 



*(*) = 



1 - Iz- 1 1 - 2z" 
-2Z- 1 



(l-iz-i)(l-2z-i) 
1 



1 zero at 2 = > 




5-, ROC:l<|z|<2 



r[n] = h{«] * h[-n] * R(z) = H(z) E{z~ l ) 
R(z)= l 



(1-Jz-»)(1-|*) 

We have two choices from .ff(z). Since h[n] is minimum phase we need the one which has the pole 
at z '= 5 , which is inside the unit circle. 



h[n] = ±(|) «M 
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5.63. (a) Maximum phase systems are of the form 



u 






#(*) = £=! , |e*|,|*|>l 



Since the poles are outside the unit circle, the only stable system will have a ROC of \z\ < min \dk\- 
This implies the poles wUl all contribute to the h[n] with terms of the form ~(d k ) n u[-n - 1], which 
are anticausal. The zeros are all positive powers of z, which means they are shifting to left, and 
h[n] is still anticausal. 
(b) 



(c) 



H min (z) = h min [0}'[[(l-c t z- 1 ) 

u £ / z~ l - c* \ 

Af W / Z _l - C* \ 

U 



k=I 

Af 



= z~ M ^{0)11(1 -ciz) 



Jt=l 



= ^"JWO 



(d) 



5.64. (a) We desire \H(z)H e (z)\ = 1, where H c (z) is stable and causal and H(z) is not minimum phase. 
So, 

\H ap (z)H min {z)H c (z)\ = 1 

Since \H ap (z}\ = 1, we want 

\H min {z)H e {z)\ = 1 

This means we have 

which will be stable and causal since all the zeros of H m m(z), which become the poles of H c (z), 
are inside the unit circle. 
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(b) Since 



H e (z) = 



1 



We have 



Hmin(z) 

G(z) = H. p (z) 



(c) 



H(z) = (1 -O^'-^-^tl -0.8e--*° 3 **- l )(l - 1.2e> 07 *z- 1 )(l - l.^"* 07 ^- 1 ) 
B min (z) = (1.44)(1 - O-Se^^-^a - O-Se-^'^Xl - (5/6)e*> ^"^(l - <5/6) e -*> '"z" 1 ) 

e ^' = (1.44)(1 -0.8eX>-3"z-i)(l - O.Se-^^'z-^tl - (S/S)e#- 7 "z- 1 )(l ~ (5/6) e -> OT 'z-») 
n,\-R t~\ (^~ 1 -(5/6)e- j07 ')(^ 1 -(5/6)e j07 ') 

w vW (l-ts/eje^-z-^ti-ts/eje-^-z- 1 ) 



/o 


Jm 
ON 


w (3 




J Re 


NO 


\oy 





4th order pole 





5.65. 



B{z) = B min {z) 



1-az- 1 ' 



|a|<l 



Thus, 



lim ff miB (z) = lim L^J.H(z) 

A™»[0] = --h[0] 
a 

Therefore, |fcn»„[0]| > \h[0}\ since \a\ < 1. This process can be repeated if more than one ailpass system 
is cascaded. In each case, the factor for each will be larger than unity in the limit. 

5.66. (a) We use the ailpass principle and place a pole at z = zi and a zero at z = -V. 

1 — ZiZ * 

= Q{z)(z-*-zi) 
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(b) 



(e) 



(d) 



Then 



h[n] = q[n - 1] - zlq[n] 
H min {z) = Q(z) - z k Q{z)z- x 

e = £|fc»«.[m]r-S>Hl* 

m=0 mzO 

= £ (l«Ml' - *i«{m - lk*[m] - z' k q'lm - l] 9 [m] + ]z t | 2 k[m - 1]| 2 ) 

Tl * 

- £ <^ m - ^ ~ *tfl m ~ ^N - ^ m - ^'M + l**! 2 l«MP) 

= (ih*i 2 )£>mi 2 -i«["»-i]i 1 ) 

ideO 

= (l-|^| 2 )k[n]| J 



e = {l-l**| 2 )k[n]| 2 >0 Vn since \z k \ < 1 

£ |/w»Mi 2 - £ l & NI* > 

m=0 m=0 

I>HI* < £ I*«»MI S Vn 

5.67. (a) z[n] is real, minimum phase and x[n] = for n < 0- Consider the system: 



«W- 



fWz) 



i(n] 



H^Z) 



■>yW 



z[n] is the impulse response of a minimum phase system. y[n] is the impulse response of a system 
which has the same frequency response magnitude as that of x[n] but it is not minimum phase. 
Therefore, the equation applies. 

X>[*3l a >£|yMi J 

Since h ap [n] is causal and x[n] is causal, y[n] is also causal, and these sums are meaningful. 
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(b) As discussed in the book, the group delay for a rational allpass system is always positive. That is, 

grd[£f op (e>")l > 

Therefore, filtering a signal x[n] by such a system will delay the energy in the output y[n]. If we 
require that x[n] is causal, then y[r»] will be causal as well, and the equation 



applies to the system. 



5.68. (a) 



X>MI'>I>Mf 



sH = *[n]*M«] 
r[n] = g[-n)*h[n] 

s[n] = r[-n] = g[n] » h[-n] = x[n] * (A[n] . h\-n}) 
A,[n] = h[n)*h[-n) 



Since Hi {e JW ) is real, it is zero phase. 



(b) 



g{n] = z[n]*A[n] 
r[n] = x[— n] * k[n] 

»["] - ff[»] + r{-n] = x[n) * A[n] + «[n] * h[-n] = x[n] » (h\n] + A[-nJ) 

Aafn] = a[n] + A[-n] 
HiiJ") = ffte*") + H'(e iu ) 

■Hate* - ) is real, so it is also zero phase. 

|ff 2 (e> w )| = 2t/f(e>-)|cos(^(^)) 



(c) 



fHye**)! 



V2 




. IH 2 {eni 
\ 3k/4 




-<2 


*/4 \ 


JE 01 



*/4 



3k/4 x (0 



In general, method A is preferable since method B causes a magnitude distortion which is a function 
of the (possibly non-linear) phase of h[n]. 
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5.69. False. Consider 



H(z) = 



<l-|*-»)(l-2*-i) l-|*-*+z-» 



This system function has poles at z = 1/2 and 7 = 2. However, as the following shows it is a generalized 
linear phase filter. 

H{e? u ) = 



1 - \e-i" + e-' 2 " 



c>» - | + e-J" 

= ( l W 
V2cosu>- §/ 

5.70. (a) Since A[n] is a real causal linear phase filter the zeros must occur in sets of 4. Thus, if zi is a zero 
of H(z) then z{, 1/zi and \jz\ must also be zeros. We can use this to find 4 zeros of H(z) from 
the given information. 

zi, magnitude = 0.5, angle = 153 degrees 

z\ , magnitude = 0.5, angle = 207 degrees 

1/zi, magnitude = 2, angle = 207 degrees 

ljz{, magnitude = 2, angle = 153 degrees 

(b) There are 24 zeros so the length of h[n] is 25- Since it is a linear phase filter it has a delay of 
(L - l)/2 = (25 - l}/2 = 12 samples. That corresponds to a time delay of 



\ sample ) 



(12 samples) — 6 ms 



(c) The zero locations used to create the following plot were estimated from the figure using a ruler 
and a protractor. 



Estimate of Continuous-Time Magnitude Response 




Zero Locations {CI): 
(0.0444)jl/T 
(0.128)it/T 
{0.244)jtfr 



0.4 0.6 

Q*TAi 



0.8 



5.71. (a) There are many possible solutions to this problem. The idea behind any solution is to have n[n] 
be an upsampled (by a factor of 2) version of g[n\. That is, 



fc{n]= /^/2], n = 0, ± 2,±4,... 
11 \ 0, otherwise 
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Thus, h[n] will process only the even-indexed samples. One sue! system would be described by 

h[n] = l + 6[n-2] 

g[n] = l + S[n-l] 

H(z) = 1 + *"* 

G(z) = 1 + x- 1 

(b) As in part a, there are many possible solutions to this problem. The idea behind any solution is 
to choose an k[n] that cannot be an upsampled (by a factor of 2) version of g[n}. Clearly, choosing 
h[n] to filter odd-indexed samples satisfies this criterion. One such h[n] would be 

h[n] = l + S[n-l] + S[n-2] 
H{z) = l + z^ + z- 1 

(c) In general, the odd-indexed samples of h[n] must be zero, is order for a g[n] to be found for which 
r{nj = jffnj. Thus, there must not be any odd powers of z -1 is H(z). 

(d) For the conditions determined in part c, g[n] is a downsampled (by a factor of 2) version of h[n]. 
That is, 

g[n] = A[2n] 

5.72. (a) No. You cannot uniquely recover h[n] from £&*[/]. 

c«[/] = h[[\*h[-l] 
CiV") = H{^)H(t~n = |F(e>")i 2 
CuAz) = H(z)B'(l/z') 

Causality and stability put restrictions on the poles of H(z) (they must be inside the unit circle) 
but not its zeros- We know the zeros of C),k(z) in general occur in sets of 4. Here is why. A 
complex conjugate pair of zeros occur in H (z) due to the fact that h[n] is real. These 2 zeros and 
their conjugate reciprocals occur in Chh(z) due to the formula above for a total of 4. Thus, H(z) 
is not uniquely determined since we do not know which 2 out of these 4 zeros to factor into H{z), 
This is illustrated with a simple example below. 



c ««. 




oi/z^ 






I Re 




°y 




#t\ order pole 




°1A, 



Let the above be the pole-zero diagram for Cm, (2) and 

*■<*> ■ ('-H('-H 

Since 

C^z) = HxWHiW) = B 2 {z)B;(l/z') 

we cannot determine whether hi[n] or fc2{n] generated CMt[f]. 
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(b) Yes. The poles of C^z) must occur in sets of 4 for the same reasons outlined above for the zeros. 
However, since the poles of h[n] must be inside the unit circle to be causal and stable we do not 
have any ambiguity in determining which poles to group into h[n]. We always choose the complex 
conjugate poles inside the unit circle. Here is an example 



C J*~ 




x 1/fV 




I Re 




x y 




4th order zero 




xi/p. 



Let the above be the zero/pole diagram for Cw,(z)- Then, if h[n] is to be real, causal, and stable 
H (z) must equal 



^"(i-pi*- 1 )*!-*;*- 1 ) 



5.73. As shown in the book, the most general form of the system function of an allpass system with a 
real-valued impulse response is 

H{z) - n rrd^r II {1 _ ekZ -i )(1 . ,.,-ij • W € «- 

where R* is the ROC which includes the unit circle. Correspondingly, the associated inverse system is 

1 



Hdz) = 



E{z) 



ff i - fa- 1 fi (i - *k*- l )Q - «;«-») 

" « z-t - d k II (*-» - «;)(*-» - e*) 

£ *-*(* -*) f[ z- 2 (»-e t )(z-e;) 
- 11 r -i_ dt II (*-»-«!)(*-»-€*) 



Jt=i 



■ ~d k 



M, 






= ff(l/z), |*| € 



1 



which in the time domain is 
5.74. We can model g[n] as 



/Kin] = h[-n] 



j[nj = x[n] + a£[n - no] 
Now send the corrupted signal g[n] through a highpass filter /»**./!«] with a cutoff of w c = */2- 
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1/2? 



T a-? 



V w 



T .,t|i . T 



— — ** I — w — s^ 1 

-7 i -3 



The highpass filter completely filters out the lowpass signal x[n). The output y[n] is 

y[n] = (x[n] + aS[n - no]) * h kpf [n] 



= o(-l) 



_i\(n-«.)™l<!LZ^£l 



jr(n - no) 

y[n] looks similar to the picture of A^p/fn] above except that it is scaled by a and shifted to no- Thus, 

a = 2y[no] 
x[n] = g[n] - 2y[no]6[n - no] 

(a) When no is odd, y[n] = at all odd values of n except n = no- This leads to a procedure to find 
i[n] from g[n]: 

• Filter g[n] with the highpass filter described above. 

• Find the only nonzero value at an odd index in the output y[n]. This value is y[no]- 

• x[n] = g[n\ - 2y[no]J[n - no] 

(b) The only time three consecutive nonzero samples occur in y[n] is at n = no- The procedure to find 
x[n] is 

• Filter g[n] with the highpass filter described above. 

• Look for three consecutive nonzero output samples. The middle value is y[noj. 

• x[n] - g[n) - 2y[n ]6[n - no] 

5.75. Looking at the z-transform of the FIR filter, 



H(z) = 2>M*-" 

n=0 
N-l 

= ]TA[JV-l-n]*- 
Substituting m — N — 4 - n into the summation gives 
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ft-i 



= 5>M* m *" 



tlfJ»J*6 J* 
m=Q 



N-l 
_ --AT+1 



= z' N+1 H{z~ l ) 

Thus, for such a filter, 

H{\lz) = z N - l B{z) 

If Jo is a zero of H(z), then H(zo) = 0, and 

H(l/2o) = z^-'Hizo) = 
Consequently, even-symmetric linear phase FIR filters have zeros that are reciprocal images. 
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Solutions - Chapter 6 
Structures for Discrete-Time Systems 
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6.1. We proceed by obtaining the transfer functions for each of the networks. For network 1, 
Y(z) = 2rvos6z- 1 Y(z) - r 7 z- 2 Y(z) + X(z) 

or 



Bx(z) = 



Y(z) 



X(z) 1 -It cos dz-i+Hz" 3 
For network 2, define W (z) as in the figure below: 

W(z) 




then 
and 
Eliminate W{z) to get 



W{z) = X(z) -r sin ez- l Y(z) + rca&6z- 1 W(z) 

Y{z) = rsin9z- x W{z)+rcos6z- l Y(z) 

H2{z)= Y(*)_ -in^ 



X(z) 1 -2r cos 8z~ l +r i z~ 2 
Hence the two networks have the same poles. 

6.2. The only input to the y[n] node is a unity branch connection from the x[n] node. The rest of the network 
does not affect the input-output relationship. The difference equation is y[n] = z[n). 

6.3. 

2+iz -1 

System (d) is recognizable as a transposed direct form II implementation of H{z). 
6.4. (a) From the flow graph, we have: 

Y{z) = 2X{z) + (\x(z) - ~Y(z) + ly(z)z- l )z-\ 
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That is: 



Y (z){l + i*" 1 - |z~») = *<z)(2 + \z~ l ). 



The system function is thus given by: 



Y(z) 



2+}z~ l 



(b) To get the difference equation, we just inverse Z-transforra the equation in a. We get: 
V[n] + \y[n - 1] - |y[n - 2] - 2x[n) + \x\n - 1]. 
6.5. The flow graph for this system is drawn below. 




(a) 



(b) 



w[n] = x[n) + iw[n - 1] + w[n - 2] 
y[n] = u>[n] + y[n - 1] + 2y[n - 2] 

W(z) = X(z) + Zz' l W{z) + z-'H^{z) 
y(z) = W(z) + z-*Y(z) + 2z" 2 K(z) 



So 



y(f) 



= B(z) 



(1 - z' 1 - 2z" 2 )(l - 3Z- 1 - z- J ) 
1 



1 - 4*" 1 + 7z" 3 + 2z- 4 ' 

(c) Adds and multiplies are circled above: 4 real adds and 2 real multiplies per output point. 

(d) It is not possible to reduce the number of storage registers. Note that implementing H(z) above 
in the canonical direct form II (minimum storage registers) also requires 4 registers. 

6.6. The impulse responses of each system are shown below. 
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(a) 
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(c) 
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(d) 
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6.7. We have 



— i 4- z -z 



Therefore the direct form II is given by: 



-1/4 




6.8. By looking at the graph, we get: 

y[n] = 2y[n - 2] + Zx[n - 1] + x[n - 2]. 

6.9. The signal flow graph for the system is: 



x[n] 



« — t, — » 



wi[n] tuajn] 








■ 


■ 








■ 


. 


z- 1 


. 


. 






-1 


2 








w 3 [n] 
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■ 




. 


i 




z~ 






4 . 







-• •?[«] 
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(a) First we need to determine the transfer function. We have 

u»i[n] = x[n] — uij[n] + 4ti/4[n — 1] 

W2[n] = ufi[n] 

u>3[n] = Wi[n — 1] 

Wt[n] = 2uij[n] 

y[n] = v>^[n] + x[n - 1] + vn[n]. 

Taking the Z— transform of the above equations, rearranging and substituting terms, we get: 

H{Z) ~ 1 + 2-1-82-2 
The difference equation is thus given by: 

y[n) + yjn - 1] - 8y[n - 2] = x[n] + 3x[n - 1] + x[n - 2] - 8x[n - SJ. 
The impulse response is the response to an impulse, therefore: 

A[n] + h[n - I] - Sh[n - 2] = 6[n] + 3J[n - 1] + 6[n - 2] - &S[n - 3). 

From the above equation, we have: 

A(0] = 1 

h[l] = 3 - h[0] = 2. 

(b) From part (a) we have: 

y[n] + y[n - lj - 8y[n - 2] = x[n] + 3x[n - 1] + *[n - 2] - 6x[n ~ 3]. 
6.10. (a) 

w[n] = -y[n] + i[n] 

y[n] = v[n - 1] + x[n]. 

(b) Using the Z -transform of the difference equations in part (a), we get the transfer function: 

Y{z) 1 + 2z-' + z- 2 



H(z) = 



We can rewrite it as 



H{z) = 



X{z) i-\ z -i-\z-*- 

(i + r')(ur l ) 



(l + lz-»){l-2-l)' 



We thus get the following cascade form: 




-1/2 



187 



(c) The system function has poles at z - -\ and z = I. Since the second pole is on the unit circle, 
the system is not stable. 



6.11. (a) H(z) can be rewritten as: 



H(z) = 



i- 1 - 6z~* + 8*- 3 
1-kz- 1 



We thus get the following direct from II flow graph 



• — » n — * i 


1 4) ► • 


1/2 

-6 


8 

4i — » <> 



»H 



(b) To get the transposed form, we just reverse the arrows and exchange the input and the ouput. The 
graph can then be redrawn as: 

x[n] »__ « »— -, *_ , »J>M 



-6 



1/2 



6-12. We define the intermediate variables vii[n], wi[n] and w 3 [n] as follows 

-1 wxln] 2 




vM 
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We thus have the following relationships: 

iwifnj = -x[n] + u>j[n] + twj[n] 

«>2[n] = x[n-l] + 2w3[n] 

Ws[n] = tt»a[n - 1) + y[n - lj 

y[n] = 2ti^[n]. 

£ -transforming the above equations and rearranging and grouping terms, we get: 

1 ' X(z) ~ 1 - &z-i 

Taking the inverse Z— transform, we get the following difference equation: 
y[n] - 8y[n - 1] = -2x[n) + 6x[n - 1] + 2±{n - 2]. 



6.13. 



H{z) = 



1-i*" 2 



1 - iz- 1 - i-z~ 2 ' 
i 4 z g z 



The direct form I implementation is: 
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> <> • <►— * (» » <> ► — 
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1/4 
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z- 1 
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1/8 


i 






* -1/2 ' 
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6.14. 



1 + 4,-1+ 1,-2 



The direct form II implementation is: 



• — + 


— _, 


> » < 


> » 4 

z" 1 








1/2 


5/6 
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2"» 


i 
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1/2 

i « — i 


1/6 

> * < 


> 



»N 
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6.15. 



#(*) = 



1,-lj. 1,-2 



1-lz-i + lz 



l + z-' + i*"* ' 
To get the transposed direct form II implementation, we first get the direct form II: 



x[n) 



-• • » 



-,__i 



-1/2 



-« # *■ 



-* —- ■■ — • ► 



-7/6 



1/6 



y[n] 



Now, we reverse the arrows and exchange the role of the input and the ouput to get the transposed 
direct form II: 



• — . 1 


1 — < 

-7/6 


> 1 < 

-1 


1 > • 


i 


1/6 
► » 1 


2 ~ 1 

-1 : 

1 .— d 


» 



y« 



6.16. (a) We just reverse the arrows and reverse the role of the input and the output, we get: 



♦ •vN 
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6.17. 



(b) The original system is the cascade of two transposed direct form II structures, therefore the system 
function is given by: 

g "»" '"?iy' "-r" ) - 

The transposed graph, on the other hand, is the cascade of two direct form II structures, therefore 
the system function is given by: 

This confirms that both graphs have the same system function H(z). 



(a) Direct form implementation of this system: 




(b) Transposed direct form implementation of the system: 




6.18. The flow graph is just a cascade of two transposed direct form II structures, the system function is 
thus given by: 






Which can be rewritten as: 
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In order to implement this system function with a second-order direct form II signal flow graph, a 
pole-zero cancellation has to occur, this happens if a = |, a = -2 or a = 0. If a = §, the overall system 
function is: 



If a = — 2 , the overall system function is: 



l + Jz->-fz-»- 



1 - Sz" 1 



And finally if a = 0, the overall system function is: 

6.19. Using partial fraction expansion, the system function can be rewritten as: 

+ 9. 



*m«^£t+ l 



Now we can draw the flow graph that implements this system as a parallel combination of first-order 
transposed direct form II sections: 
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> » „, 
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I < 1 
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6.20. The transfer function can be rewritten as: 



J?(z) = 



(l-»-2z- 1 + fz- i ) 



(1 + iz"J)(l - fz- 1 + *-*) 
which can be implemented as the following cascade of second-order transposed direct form II sections: 
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• — »■ 


o ► o » m * <►— • <> — • • 

2-V r'„ 
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5/2 




x- 1 ,. 


i"»„ 






5/4 -1/4 -1 

li » i> * o <i — * ' 





»w 



6.21. 



&1»] = e^-uln] <— ► N(z) = - ~ r = J^T- 

1 ' l ' v ' 1 - e>«»*-i *(*) 

So y[n] = e>*"»y[n - 1] + x[n]. Let y[n] = y r [n] + jyi[n}. Then y r [n] + jyi[n] = (coswo + j'sini^)(yr[n ■ 
1] + jyi[n - 1]) + x[n]. Separate the real and imaginary parts: 

y r [n] = i[n] + cos woy,[n - 1] —sin u»oyi[n - 1] 
yi[n] = sinwoj/r[i — 1] + coswoyjn - 1]. 



6.22. 




"W-(l-l,-i)(l_i»-l)- 



«*-(££)fc*£)- 
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««-(££)(£&)■ 




Plus 12 systems of this form: 



vM 



•— ♦ — t — " — T * T " T ' t * f * f — * — t — * — • 

• — * ' • — ■ 1 • ' • <> - <> 



1/4 



1/2 



with the three types of lst-order systems taken in various orders. 
6.23. Causal LTI system with system function: 

1 - h' 1 



* (2) ~ (l-iz-i + I,-*)(l + !*-!)- 



(a) (i) Direct form I. 



H(z) = 



1-1*- 



bo = 1 , 6i = -g and a x = - , a 2 = - — , a 3 = -- 



12 
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(ii) Direct form II. 



»w 



•— •» O — »— . — <>—• <►— •> <►—• 

z- 1 ■' J- 1 


— • 




. 










-1/5 1/4 2 -i 






-5/24 ^ 
O - — () 





-1/12 



• — 1 1 

x[n] 


I • 1 

1/4 


> • (I ■ • 

z' 1 
-1/5 ' 


. 


-5/24 


z- 1 






-1/12 
•— i 


z- 1 

> 



(iii) Cascade form using first and second order direct form O sections. 
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So 



Nj2 = 1i^12 = 0,622 = and 




-1/3 



(iv) Parallel form using first and second order direct form II sections. 
We can rewrite the transfer function as: 



H{z) = 



n 98 36 -1 

125 12S z 



l + J*-» l-\z-l~\2 



So 



«02 = $5 > Cl2 = -^ ' **><* 
Oil = ~\ , «21 = , Oi2 = | , Ok = -|. 
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(v) TYansposed direct form II 

We take the direct form II derived in part (ii) and reverse the arrows as well as exchange the 
input and output. Then redrawing the flow graph, we get: 





tt>i[n] 






*N 


W2[n] 


■ *~ l 






-1/5 

i 


1/4 


* 


-5/24 

•— • 1 


> 



-1/12 



(b) To get the difference equation for the flow graph of part (v) in (a), we first define the intermediate 
variables: wi[n] , tt^fn] and ufj[n] . We have: 
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(l)u>i[n] = x{n) + W2[n-l] 

(2) «*[«] = -y[n] + w 3 [n - 1] - -x[n] 

(3)w,[n] = '^y[n)-^y[n-l] 
(4) y[n] = wifn]. 

Combining the above equations, we get: 

WW " jy[" " 1] + ^t n ~ 2 1 + ^[« " 3] = x[n] - -*{n - 1). 

Taking the Z-transform of this equation and combining terms, we get the following transfer func- 
tion: 



H(z) = 



\-\z~ 



1 _ 1,-1 + -L z -2 + -L Z "3 
1 * z + 24* T 12 



which is equal to the initial transfer function. 



6.24. (a) 



H(z) = 



1 — az~ 



vW 



2" 1 " 



(b) 



y[nj = x[n] + ay[n - 1] 



-«-l^ 




1/2 1/4 
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(c) 



y[n] = x[n] + -x[n - 1] + -y[n - 1] 



l + iz 



Bt(z) = t _ * = tf (*) 



^(z) =a + 6a~ l + C2" 




(d) 



y[n] = ar[n] + 6x[n - 1] + er[n - 2) 
ff T (z) = a + 62" 1 + cz~ 2 = H{z) 



H{z) = 



rsinfo" 



1 -2r cos Bz-* +r 2 z~* 
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V = X + z-*V 

U = rcas0V-rsin0Y 

W = rsinW + rcosfe -1 !*' 

Y = z~*W 

- = B T (z) 

_ rsinflz -1 

~ l-2rcos^- 1 +r J 2" 2 

= H{z).. 



6.25. (a) 



<b) 






y[n] = 2.[n] + |*[i»-l]+|x[n-2]+yxtn-3]+g*[n-4] 



+ yy[n - 1] " jy[n ~ 2) + g«/[n - 3]. 



(c) Use Direct Form II: 
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6.26. (a) We can rearrange H (z) this way: 
(I + *- 1 )' 



H(z) = 



i'" 1 



1 - iz" 1 + z- 



l + Z-'+iz 



(1 + z- 1 ) 3 



l-2z-i + |r 



■0.2 
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r[n] 






■ u[n] 


v[n) 


w[n] 
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z -i ,, z _ x r _i,. 
2 1/2 -12 2 " 2 


2 -i 
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The solution is not unique; the order of the denominator 2nd-order sections may be rearranged. 



(b) 



u[n] = i[n] + 2i[n - 1] + x(n - 2] + -u[n - 1] - u[n - 2] 
v[n] = u[n]-v[n-l]-^v[n-2] 



v>[n] = v[n] + 2v[n - 1] + v[n - 2} 
6.27. (a) ftfe*") = ^(e J ' u,+ ' ) ) 



y[n] = u>[n} + 2iu[n - lj + w[n - 2] + 2y[n - 1] - -y[n - 2]. 



M*") 



.- 1 



H - 



(b) For Hi(z) = H(-z), replace each z~ x by -i~ l . Alternatively, replace each coefficient of an 
odd-delayed variable by its negative. 
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(c) 



• — » < 

*[»] 


i , n » hi * • 

" z -1 
-1 2 


- 


" z~ x 
2 -1 


" z" 1 

i . ■ ■ 

-2 1 


" 2 _l 

1 -2 

« u > 





6.28. 




a win] —1 



(a) 



Eliminate w[n] 



So: 



(b) 



y[n] = x[n] + ofrtu[n] + W[n - 1] + aby[n] 



y[n] = x[n] - o6y[n] - by[n - 1] + ofcy[n] 
y[n] = x[n]-by[n-l] 



H(z) = 



1 + bz- 1 ' 
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6.29. (a) 



*M 



,-i „-i r -i 



„-i ,-i »-i 



? " «S " «< «5 



vH 



(b) From 



it follows that 



(c) 



\ a * = 

^ l -a 



1 - a 8 2" 



1 - az- 1 




(d) (i) (c) has the most storage: 9 vs. 7. 

(ii) (a) has the most arithmetic: 7 adds + 7 multiplies per sample, vs. 2 multiplies + 2 adds per 
sample. 



6.30. 



(a) 
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(b) 



(c) 




n=0 n=0 

1 l-z-» 1 l e-jft'-tl-tcJftz- 1 ) 15 ] 
15 1-2" 1 + 152 1-eJfez-i 



■«.)1 ,-r 



1 l c*»"«[l-(c-''tt *-»)"] 
+ 152 1 - e-iftz- 1 



15 



l-e->fe 2 -i 



1 ^e-^'" 
1-z -1 l-e>Hz-i 



„,*,-, = J_, -^ [ wa((lSfa>)/2) _ 1 tT** 5Jn((15a>)/2) _ 1 e*& sJa((15a>)/2) 1 
1 J 15 [ sin(W2) 2 sin((w - 2|)/2) 2sin((u> + (2*)/15)/2)j 

1 ^ j^ 1 



When no = 15/2, . 

#(0 = 



1 _ e -ii*« 



15 



15 



c>* (1 - e--> 15 ") |^= i y !a (1 - e-> 15 ") 
eJ*-e-J* ^ ""^"' -e-J '" 'V'"' 
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'+<»-'"> 



| efSa ^ a(1 _ < - ilto) 



,-♦»'/»' 



1 r e-J-^eHf-e-i-y) 
15 2jsinf 



2i«,(s±^a) 



-Jul 



sin{15a>/2) |e~'g sin(15o>/2) 
sin(w/2) aa^-tW^) 



15 
|e*ii sin(15w/2) 



/ u.+(air/15) '\ 




When no = 0, 



H{<? v ) - 



j-j«7 

15 



sin{15w/2) 5e" ift sin(15w/2) 



sin(u>/2) 
\e?is sin{15w/2) 



sin(i^^i) 



f vM2*/lS) \ 







The system will have generalized linear phase if the impulse response has even symmetry (note it 
cannot have odd symmetry), or alternatively, if the frequency response can be expressed as: 
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where A t (e? v ) is a real, even, periodic function in w. We thus conclude that the system will have 
generalized linear phase for no = ^fc, where k is an odd integer- 
(d) Rewrite H(z) as 



H(z) = 



l-z- 



15 



1 cos^-cosdE + ^h- 1 

1-z- 1 l-2cos?fz- 1 +z- a 



1/15 

+T-* f— • f •" 



-1 



-» - ► 



,. ,-i 



-. a » 



" ») 



where a = cos(2ttio/15), J3 = -cos{2ir(no + 1)/15), and 7 = 2cos(2»r/15). 



6.31. (a) 



* n ) 



* — z*r 



l + r T 



1-r 

— " • 7*T 



Vl»] 



-1 



t*[n] =s <?i[n] + w[n - 1] 

to[n] = -ru[n] - (1 - r)y[n - 1] 

y(n] = (l+r)t*[n]-ry[n-l}. 



(b) 



U(z) = CX{z) + z~ 1 W(z) 
W[x) = -ru(z)-(l-r)z~ 1 Y{z) 
Y(z) = (l + r)V(z)-rz- l Y(z). 



Then 
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Solve for U(z) in terms of X(z) and Y(z): 

m= , GX{z)-(l-r)z-*Y{z) 

^)Mi + r){ g ^-/; r -;r y(z) }---'^) 

Y{z){l + rz- 1 ) = G(l + t)X(z) - (1 - r 3 )z- 2 Y(z) - tz~ 1 Y{z) - r a z" s y(z) \ 

Y(z)(l + 2rz~ x + z~ 2 ) = (3(1 + r)X(z) 

FVom the quadratic formula, the poles are at (-r + jVl - r 2 ) -1 and (-r - jVl - r*)' 1 . The; 
magnitude of each pole is 1. The angles are 

-^-r(£E^ „* tan-(^Z), 

respectively. 
(c) U{z) = z~ l (GX(z) + Iff*)), W(z) = -rU(z) - (1 - r)y(z), and Y(z) = z- l ((l+r)U{z) - tY(z)} 



lead to 



6.32. (a) 



<b) 



_ G(l+r)z- 2 _ 2 



yi[n] = {1 + rjxj [n] + rz 2 [n] 
jtt[n] = -rii [n] + (1 - r)i 2 [nj. 



lfi[n] = (l+c)u[n] + dx 2 [n] (a = r = d) 
Ite[n] = (l + cd}x 2 [n] + abxi[n] (c = d=-l). 



(c) 



yi N = (1 + «) z i ["] + «2[n] (e = r) 
yjfn] = eM[n] + (l + e/)xa[n] (/ = -1). 

(d) B and C preferred over A: 

(i) coefficient quantization. If r is small, l+r may not be precisely representable even in floating 

point. Also, network A has 4 multipliers that must be quantized, while B and C have only 1. 

(ii) computational complexity. Networks B and C require fewer multiplications per output sample. 

6.33. 

/r W - r, " M4 



l-0.54z-i 

(a) 
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B(z) = 



cdz- 1 + d 



I - &2- 1 

so set 6 = 0.54, c = -1.852, and d = -0.54. 
(b) With quantized coefficients b, c, and d,cd^l and d^ -bin general, so the resulting system would 



not be allpass. 



(c) 



• *~ 



■* a » 



.54 " z" 1 



»N 



-* ♦ 



(d) Yes, since there is only one "0.54" to quantize. 

(e) 

Cascading two sections like (c) gives 




vt[n - 1] 



The first delay in the second section has output w[n — 1] so we can combine with the second delay 
of the first section. 



-1 
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(f) Yes, same reason as part (d). 
6.34. (a) We have: 



wi[n] v>3[n] 

2 




_ *] 



tpj[n] tu 4 [n] 



First, we find the system function, we have: 



(1) 


u>i(n] 


= 


x[n] + v>2[n - 


1) 




(2) 


rviln] 


= 


x[n] + tosfn - 


1] 




(3) 


w 3 [n] 


= 


2«>i[n] + u>4[n 


— 


1] 


(4) 


vM 


= 


w 3 [n] 






(5) 


ui 4 [n] 


= 


-y[n] - v>2[n 







Taking the ^-transform of the above equations and combining terms, we get: 

(i - ryw + z-*Y{z) = (2 + i- l )X(*). 

The system function is thus given by: 

Y(z) 2 + 7- 1 



H(z) = 



X(z) l + z-'-z" 2 



Since the system function is second order (highest order term is z~ 2 ), we should be able to im- 
plement this system using only 2 delays, this can be done with a direct form II implementation. 
Therefore, the minimum number of delays required to implement an equivalent system is 2. 

(b) Now we have: 



wi[n] u»3[n] ui s [n] 




W2[n 



Let's find the transfer function, we have: 
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(1) Wl [n] 

(2) ii*[nj 

(3) w 3 [n] 

(4) w«[n] 

(5) w s [n] 

(6) y[n] 



xfn] + wt[n - 1) 

x(n] + w 3 [n- 1] 

2tu 1 (n] 

-ta 3 [n - 1] - y[n] 

u> 3 [n] +vn[n- 1} 



6.3S. 



Taking the Z-transform of the above equations and combining terms, we get: 
The system function is thus given by: 



H(z) = 



Y(z) ^ 2(l+z L ')(l-z-') 



X(z) 



1 - 2z- 2 



Since the transfer function is not the same as the one in part a, we conclude that system B does not 
represent the same input-output relationship as system A. This should not be surprising since in 
system B we added two unidirectional wires and therefore changed the input-output relationship. 



H(z) = 



(a) Direct form I: 




From the graph above, it is clear that 2 delays and 2 multipliers are needed. 



(b) 



(l-\z- 1 )Y(z) = (-\ + z- l )X(z) 



Inverse Z~ transforming, we get: 



»H " pi" - 1) = ~3*M + *[* - 1] 
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y{n] = j(|r[n-l]-*[n]) + *[n-l] 
Which can be implemented with the following flow diagram: 



»l»i • * 



(c) 




This can be implemented as the cascade of the flow graph in part (b) with the following flow graph: 



• *- 



• — 



• » 



vM 



-l 

However the above flow graph can be redrawn as: 




Now ras ryftin^ the above flow graph with the one from part (b) and grouping the delay element 
we get the following system with two multipliers and three delays: 



*M«- 



_ — „ 



1/3 z- 



* » — 

-1 



-1 z~ l 

-, • < • 



2 



-• • » 



1 — • »yH 
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6.36. (a) Transpose = reverse arrows direction and reverse the input/output, we get: 




2 wi[n] wsjn] 



(b) From part (a), we have: 



{l)ttri[n] = 2s[n]+u*[n] 
{2)w i [n] = x[n]+w l [n-l} 
(3) w,[n] = «y[n] + 2y[n - 1] 
{i)yln) = Wi[n] + y[n-l) 



Taking the Z-transfonn of the above equations, substituting and rearranging terms, we get: 

(1 _ * z-i _ 2z-*)Y(z) = <2z- x + l)X(z). 
Finally, inverse Z- transforming, we get the following difference equation: 
*[n] - \y[n ~ 1] " 2»[" - 2 1 = *N + 2l t n ~ ^ 



(c) From part (b), the system function is given by: 



H(z) = 



l + 2z" 



1 - A*" 1 - 1z- 



It has poles at 



8 a 8 
z = ?= and z = y= 



which are outside the unit circle, therefore the system is NOT BIBO stable. 



(d) 



y[2] = x[2] + 2x[l]+|ytl] + 2y[0] 

y [0] = i[0] = 1 

y[ll = i[l]+2i[0] + ^[0] = i + 2+ 1 = 3 



Therefore, 



1 3 „ 19 

y[2] = i + l + 2 + 2 = X- 



6.37. (a) 
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H[0] 







II > o . II— • II 

,. z -l 








< 




. 






*0 












ff(l] 






' 


2" 1 














> 








- - - 

*1 




• — ■ 1 


►— 


» ■< 


h— • 1 




1/JV 

4 — . • 


1 


►— 


„► < 


► 











y[n\ 



' ' 




H[N-l]" 


1 


1 •— I 


2"' 

i 



*N-1 



(b) Note that the z k 's are the zeros of (1 - z~ s ). Then write H(z) over a common denominator: 



H(z) = 






nr^a-***- 1 ) 



A-l ,-,(.! W-l 



«[*] 



- et n<> -•*->■ 



Therefore, H{z) is the sum of polynomials in z~ l with degree < N - 1. Hence, the system impulse 
response has length < N. 



(c) 



<-"« 



n l J Li-*** -1 ] 
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= ^(*[n]-*[«-"])*(*M«D 



N 



[zMn]-rt"-JV]] 



= ^:{«In]-«[n-JV]}. 



N 



So 



(d) Note that, since (1 - *-") = 0, 

_ (l-j-»)g[m]/JV | 

■ *='•> 

(e) If h[n] is real, |W)t = |H(e»« a '—»)|, and Zff(e>") = -Z#(e* 2 *-'>). H{4** k l H ) = £[*] = 
|#[Jfc]|e*W, so \H[k]\ = |ff [JV - *]| and 9[k] = -0[JV -*],*» 0, 1 N-l. 



H{z) = (1-z"") 



g[o]/jy 



*-i 



i - *-* Ar T 



H[k}/N + gfJV/2]/AT 



= a-*-*) 



■ ZtZ -i 1 - 2^/jJ 






^w/jy 



1-Z-* 



1+jr -l + £j i_^-l + Zj l-z„_ p ; 

g[0]/jy . H[N!2)tN t^ (jnWN_ . H\N - fc]M 
l-2-i 1 + 2 -i ■*-£, ^l-* t *-i + 1-2-tz" 1 y 



g[0]/Jtf + H[N/2)/N + 



l-z-i 



1 + z- 



1 * _1 



ff[fc](l - z-jtz" 1 ) + H[N - k](l - ztz' 1 ) 






g(0]/JV g[AT/2)/jV 
1 - *-» 1 + *-» 



y, 2|g[Jb] cos(gffc]) - z- 1 cos(fl[fc] - 2*k/N) 
f^ N ' l-2cos^z- 1 +z-» 

And since H[0] = H(l), ff[N/2] = H(-l), 
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*-» 



k=l - . 1-2 cos^jrfc/JV)*- 1 + z- 



k N 

If tf[14] = O.then #[16 - 14] = £[2] = also. 

H[0}/16 



2\H(t>& k \ cos[8(2xk/N)} - z' 1 cos[9(2xk/N) - 2irk/N\ 




-*■ -+ *■ 



* m 



» ♦ 



»{n] 



• « 



* »- 



" z- 1 



a \\H[l)\ 
-. • » 



where a = cos(0[l]), a = -cos(0[lj - (2jt/16)), = 2cos(2*/16) 1 and 7 = -1- 



6.38. (a) 




/i[10] ' 




M(A r + 1) multiplies per output sample; MN adds per output sample. 



(b) 
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*T»i 


41 

1 ■ 


— > 


n 




Mil 


M:\ 




h[0] ■■ 

n 


Ml] ' 

II 




TV + 1 multiplies per output sample; N adds per output sample. The number of computations has 
been reduced by a factor of M in both adds and multiplies. 



(c) 




The total computation can not be reduced because to compute the value of any given output 
sample, the previous output value must be known. 
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(d) 










(in) 










• — 


> < 

z- 1 


> — 1 1 


►— ► < 


» »■ — i 


I » 

z" 1 


M : 1 


» • 












* i/i 




V/B * 










Only direct form II (ii) can be implemented more efficiently by commuting operations with the 
downsamplers. 



6.39. Since each section is 3.4cm long, it takes 



3.4cm , n _ 4 

,cm — = 10 **" 



3.4 §g - 10* 



to traverse one section. Since the sampling rate is 20kHz (T, = 0.5 - I0~*sec), it takes two sampling 
intervals to traverse a section. The entire system is linear and so the forward going and backward going 
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waves add at a boundary. Let 



<*kn = 



A n - A k 

A n + A k 



(from A t into A n ); then a* n = — a n t and we get: 



Z~ 2 1 + Oi2 Z~ 2 1 + «23 * 1 + <*« z" 



vH 



-* — • — *■ 



» • * 



<*23" -^23 



» • »- 



Ql2 



-Oil 



_Q M 



" Q4» = l 



Z~ 2 1 - Qi] 2~ 2 1 - C*23 Z~ 2 1 - Qj4 *" 

6.40. (a) For rounding: 



r B {c) 




-A/2 

m t = — / ede=— — =0 
A 7^ A 2 J ^ 

, 1 /* 3 . * 3 l f A 2 
^aL'^SaL" 



(b) For truncation: 



Vb(*) 




-A 
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1 f° ■ . 1 e 2 ] -A 
a;_ 4 A 2j_ a 2 

, 1 r° 2j i 2 e 3 ! A 1 A 2 

^ = Ay_ A ede -T = 3Aj_ i -T = T2- 



6.41. Since the system is linear, y[n] is the sum of the outputs due to xi[n] and xj[n]. Therefore 

*M = E M*J*i[n - *] + E h 2 [k)x 3 [n-k] 
= yiM + lteln]. 
The correlation between yi[n] and 1/2(1] is 

£{viMv.W} = El f; fc![<|x,[m-<]. f) A2[*]*a[»-*]} 

00 eo 

= E E Ai[<|Aa(*]^{*i[m-<l*2[n-*]} 

(=— oofc=— 00 

If xjn] and xz[n] are uncorrelated, £{xj[m - 4*j[n - *]} = 0; hence, £{yi[m]y 2 [n]} = 0. Therefore, 
j/i[n] and ^[n] are uncorrelated. 

6.42. (a) The linear noise model for each system is drawn below. 
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(<?*) 












f 






;t[n] 




io 






y[n 








'• z- 1 








h 


a 







(2a 2 ) 



(a) 



(b) 



• » m ■ * m » 9 

z- 1 - i 



(c) 



« — , • — *. 



V[n] 



'■ z- 1 



M 



(b) Clearly (a) and (c) are different. Thus the answer is either (a) and (b) or (b) and (c). If we take 
(b) apart, we get 
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• »- 



, * , I , 

« ► • ■ — •-• — » 




(I »- 



2c 2 





• » • ■■■-» •-* — • » ■■+ » f •- 



&r 2 



We see that the noise all goes through the poles. Note that the la 2 source sees a system function 
(1 - az~ l )~ l while the 2a 2 source sees z -I /(l - az~ l ). However, the delay (z _1 ) does not affect 
the average power. Hence, the answer is (b) and (c). 

(c) For network (c), 

3a 2 



n=0 

or using the frequency domain formula, 

, ,21/1 I dz 

' 2*3 J I — az~ x 1 — az z 

3 1 / dz 

** 2»;7{:-a)(l-«) 



For network (a), 



3g* 
1-a 2 ' 



ff(z) = 



6o + &iz' 
1 — az~ 



A[n] = MM + (fc + -)o n ii[n] 
• Time domain calculation: 

<r* = 2 < 7 S + ( r s ^h 2 [nl 
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= 2a 2 + t 



*<^)'tr 



\ 



• Frequency domain calculation: 

^/ J M{z)B{x- 1 ). .. . t . . > 
= \ I residues of — — - — ; inside unit circle 

HWHjz- 1 ) (b Q + b i z- 1 )(b Q ^b 1 z) z 

z (z-o)(l-az) z 

(bgZ + J>i)(fco + M) 

- z(z— a)(l - az) 



residue (z = 0} — 



-bibo 



residue (z = a) = 



(boa + bi)(bo +M) 6ga + frfo + feifep + frM 2 



a(l-a 2 ) 



a(l-a*) 



H(z)H{z )- = ^-^ 



- ^o + fri + SfroM 

1-fl* 

(a6o + h) J 



= « + 



1-a* 



6.43. (a) 



j/[n]=-y[n-l] + -, n>0 



1=0 v ' « 



1\«+1 



For large n, y[n] = (l/2)/(3/4) = 2/3. 
(b) Working from the difference equation and quantizating after multiplication, it is easy to see that, 
in the quantized case, y\0] = 1/2 and y[n] = 5/8 for n > 1. In the nnquantized case, the output 
monotonically approaches 2/3. 



41 -22- 

M 138 



Ml i^i 



y[n] unquantized 
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y[n] quantized 



1 

(c) Hie system diagram is direct form II: 



#(0 = 



1 + e~J" 



*<«*"> -n£* 



So 



Y(e>") = HifJ^Xtf") - 



which implies that y[n] = (l/2)(l/4) n , which approaches as n grows large. 

To find the quantized output {working from the difference equation): y[Q] = 1/2, y[l] = 1/8, and 

y[n] = for n > 2. 
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-L. 
S12 



3me y[n] unquantized 



y[n] quantized 



6.44. (a) To check for stability, we look at the poles location. The poles axe located at 

2 « 0.52 + 0.84J and z ss 0.52 - 0.84j. 

Note that 

|z| 2 « 0.976 < 1. 

The poles are inside the unit circle, therefore the system function is stable. 
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(b) If the coefficients are rounded to tbe nearest tenth, we have 

1.04 -J- 1.0 and 0.98 -* 1.0. 

Now the poles are at 

l-jV5 . l-jV3 

z = —j— and z = -^— - 

Note that now, 

i*r = i. 

The poles are on the unit circle, therefore the system is not stable. 
6.45. The flow graphs for networks 1 and 2 respectively are: 




Z -l 2 -l Z _1 2 _1 2- 1 Z~ l Z * 

• — *" ^ * f * — f~~* — f - * — f~ * — t~~* — T~" * — T 

1 a 1 a 2 a J o* a s a 6 

< i » i ■- • » •— •> •— • •— • •— • • 



> ■ » 



vM 



(a) For Network 1, we have: 



Wi\n] = x[n]-a t x[n-&] 

toj[n) = ay[n — 1) + u»i[n] 

y[n] = W3[n] 



Taking the Z— transform of the above equations and combining terms, we get: 

y(z)(l - 02" 1 ) = (1 - o*r-«)*W 
That is: 



B(z) = 



1 - a'z- 



1-az- 1 
For Network 2, we have: 

y[n] = x[n] + ax[n - 1] + o s i[n - 2] + ... + a 7 x[n - 7]. 
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Taking the 2-transfonn, we get: 

Y{z) = (I + at' 1 + <rV 2 + ... + a 7 z~ 7 )X(z). 



So: 



(b) Network 1: 



Network 2: 



H(z) = l + or" 1 + «»*-» + ... + a 7 2 -7 = l-a'»-' 

1 — az -1 




•— ♦— * 



* f » f » 



z -i ,-i 

-• ■ i 






(c) The nodes axe circled on the figures in part (b) 

Xm " < E^. e !lA t Ni- 

S^ rob !rT n ^ tom ^^ e °^ wd ^ noto ^^e«hnode ie we need to take 

v»i < 1 - |a|. 

^ ere J'l!!r ned **? |a| < L ^ **"** fnnction fr " *M to wM is 1 - a«z-« therefore 
to avoid overflow at that node we need: ' t 116 ™ 10 " 

<"i[n]<z m «(l- a 8 )< l-| a |. 
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We thus conclude that to avoid overflow in network 1, we need: 

1-M 

Now, for network 2, the transfer function from input to output is given by S[n] +aS[n - 1] +a?6[n - 
2] + ... + o 7 5[n - 7], therefore to avoid overflow, we need: 



l + ja| + o s + ... + |a| 7 



(e) For network 1, the total noise power is ^£7. For network 2, the total noise power is 7<r*. For 
network 1 to have less noise power than network 2, we need 



l-\a 
That is: 



2a 2 , 

' <la 3 .. 



|a|<f. 



The largest value of \a\ such that the noise in network I is less than network 2 is therefore f . 
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Solutions - Chapter 7 
Filter Design Techniques 
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7.1. Using the partial fraction technique, we see 

s + a 



*«<*)- 



0.5 



-T7 + 



0.5 



(s + a) 2 + b 2 s + a + jb s + a-jb 
Now we can use the Laplace transform pair 

1 

s+a 



e~ al u(t) 



to get 



(a) Therefore, 



h e {t) = i («-(•+*>« + «-<-*>') u(t). 

hi[n) = h e (nT) = l - [ e -<"+*>* T + e -<-*>" T ] u[n] 
0.5 0-5 



J?iW = 



(b) Since 



we get 



I _ e -(„+j»)r 2 -i + ! _ c -(«-j»)T z 



5 c (t) = /' h e {r)dr <-+ 24£L = 5e (5) 



-- M> e " 



5 e (5) = 



s + a 



= * + 



A% 



s{s + a + jb)(s + a-jb) s s + a + jb s + a-jb 



where 



05 



a? + b* a + 



jb 



Though the system h 2 [n] is related by step invariance to h c (t), the signal s 2 [n] is related to s c (t) by 
impulse invariance. Therefore, we know the poles of the partial fraction expansion of S c (s) above 
must transform as zt = e' kT , and we can find 



Sa(*) = r-^-r + 



AX 



1 _ 2 -i "*" 1 _ e -(«+i*)T z -i "•" i _ < -{e-J»)T 2 -l 
Now, since the relationship between the step response and the impulse response is 

S2 [n]= £ A a [JfcJ= f; h 2 [iHn-Jfc] = A 3 [n].«[n] 

We can finally solve for Hz(z) 

H 2 {z) = S 2 (z)(l-x- J ) 

where 4i and j4 2 are as given above 



1-2" 1 ,. l-z~ l , , - 
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(<0 



Jk=-oo fc=0 

1 ri- e -(«+J»)(»+i)r J _ e -<«-J»H»+i)Ti 
= 2 [ i _ e -(«+i»)T + i _ e -<«-JW J ™M 



where 



*i = 



l-e— T cosi.T 



1 _2e-or costr + l .-2oT' 
^From this we can see that 



B, = ~ 



Sx(z) = 



Bx 



B» 



B! 



1 - z-l 1 - c -ic+}i}T z~l "*" ! _ e -(a-jb)T z -l 

since the partial fraction constants are different. Therefore, $\[n] ^ *2[n], the two step responses 
are not equal. 

Taking the inverse z-transform of Hz(z) 

ht[n] = AiS[n] + A* \e-^ +ib)Tn u[n] - e-< 0+ -''*> T < n - 1 >u[r; - 1]] 
+ A\ [ e -(-^B|n] - e-< a -^ T < n - 1 >u[n - 1]] 
where Ai and A 2 are as denned earlier. Ely comparing hi[n] and /ij[n] one sees that hi[n] ^ /ii[n]. 

The overall idea this problem illustrates is that a filter designed with impulse invariance is different 
from a filter designed with step invariance. 

7.2. Recall that il = ujT d . 

(a) Then 

0.89125 < \H{jQ)\ < 1, < )fi| < 0.2»/T d 

\HUfy\ < 0-17783, 0.3ff/r d < jfi| < x/T d 

The plot of the tolerance scheme is 



0.89125 



0.17783 




K.-:jffo--ai«wyp» 



o.atn - . 0.3n/T . 

a a 



HflQ)! 



SCa^Cgmg* 



n/T. 
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(b) As in the book's example, since the Butterworth frequency response is monotonk, we can solve 
Wc(j0.2*/T d )\* = * iN = (0.89125)' 

\H e {jO.Z*lT d )\ 7 = /() 1 a)r> 8N = (0-17783) 2 

1 






to get n c T4 - 0.70474 and TV = 5.8858. Rounding up to N - 6 yields n c T t = 0.7032 to meet the 
specifications, 
(c) We see that the poles of the magnitude-squared function are again evenly distributed around a 
circle of radius 0.7032. Therefore, B e (s) is formed from the left half-plane poles of the magnitude- 
squared function, and the result is the same for any value of Tj. Correspondingly, H{z) does not 
depend on T<j. 

7.3. We are given the digital filter constraints 

1 - 6i < \H(e> u )\ < 1 + 6 U < |w| < w„ 
\H{e> u )\ < fc, w,< |w| < it 

and the analog filter constraints 

i - s\ < \n c {jfy\ < i. o < |n| < n p 
|# e (jfi)l < fc, n. < l«l 

(a) If we divide the digital frequency specifications by (1 + Si) we get 

* = * 



l + <$i 



h ' 1 + .5 



(b) Solving the equations in Part (a) for b\ and $2, we find 



In the example, we were given 





6 X = — 's- 
2-6i 




2-6 l 


*1 


= 1-0.89125 = 0.10875 


62 


= 0.17783 


equ 


attons for 5± and 62, we find 




Si = 0.0575 




h - 0.1881 



The filter E'{z) satisfies the discrete-time filter specifications where H'(z) = (1 + S^Hiz) and 
H(z) is the filter designed in the example. Thus, 

, «« F °-28n - 0. 4466*- 1 A -2.1428 +1.1455Z-' 
ff(*) = 1.0575 ^ _ 1 _ 297U _ 1 + . 6 949 z -2 + ! _ 1.069U" 1 + 0.3699*-' 

1.8557 -0.6303Z- 1 1 
+ 1 - 0.9972*" 1 + 0.257Q2- 1 J 

0.3036 -0.4723Z" 1 -2.2660+ 1.2114Z" 1 

~ 1 - 1.2971Z- 1 + 0.6949z- 3 + 1 - 1.0691*" 1 + 0.3699z- 2 
1.9624 - 0.6665Z- 1 
+ 1 - 0.99722" 1 + 0-2570*-* 
(c) Following the same procedure used in part (b) we find 

f 0.0007378(1 + z -1 ) 6 

H'(z) = l-°575 [ (1 _ L2686*-* + 0.7051z- J )(l - I.OIO62- 1 + 0.3583z" 2 ) 

1 1 

l-0.9044z- 1 +0.2155z" 3 J 

0.0007802(1 + Z- 1 ) 6 

~ (1 - 1.2686z~ l + 0.7051z- 2 )(l - I.OIO62- 1 + 0.3583z" 2 ) 

1 

* 1 - 0.9044Z- 1 + 0.2155*-* 
7.4. (a) In the impulse invariance design, the poles transform as z k = e" T ' and we have the relationship 

1 Jd 

s + a*~* l-e—T'z- 1 

Therefore, 



" c{S) ~ 4 + 0.1 s + 0.2 
1 0.5 

s + 0.1 s + 0.2 



s + u.i s + u.^ 
The above solution is not unique due to the periodicity of z = e*". A more general answer is 

HAS) ~ ,+ (o.l + *#) .+ (0.2 + ,^) 

where k and / are integers. 
(b) Using the inverse relationship for the bilinear transform, 

l + (Trf/2)t 
Z - 1 - (T</2)s 

we get 

* M = l-r- (»)"•-*(«) 

2(s + l) (' + !) 

" »(l + e-«-») + (l-e-«- a ) «<l+e- M ) + (l-e- ft4 ) 

* (r+4^) (tt|^) " (ttt^) (7+^4) 

Since the bilinear transform does not introduce any ambiguity, the representation is unique. 
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7.5. (a) We must use the minimum specifications! 

S - 0.01 
Aw = 0.05* 
A = -20Iog 10 <J = 40 
A-8 



M + l = 



+ 1 = 90.2 -► 91 



2.285 Aw 

= 0.5842(A - 21)° ■* + 0.07886(A - 21) = 3.395 
(b) Since it is a Uoear phase filter with order 90, it has a delay of 90/2 = 45 samples, 
(c) 



HJfft 



-0.625n -0.3*. 



0.3*. 0.625JI 



M«] = 



sin(.625*(n - 45)) - sin(.3*(n - 45)) 
*{n - 45) 



7.6. (a) The Kaiser formulas say that a discontinuity of height 1 produces a peak error of S. If a filter has 
a discontinuity of a different height the peak error should be scaled appropriately. This filter can 
be thought of as the sum of two filters. This first is a lowpass filter with a discontinuity of 1 and 
a peak error of 6. The second is a highpass filter with a discontinuity of 2 and a peak error of 26. 
In the region 0.3* < |wj < 0.475*, the two peak errors add but must be less or equal to than 0.06. 

6 + 26 < 0.06 
<S»» = 0.02 
A = -20 !og(0.02) as 33.9794 
= 0.5842(33.9794 - 21)° 4 + 0.07886(33.9794 - 21) = 2.65 
(b) The transition width can be 



Au ~ 0.3* - 0.2* 
= 0.1* rad 



Aw = 0.525t - 0.475* 
= 0.05* rad 



We must choose the smallest transition width so ZWu, = 0-05* rad. The corresponding value of 
M is 

2.285(0.05*) 

7.7. Using the relation w = QT, the passband cutoff frequency, w p , and the stopband cutoff frequency, «,, 
are found to be 

w, = 2*(1000)10" 4 

= 0.2* rad 

w, = 2*(1100)10- 4 

= 0.22* rad 
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Therefore, the specifications for the discrete-time frequency response fld(e*") are 
0.99 < !#*(*>") | < 1.01, < H < 0-20* 
\^d(e iv ')\ < 0.01, 0.22* < |w| < jt 

7.8. Optimal Type I filters must have either L + 2 or L + 3 alternations. The filter is 9 samples long so its 
order is 8 and L = Af/2 = 4. Thus, to be optimal, the filter must have either 6 or 7 alternations. 

Filter 1: 6 alternations Filter 2: 7 alternations 

Meets optimal conditions Meets optimal conditions 

7.9. Using the relation w = OT, the cutoff frequency w e for the resulting discrete-time filter is 

w c = ii c T 

as [2*(1000)}[0.0002] 
= 0.4* rad 

7.10. Using the bilinear transform frequency mapping equation, 



= 2 tan 



ml / 2*(2000)(0.4xl0- 3 ) ' 



= 0.7589* rad 



7.11. Using the relation w = AT, 



n e = £ 



r 

*/* 

0.0001 

2500* 

rad 
2*{1250) — 



7.12. Using the bilinear transform frequency mapping equation, 

2 



n e = 



■tan 



7.13. Using the relation w = HT, 



(?) 



0.001 
= 2000 



tan 



rad 



m 



rad 
2*(318.3) — 



T = 31 
fie 



2*/5 
2*(4000) 
= 50 /js 

This value of T is unique. Although one can find other values of T that will alias the continuous-time 
frequency Q c = 2*{4000) rad/s to the discrete-time frequency w c = 2*/5 rad, the resulting aliased filter 
will not be the ideal lowpass filter. 
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7.14. Using the bilinear transform frequency mapping equation, 

fl c = ytanf - j, lean integer 

The only ambiguity in the above is the periodicity in w. However, the periodicity of the tangent function 
"cancels" the ambiguity and so T is unique. 

7.15. This filter requires a maximal passband error of S p = 0.05, and a maximal stopband error of 6, = 0.1. 
Converting these values to dB gives 

<fp=-26dB 
Ss = -20 dB 

This requires a window with a peak approximation error less than -26 dB. Looking in Table 7.1, the 

Banning, Hamming, and Blackman windows meet this criterion. 

Next, the miniTmiTn length L required for each of these filters can be found using the "approximate 

width of mainlobe" column in the table since the mainlobe width is about equal to the transition width. 

Note that the actual length of the filter is L = M + 1. 

Harming: 

8* 

M 

M = 80 



0-lTT 



Hamming: 

0.1* 



8* 
M 
M = 80 



Blackman: 

0.1* 



12* 
M = 120 



7.16. Since filters designed by the window method inherently have 6i = 62 we must use the smaller value for 
6. 

6 = 0.02 

A = -20Iog lo (0.02) = 33.9794 

= 0.5842(33.9794 - 21)°" + 0.07886(33.9794 - 21) = 2.65 
AS _ 33.9794-8 
M ~ I285A^ " 2.285(0.65* -0.63*) ~ 180 - 95 ~ > 181 

7.17. Using the relation u - ftT, the specifications which should be used to design the prototype continuous- 
time filter are 

-0.02 < H(jQ) < 0.02, < |ft| < 2*(20) 
0.95 < #(jft) < 105, 2jt{30) < |fl| < 2*(70) 
-0.001 < HUty < 0.001, 2*(75) < |fl| < 2*{100) 
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Note: Typically, a continuous-time filter's passband tolerance is between 1 and 1 - Si since historically 
most continuous-time filter approximation methods were developed for passive systems which have a 
gain less than one. If necessary, specifications using this convention can be obtained from the above 
specifications by scaling the magnitude response by j-j^. 

7.18. Using the bilinear transform frequency mapping equation, 

Thus, the specifications which should be used to design the prototype continuous-time filter are 



l# e (j«)l < 0.04, 
0.995 < \H e {jn)\ < 1.005, 



|ft| < 2»(51.7126) 
)fl| > 2*(81.0935) 



Note: Typically, a continuous-time filter's passband tolerance is between 1 and 1 - Si since historically 
most continuous-time filter approximation methods were developed for passive systems which have a 
gain less than one. If necessary, specifications using this convention can be obtained from the above 
specifications by scaling the magnitude response by J355- 



7.19. Using the relation w = QT, 



T = TT 



2*(300) 
= 417 /is 

This choice of T is unique. It is possible to find other values of T that alias one of the given continuous- 
time band edges to its corresponding discrete-time band edge. However, this is the only value of T that 
maps both band edges correctly. 

7.20. True. The bilinear transform is a frequency mapping. The value of H(s) for a particular value of s 
gets mapped to H(e>"') at a particular value of w according to the mapping 



~ T 4 Vl + e-JV 



The continuous frequency axis gets warped onto the discrete-time frequency axis, but the magnitude 
values do not change. If H{s) is constant for all s, then H(e }w ] must also be constant. 

7.21. (a) Using the bilinear transform frequency mapping equation, 

2 



^-jv*"^) 



we have 



T d = 



tan 



(5) 



(b) 



w» = 2 tan 



-(¥) 



237 



(c) 




= 2 tan" 






Aa> 



7.22. (a) Applying the bilinear transform yields 

H(z) = *««!*=£ (*=#) 

which has the impulse response 



*[»] = Y<u[n] + 4n -1]) 
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(b) The difference equation is 



vM = y(*M + *[n-l]) + »[n-l] 



This system is not implement&ble since it has a pole on the unit circle and is therefore not stable, 
(c) Since this system is not stable, it does not strictly have a frequency response. However, if we ignore 
this mathematical subtlety we get 



*«■*> ■ *(££) 



2 \eJ"/2 _ £ -ju/2 J 
= gcot{u,/2) 

and since the Laplace transform evaluated along the ;fl axis is the continous-time Fourier transform 
we also have 



IHtOl 




I H (jft) I 



jt/2 n « 




n/2 



^H(eh 




-*/2 



n/2 



^HQQ) 




-jc/2 



ttil 



In general, we see that we will not be able to approximate the high frequencies, but we can 
approximate the lower frequencies if we choose Tj = 4/ir. 
(d) Applying the bilinear transform yields 



G{z) = Rc(s)\ t _j (.-,-;) 
which has the impulse response 



= 4r[2{-D n u[n]-S[n]} 
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(e) This system does not strictly have a frequency response either, due to the pole on the unit circle. 
However, ignoring this fact again we get 



" T d V e j-/2 +e -jWsJ 



= ^tan(u»/2) 



Guv = ;n 




I G c (j£l) I 




s/2 



ZG c (jQ) 
*/2 



-n/2 



-n/2 



n CI 



Again, we see that we will not be able to approximate the high frequencies, but we can approximate 
the lower frequencies if we choose 7j = 4/w. 
(f ) If the same value of T d is used for each bilinear transform, then the two systems are inverses of 
each other, since then 



H(e>«)G{J u ) = 1 



7.23. We start with |ff«0"«)l, 



IH<jfl)l 




-10it IOji 

(a) By impulse invariance we scale the frequency axis by T* to get 



Iffl 



a 
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IH^e*)! 



-■ i10K 



-0.1ji 0.1it 



Then, to get the overall system response we scale the frequency axis by T and bandlimit the result 
according to the equation 

I*., f, -mi-/ l^^ r )i' M<t 



IH^gQ)! 




-1000* 10007t 

(b) Using the frequency mapping relationships of the bilinear transform, 

2 



we get 



n - £_(!). 



w = 2 tan" 



e?). 



i^{^)i 



to. 



tan($)|, M<2tan- 1 (10ir)=0.98ff 
otherwise 



H 2 (e»")l 



■ 10n 



0.98te 




Then, to get the overall system response we scale the frequency axis by T and bandlimit the result 
according to the equation 

w- f, -mi-/ l*^')!' I fl l<f 
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IH^flOJI 



-■10n 




-9800k 

7.24. (a) Expanding the sum to see things more clearly, we get 



9800* Q 



*•« - t(^jr + CW 



S - «0 (S ~ So) 2 (5 - *o) r 

Now multiplying both sides by (s - so) r we get 

(s - s ) r ff e (s) = Ai{s - *o) r - 1 + A 2 (s - sa) r - 7 + ■•• + A T + (s - s ) r G e {s) 
Evaluating both sides of the equal sign at s = so gives us 

A T = (s- toYH e (s) |„x Jo 
Note that (s - sq) t G c (s) = when t = *o because G e (s) has at most one pole at s = «o 

Similarly, by taking the first derivative and evaluating at s = so we get 
| IU -so)' H c {s)) = J2(r-k)A k (s-*>) lt - k - 1) + -^[(s-soVG e (s)} 

= (r - l)Ai(» - *o) r " 2 + (r - 2)X 2 (s - so)'" 3 + ■ • + X rM + + ~ [{s - So) T G c (i 

Ar-i = ^Us-sgVHcWU., 

This idea can be continued. By taking the (r — fc)-th derivative and evaluating at s = $o we get 
the the general form 



Ak = V^Y- (£=* I(s ~ SoYHe{s)] U -) 



(b) Using the following transform pair from a lookup table, 



(^b'^-crrsp ^>>- Q 



we get 
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7.25. (a) Answer: Only the bilinear transform design will guarantee that a minimum phase discrete-time 
filter is created from a minimum phase continuous-time filter. For the following explanations 
remember that a discrete-time minimum phase system has all its poles and zeros inside the 
unit circle. 

Impulse Invariance: Impulse invariance maps left-half s-plane poles to the interior of the 2-plane 
unit circle. However, left-half s-plane zeros will not necessarily be mapped inside the 2-Dlane 
unit circle. Consider: 

if N 

N tart >_, 

e c (s) = T2-^-= *" 



tart 



[ 



N 



H(z) = y — 54* — = 



k~\ 



no-e^,-) 



If we define Poly t (z) = J]^. (l - e'^z' 1 ), we can note that all the roots of Poly t (*) are 
inside the unit circle. Since the numerator of H(z) is a sum of XiPoly^z) terms, we see 
that there are no guarantees that the roots of the numerator polynomial are inside the unit 
circle. In other words, the sum of minimum phase filters is not necessarily minimum phase. 
By considering the specific example of 



H c (s)= * +l ° 



(s + l)(s + 2)* 



and using T = 1, we can show that a minimum phase filter is transformed into a non-minimum 
phase discrete time filter. 

Bilinear Transform: The bilinear transform maps a pole or zero at s = sq to a pole or zero 
(respectively) at z* = **f** . Thus, 

1--J-J0 



l-?5 



Since H e (s) is m i nim um phase, all the poles of H e (s) are located in the left half of the s-plane. 
Therefore, a pole s = o + jQ must have a < 0. Using the relation for s , we get 



w V(i-^> 2 +<fft)* 



< 1 



Thus, all poles' and zeros will be inside the z-plane unit circle and the discrete-time filter will 
be minimum phase as well. 

(b) Answer: Only the bilinear transform design will result in an allpass filter. 
Impulse Invariance: In the impulse invariance design we have 

The aliasing terms can destroy the allpass nature of the continuous-time filter. 
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Bilinear Transform: The bilinear transform only warps the irequency axis. The magnitude 
response is not affected. Therefore, an allpass filter will map to an allpass filter, 
(c) Answer: Only the bilinear transform will guarantee 

ff(^ u )\ u =u = H e <jn)\n=o 

Impulse Invariance: Since impulse invariance may result in aliasing, we see that 

H (e*») = H c (jO) 



if and only if 



or equivalently 






which is generally not the case. 
Bilinear Transform: Since, under the bilinear transformation, fl = maps to w = 0, 

H(e>°) * H e {jQ) 

for all H c (s). 

(d) Answer: Only the bilinear transform design is guaranteed to create a bandstop filter from a 

bandstop filter. 

If H e (.s) is a bandstop filter, the bilinear transform will preserve this because it just warps the 

frequency axis; however aliasing (in the impulse invariance technique) can fill in the stop band. 

(e) Answer: The property holds under the bilinear transform, but not under impulse invariance. 
Impulse Invariance: Impulse invariance may result in aliasing. Since the order of aliasing and 

multiplication are not interchangeable, the desired identity does not hold. Consider #«i (s) = 

Bilinear Transform; By the bilinear transform, 

(f) Answer: The property holds for both impulse invariance and the bilinear transform. 
Impulse Invariance: 
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Bilinear Transform: 






(g) Answer: Only the bilinear transform will result in the desired relationship. 
Impulse Invariance; By impulse invariant*, 



therefore, 



7.26. (a) Since 



MO - ,f "»0fe + f )) 

We can clearly see that due to the aliasing, the phase relationship is not guaranteed to be 
maintained. 
Bilinear Transform.- By the bilinear transform, 

Hi(e**) = #o (j~ t*n(w/2)) 

ftf**") = H et ^tan(a;/2}) 

FxtP") _ g Cl (j^tan(W2)) = | e -j-/2 | < a> <* 
**(«*) ^(j^tan( w /2)) l^ 3 ' -*<<"<° 

^-£.*('(e + ?)) 



and we desire 



we see that 



requires 



(b) Since the bilinear transform maps fi = to w = 0, the condition will hold for any choice of H c {j&)- 



7.27. 



1 '~l 0, 5<M< 
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(a) 



(b) 



(c) 



-Ji-711/8 



Aifnj = h[2n] 
n even 

1/2 



-jl/2 



s/2 



ft(0 = £ A[n/2]e"' 

xi even 

n=— oc 

= ir(e , " 2u ) 



H 2 (0 



-w/8 n/8 



Bz{t?») = H (e«-+">) 



7n/8 n co 



_* -3ji/4 



H 3 (e*«) 



- 1 



3)i/4 « to 
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7.28. (a) We have 



(b) 



(d) 



in = 



1 - e~ J " 
1 + e->" 
civ/* _ e ->«/* 



e Ju/2 + e -iu/2 



in = 



1 + ^-' 

1 + e~ iw 
1 - «~> w 



c jw/2 _ e ~jv/1 

a - -«* (|) 

flp = tan (^-^) <-► Wpj = T + 2tan- 1 (n p ) 

ff 2 (z) = J5Ti(*)U— » 

The even powers of « do not get changed by this transformation, while the coefficients of the odd 

powers of 2 change sign- 

Thus, replace A, C, 2 with -A, -C, -2. 

7.29. (a) Substituting Z = e*' and z = «*" we get, 

e*» = -e J ' 2w 
_ e i(2«+») 

= 2« + * < — ► w=— j- 
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. e c , 


► 


-A 


, e c , 










L. 




1 


* 



-*/2 



x/2 



(c) 



h[n] *—* Hie' 6 ) 
hi[n) <— ► # (e j(2 "' + *>) 
In the frequency domain, we first shift by * and then we upsample by 2. In the time domain, we 



can write that as 



(d) In general, a filter 



hi 



{-\) n ' 2 k[nl2], for n even 
for n odd 



H(z) = 



bo + biz' 1 + b 2 z~' 1 + ■■■ + 6 w _i2 w_1 + b M z- 



will transform under .ffi(z) = /7{-.z 2 ) to 

6o - *i*" a + *>**-* +■- bu-iz 2 "- 2 + b M z- 2k 



Hx{z) = 



where we are assuming here that M and N are even. All the delay terms increase by a factor of 
two, and the sign of the coefficient in front of any odd delay term is negated. 
The given difference equations therefore become 

g[n] = x[n]+a ig [n-2}-b 1 f[Ti-4} 

f[n] = ~a ig [n - 2] - kif[n - 2] 

V[n] = Ci/M + cjstn-2] 

To avoid any possible confusion please note that the 6* and a* in these difference equations are 
not the same b t and a fc shown above for the general case. 

7.30. We are given ' 

H(z) = H c (s) U^i^zr] 

where a is a nonzero integer and is a real number. 

(a) It is true for > 0. 
Proof: 







'U+*-J 


+«- a 


= 


0-0Z-' 


3-0 


= 


-0z~ a - sz 


0-s 


= 


z—(f3 + s) 


z~ a 


= 


0-s 
+ s 


z a 


= 


+ s 
0-s 
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The poles a k of a stable, causal, continuous-time filter satisfy the condition He {$} < 0. We want 
these poles to map to the points z k in the z-plane such that \z k \ < 1- With a > it is also true 
that if |zjti < 1 then jzf j < 1. Letting s k = a + jw we see that 

1**1 < 1 
l*?l < 1 

{0 + of + tf < (0-af+n 2 
2a0 < -2o0 

But since the continuous-time filter is stable we have He{s k } < or a < 0. That leads to 

This can only be true if > 0. 

(b) It is true Jor < 0. The proof is similar to the last proof except now we have \z° j > 1. 

(c) We have 

2 _ l + * \ 

1**1 = 1 
1*1 = 1 
Hence, the jfl axis of the s-plane is mapped to the unit circle of z-plane. 
(d) First, find the mapping between ft and w. 

1 _ e -}2» 

__ e> w - e~** 

_ e'"' + e-J' w 

ft = tan(w) 

w = tan -1 (ft) 

Therefore, 

1 - *, < \B{<*")\ <1+S lt {|w| < J} u { ^ < h< »} 
Note that the highpass region 3*/4 < |tv| < jt is included because tan(w) is periodic with period 



7.31. (a) 



1 + z~ l s + 1 

»= — i — ► * = 

1 - z l s - 1 

Now, we evaluate the above expressions along the jil axis of the s-plane 

jft+1 

1*1 = 1 
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(b) We want to show \z\ < 1 if He{s) < 0. 

_ a + jfl + 1 
Z ~ ff + jil-l 



J{o + 1)' + & 



Therefore, if \z\ < 1 

(a + l) J + n 2 < (<r-l) 2 + fi 2 
a < -o 

it must also be true that a < 0. We have just shown that the left-half s-plane maps to the interior 
of the 2-plane unit circle. Thus, any pole of H c {s) inside the left-half s-plane will get mapped to 
a pole inside the z-plane unit circle, 
(c) We have the relationship 

1 + e-' u 
} Q = 



1 _ e -i» 

Q = - cot(w/2) 

)n,! = |cot(jr/6)i = v/3 
lflp.1 = |cot(ir/2)|=0 
|n w | = [cot0r/4}| = l 



Therefore, the constraints are 



0.95 < \H e (jV)\ < 105, < |H| < 1 



7.32. (a) By using Parseval's theorem, 



where 



t 2 = ± J'jBieftfdu 

- f; kwi 1 

{h^n], n < 0, 

ftijnj-%], 0<n<M, 
AJn], n > Af 



(b) Since we only have control over e[n] for < m < M, we get that e* is miriimized if %] - M n l 

for < n < M . 
(c) 



r , f 1, < n < Af, 
"W = \ 0, otherwise- 

which is a rectangular window. 
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7.33. (a) 



B d {e>") = [1 - 2u(w)]e**/ 2 -™> for - * < w < tt 
\H d (t>»)\ = l, Vw 
LH d {c>«) = l f- TW ' -*<^<0 



-K/2 



^H d (0 



x/2 



(b) A Hilbert transformer of this nature requires the filter to have a zero at z = which introduces the 
180 phase difference at that point. A zero at z = means that the sum of the filter coefficients 
equals zero. Thus, only Types HI and IV fulfill the requirements. 



(c) 



k d [n] = ^£^n^r)^n. du _l_J 1, eil . /2 ^ IT)eiundu 






ir(n— rj ' " r ' 

0, n = r 

» (»-t) • "r 1 
0, n = T 



For the windowed FIR system to be linear phase it must be antisymmetric about f. Since the 
ideal Hilbert transformer A^[n] is symmetric about n = t we should choose r = &. 

(d) The delay is M/2 = 21/2 = 10.5 samples. It is therefore a Type IV system. Notice the mandatory 
zero at w = 0. 



IHfe^l 
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(e) The delay is Af/2 = 20/2 = 10 samples. It is therefore a Type III system. Notice the mandatory 
zeros at ui = and it. 



IHte 1 * )! 




7.34. (a) It is well known that convolving two rectangular windows results in a triangular window. Specifi- 
cally, to get the (M+l) point Bartlett window for M even, we can convolve the following rectangular 
windows. 



w = [ 



0, otherwise 
r 2 [n] = r^n-1] 
Using the known transform of a rectangular window we have 



W * K * } VM sin(w/2) 



(«/2) 
2 sin(wA//4) 



H'WO - y M sin(lj/2) 

2_fm(uM/4y 
M 



"(*+i) 



\ sin( W /2) J 



juV/2 



sin(w/2) 

Note: The Bartlett window as denned in the text is zero at n = and n — M. These points are 

included in the M + 1 points. 

For M odd, the Bartlett window is the convolution of 



n = 0... 
otherwise 



w - { 

(^ 0, otherwise 
In the frequency domain we have 

w * l<r > VAf sin(w/2) 

H^(e>) = ./l^MM-D/^-HMfi-M) 



2 / sin[a;(Af + l)/2] 
~ M \. sin(w/2) 



W siaMJtf-l)/2) \ iuMI2 
A «M"/2) y 
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(b) 



W.[^ + S«(^) + Cc-(5i)]-[n] 



W{e>' 



*>-{ 



2*A6(u)+Bv\6 



® \ sin(u;(M -f 
2tt \ sin(w/: 



: ("S)*'(~5M'K) + '(-S)]} 



i)/2)) -,^1 



where & denotes periodic convolution, 
(c) For the Banning window A = 0.5, B = -0.5, and (7 = 0. 



fHanningM = |0-5 -O.Scos f-^J I tu r [n] 
^Hanning^) = 0.5W*(O - 0J2SW R (e**) ® [* (« + jj) + * (w - g) ] 
= 0.5H^ R (e>") - 0.25 [w^ fi (e i(w+ ^ ) ) + WaCe*'*— *>)] 



where 






Below is a normalized sketch of the magnitude response in dB. 
Normalized Magnitude plot in dB 




7.35. (a) The delay is 4* = 24. 

(b) 



1/2 



IH d (e^l 



1/2 



-0.6ji -0.3k 



0.3n 



0.6n 



This can be viewed as the sum of two lowpass filters, one of which has been shifted in frequency 
(modulation in time-domain) tow=x. The linear phase factor adds a delay. 

sin(0.3y(n-24)) 1 ,w,.- W «"«>•«*(" -M)) 
Mn] " *{n-24) + 2 (_1) *(n-24) 
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(c) To find the ripple values, which are all the same in this case since it is a Kaiser window design, we 
first need to determine 4. Since we know and A are related by 

1.1102(4 - 8.7), A > 50 

= 3.68 = < 0.5842(4 - 21)° 4 + 0.07886(4 - 21), 21 < A < 50 



{ 0.S 

(o, 



4<21 



we can solve for A in the following manner: 

1. We know = 3.68. Therefore, from the formulas above, we see that A > 21. 

2. If we assume A > 50 we find, 

3.68 = 0.1102(4-8.7) 
A = 42.1 

But, this contradicts our assumption that A > 50. Thus, 21 < A < 50. 

3. With 21 < A < 50 we find, 

3.68 = 0.5842(4- 21)° *+ 0.07886(4 -21) 
4 = 42.4256 
With 4, we can now calculate S. 

6 = io-*/* 

= 0.0076 

The discontinuity of 1 in the first passband creates a ripple of 6. The discontinuity of 1/2 in the 
second passband creates a ripple of 6/2. The total ripple is 36/2 = 0.0114 and we therefore have 

S t = 62 = & = 0.0114 

Now using the relationship between Af , 4, and Aw 

4-8 



M = 

&u = 



2.285Aw 
42.4256 - 8 



= 0.3139 « 0.1* 



2.285(48) 
Putting it all together with the information about Hi[t i *') we arrive at our final answer. 

0.9886 < \H{e> w }\ < 1.0114, < w < 0.25* 

\H(e> u )\ < 0.0114, 0.35* < w < 0.55jt 
0.4886 < \H (e> u )\ < 0.5114, 0.65* < w < ir 



0.5 



I*. 



0.25ji 0.35ji 



\H{^)\ 



2b *\ 



0.55it 0.65H 



£1 
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7.36. (a) Since J?(e>°) ^ and H(e> w ) # 0, this must be a Type I filter. 

(b) With the weighting in the stopbaad equal to 1, the weighting in the passband is fy. 

W(«) 

1.61 



0.4ti 



0.58k 



(c) 



IE(co)l 




(d) Ad optimal (in the Parks- McClellan sense) Type I lowpass filter can have either L + 2 or L + 3 
alternations. The second case is true only when an alternation occurs at all band edges. Since this 
filter does not have an alternation at u = w it should only have L + 2 alternations. From the figure, 
we see that there are 7 alternations so L = 5. Thus, the filter length is 2L + 1 = 11 samples long. 

(e) Since the filter is 11 samples long, it has a delay of 5 samples. 

(f ) Note the zeroes off the unit circle are implied by the dips in the frequency response at the indicated 
frequencies. 




10th order pole 



7.37. (a) The most straightforward way to find k<i\n) is to recognize that Hd{e iu ) is simply the (periodic) 
convolution of two ideal lowpass filters with cutoff frequency w e = x/4. That is, ■ 



where 



flw ^ ' ~ \ 0, otherwise 
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Therefore, in the time domain, h d [n] is (,h lpf [n]) 2 , or 

hd[n] = ^in(W4)y 

_ sin 5 (jrn/4) 
~ * 2 n a 

(b) h[n] must have even symmetry around (N - l)/2. h[n] is a type-I FIR generalised linear phase 
system, since N is an odd integer, and H(<^ u ) / for w - 0. Type-I FIR generalized linear phase 
systems have even symmetry around (N - l}/2. 

(c) Shifting the filter ka[n] by (N - l)/2 and applying a rectangular window will result in a causal 
k[n] that minimir.es the integral squared error e. Consequently, 



where 



(d) The integral squared error t 



sin' [s(n -*=!)] 

, ,_| 1, O^n^-l 
\ 0, otherwise 



can be reformulated, using ParsevaTs theorem, to 

— so 

Since 

1 J (0, otherwise 



-(A'-l)/2-l (N-D/2 oo 

^ |a[n]-A d [n]| 2 + £ \a[n] - hi[n}\ 2 + £ |a[n] - M"]l' 

-°° -(JV-lJ/I (N-l)/2+l 

-(/V-U/2-1 oe 

£ IM*]| 8 +0 + ^ |M"]I 

-oo (W-1J/2+1 



,2 



By symmetry, 

ao 

< = 2 ^ (Mn]| 2 

(A'-l)/2+l 

7.38. (a) A Type-I lowpass filter that is optimal in the Parks-McClellan can have either L + 2 or L + 3 
alternations. The second case is true only when an alternation occurs at all band edges. Since this 
filter does not have an alternation at w = it only has L + 2 alternations. From the figure we see 
there are 9 alternations so I = 7. Thus, M = 2L = 2(7) = 14. 
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(b) We have 



h H p[n] = -ei' n h L j>ln] 

= J 4 < (e J < w -*>)e->"'* 



where 



B e (e*") = J 4«(e*'-*>) 
The fact that Af = 14 is used to simplify the exponential term in the third line above. 



(c) 




Jt-G) It— C0_ 



(d) The assertion is correct The original amplitude function was optimal in the Parks-McClellan 
sense. The method used to create the new filter did not change the filter length, transition width, 
or relative ripple sizes. All it did was slide the frequency response along the frequency axis creating 
a new error function E'(w) = E{u> — *). Since translation does not change the Chebyshev error 
(max|E(w)|) the new filter is still optimal. 

7.39. For this filter, N = 3, so the polynomial order L is 

Note that h[n] must be a type-I FIR generalized linear phase filter, since it consists of three samples, 
and H{c*") ^ for u = 0. h[n] can therefore be written in the form 

A[nJ = oS[n] + bS[n - lj + oS[n - 2] 



Taking the DTFT of both sides gives 

Hie*") 



a + be-*" + «-*** 
e-^toe^ + fc + ae--*") 
e ->"(6 + 2acosw) 



j4(e**) = b + 2a cos w 
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The filter must have at least £ + 2 = 3 alternations, but no more than L + 3 = 4 alternations to satisfy 
the alternation theorem, and therefore be optimal in the minima* sense. Foot alternations can be 
obtained if all four band edges are alternation frequencies such that the frequency response overshoots 
at u = 0, undershoots at u = |, overshoots at u> = ~, and undershoots at w = i . 

Let the error in the passband and the stopband be S p and 6,. Then, 

A(e**)Uo = 1+6, 

A(^)\ u „ /3 = 1-S P 

J4(e*-) U„ /2 = S. 

4(e>")U» = -S M 

Using A(ei u ) = b + 2acosu\ 

-Afe**) |„=o = b+2a 

-A(e**)U,/j = b+a 

A{ei»)U, /2 = b 

^{e*")U« = b-2a 
Solving these systems of equations for a and b gives 

2 

° = 5 

*-i 

Thus, the optimal (in the minima* sense) causal 3- point lowpass filter with the desired passband and 
stopband edge frequencies is 

A[»]=f*M + !*fa -!] + !*[" -2] 

7.40. True. Since filter C is a stable IIR filter it has poles in the left half plane. The bilinear transform maps 
the left half plane to the inside of the unit circle. Thus, the discrete filter B has to have poles and is 
therefore an IIR filter. 

7.41. No. The resulting discTete-time filter would not have a constant group delay. The bilinear trans- 
formation maps the entire j'fi axis in the s-plane to one revolution of the unit circle in the z-plane. 
Consequently, the linear phase of the continuous-time filter will get nonlinearly warped via the bili- 
nai transform, resulting in a nonlinear phase for the discrete-time filter. Thus, the group delay of the 
discrete-time filter will not be a constant. 

7.42. (a) Using the fact that H c (s) = ^^ and cross multiplying we get 

Y e (s) A 



B c (s) = 

<*- 
<tUc(t) 



X c (s) s + c 

(s + c)Y c (s) = AX e (s) 



dt 

<b) 

dy c (t) 



+ cy e {t) = Ax e {t) 



= [Ax c (t) - ey e {t)] U=nT 

at \t=nT 

= Ax e (nT) - cy e (nT) 

V t ("T)-y e (nT-T) 

= =s Ax e (nT) - cy e (nT) 
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(<0 



<d) 



y{n] - y\n - 1] _ 



Ax\n\ = 



H[z) = 



AX{z) 
Y(z) 



Ax[n] - cy[n] 

\c+^)y[n]-^y[n-i\ 

(c+±?JY(z}-j;Y(i)z- 



X{z) 



:+^-fz _1 



Sc{s) |„, 



i+c lj- '-'~' 
A 



+ c 



(e) First solve for z 



and then substitute s = a + jfl to get 



= B{z) 



r 
1 






i-(ff+jn)r 

1 =eJ u -(^) 



^(l-^ + frcr)' 



If we let = tan" 1 (££) we see that 

1 



y/(l-<ry + ((lT) 2 



cos(0) 

l-<7 



and thus the s-plane maps to the r-plane in the following manner 



1 1 j3 

+ tt: rr 



2(1 - a) 2(1 - a) 

" 2(l-a) + 2(l-ff) 
To find where the j'fl axis of the s-plane maps, we let * = jSl, i.e., a = and find 

z - 2 + r 



t 



! 
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Therefore, the jft-axis maps to a circle of radius 1/2 that is centered at 1/2 in the z-plane. We 
also see that the region <r < 0, i.e., the left half of the s-plane, maps to the interior of this circle. 




If the continuous-time system is stable, its poles are in the left half s-plane. As shown above, these 
. poles map to the interior of the unit circle and so the discrete-time system will also be stable. The 
stability is independent of T. 

Since the jft-axis does not map to the unit circle, the discrete-time frequency response will not be 
a faithful reproduction of the continuous-time frequency response. As T gets smaller, i.e., as we 
oversample more, a larger portion of the jfl-aris gets mapped to the region close to the unit circle 
at w = 0. Although the frequency range becomes more compressed the shape of the two responses 
will look more similar. Thus, as T decreases we improve our approximation. 
(f ) Substituting for the first derivative in the differential equation obtained in part (a) we get 



Vc {nT + T)-y c (nT) 



+ cy c {nT) = Ax c (nT) 



y[n + 1] - y[n] 



+ cy[n) = Ax[n] 



z-\ 

* - — 

z - 1 + sT 
= l + o + jttT 
To find where the j'fl axis of the s-plane maps, we let s = jfi, i.e., a = and find 

z = l+jilT 

Therefore, the jfl-axis lies on the line Re{z} = 1. We also see that the regioD a < 0, i.e., the left 
half of the s= plane, maps to the left of this line. 
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If the continuous-time system is stable, its poles are in the left half 5-plane. As shown above, these 
poles can map to a point outside the unit circle and so the discrete-time system will not necessarily 
be stable. There are cases where varying T can turn an unstable system into a stable system, but 
it is not true for the general case. 

Since the jft-axis does not map to the unit circle, the discrete-time frequency response will not be 
a faithful reproduction of the continuous-time frequency response. However, as T gets smaller our 
approximation gets better for the same reasons outlined for the first backward difference. 

7.43. (a) Just doing the integration reveals 

r T ■ 

J RTT Vc(-r)dT + y c (nT-T) = jr e (r)|^_ r + y e (nT- T) = y c (nT) 
Using the area in the trapezoidal region to replace the integral above, we get 
Vc(nT) = f y c ( r )dT + y c (nT - T) 

JnT-T 

* [v c (nT)+y e ( n T-T)]^+y e (nT-T) 

(b) Solving for y e (nT) in the differential equation we get 

it c (nT) = Ax e (nT) - cy e (nT) 
Substituting this into the answer from part (a) yields 

y e (nT) = [Ax e (nT) - cy c (nT) + Ax c (nT - T) - cy t (nT - T)} | + y e (nT - T) 

(c) The difference equation is 

y[n) = (Ax[n\ - cy[n] + Ax[n - 1] - cy[n - 1]) ^ + y[n - 1] 
yW (l + c|) - y{n - 1] (l - c| ) = A^ (x[n] + x[n - 1]) 



Therefore, 



(d) 



7.44. 



Y(z) [l + c|] - Y(z)z~i [l - c|j = A \x (z) [1 + ,-i] 

Hiz\ = 2l£> _ ^(n-'- 1 ) 

{ ' X(z) i + c |_ 2 -i +r -i c ± 



flcfc) I.- ; r i-.--M = — — 

l-z-i+cZ(l+z->) 
« H(z) 



*c(jfl) = H s {jO)H e (-jO) 
#(z) = H(z)H(z~ 1 ) 
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(a) (i) Since H e (s) has poles at s k , H c (-s) has poles at -s k . 

(ii) The material in this chapter shows that under impulse invariance 



A k 
s-st 



T d A k 



\-e- T *z- 1 ' 



Thus, going from step 1 to step 2 means that the autocorrelation of the discrete-time system 
is a sampled version of the autocorrelation of the continuous-time system. 

(iii) Since *(z) = H(z)H{z- 1 ) we can choose the poles and mtos of H (z) to be all the poles inside 
the unit circle, and that choice leaves all the poles and zeros outside the unit circle for H (z~ ). 

Consider the following example using he(t) = e~ at v(t). 



JT (W - J~ »d ft(-) = Z^ 



#«(*) = H c {s)H c (~s) 

[7+aj [~s + a\ 
1 /2a 1/2q 
~ s+a s~a 



*(*) = 



if a > 0, then 



T d /2a 



T d /2a 



I _ e -*T dz -l ~ I _ caTtz-1 

T d [l - e" 7 ^" 1 - 1 + e-^'z- 1 ] 
~ to (l-e-« T 'z- l )(l-e aT <z- 1 ) 

T„ (e- aT " - e aT< ) *-' 

" to (1 - e-^z-^l - e^z" 1 ) 

T d (** Td - e- aT <) z- 1 

~ to (1 - e-* T *z- l )(l - e- aT ^z)e aT *z- 

T d (1-e- 207 "-) 



2a(l-e—^z- 1 )(l-e-° T *z) 



AN = \/g(i-«- 2oT ')(^ aT ') n «H 



(b) Since l^cO'ft)! 2 = *cO'n) *»<* *(«*') = *(e**)F(e-*') = |ff(e*")| 9 , we see that since tfm] = 
T d <p c [mT d ), 

Therefore, if * e (jft) s for |fl| > £, then *(*''"') a: *< (it) ""* I W)!* = K 0*0 1 ' 

(c) tfo. We could always cascade #{z) with an allpass filter. The new filter is different, but has the 
same autocorrelation. 
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7.45. (a) Since the two flow diagrams are equivalent we have 

z _1 — a 1—az 



z- 1 = 

Z - 



1 -<xz' 
z — a 



l-az 



B{z) = H lp {Z)\ z=iEh = H ip (j=£) 
(b) Let Z = e iS and z = e> u . Then 



Z~ l 


— 


1 - az- 1 




e">» 


= 


e~' u - a 
1 - ae~i» 




->« _ at-i'e-*" 


= 


t~ iu - a 




e-^Cl + Qe - ^) 


= 


c-i" + a 




e -iw 


= 


e~'* + a 
1 + ae~>« 








«-** + cr 


1 -I- ae>* 



Using Euler's formula, 



1 + at-i* 1 + a«J fl 
_ e~>* + 2a 4- aV* 
~ l + 2acas0 + a 2 

eos0— j'sinfl + 2a + a 2 castf + ja 2 sin i 

l + 2acos0 + a 2 
2a + (l + a 2 )cosg + j((a 2 - l)sinflj 
l + 2acos« + a 3 



Noting that -w = tan -1 [te?W]' 



— w = tan" 



w = tan- 



fa 2 -l)sin0 



2a + (l + a 2 )costf 
(l-a 2 )sin0 



^a+fl + o^Jcosf 
This relationship is plotted In the figure below for a = 0, ±0.5. 

Warping of the frequency scale, LPF to LPF 
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Although a warping of the frequency scale is evident in the figure, (except when a = 0, which 
corresponds to Z~ x — z -1 ), if the original system has a piecewise-constant lowpass frequency 
response with cutoff frequency 6 P% then the transformed system will likewise have a similar lowpass 
response with cutoff frequency w p determined by the choice of a. 



, _ F j — 

„ -tan-» f (I-^Sin^) 1 



(c) 



m 



*]■ 



H „<z> i 



0.9 

— «— 



->¥ln] 



>r" 



-—■ 




■ 


i 


H(z) 


z- 1 
0.9 


-1 

— 
a 


z- 1 











■m 



Looking at the flow graph for H{z) we see a feedback loop with no delay. This effectively makes 
the current output, y[n], a function of itself. Hence, there is no computable difference equation. 
(d) Yes, the flow graph manipulation would lead to a computable difference equation. The flowgraph 
of an FIR filter has a path without delays leading from input to output, but this does not present 
any problems in terms of computation. Below is an example. 




*r>]- 



»ytn] 



H{Z) -1 



•Vt«>J 



The transformation would destroy the linear phase of the FIR filter since the mapping between 6 
and u> is nonlinear. The only exception is the special case when a = 0, i.e., when 6 — u. 
Since there are feedback terms in the transformed filter, it must be an IIR filter. It therefore has 
an infinitely long impulse response, 
(e) Since the two flow diagrams are equivalent we have 

, _, 2"'-o _, 1 — az 



Z = z 



1 — az' 
2 — a 



1-az 



Letting Z = e** and z = e*" we have, 



1-aeJ" 

c<M e*» - a 1 - oe-J" 
~ 1 - aeP" ' 1 - ae->« 

= & z ~r 

1 — 2a cos u + a* 
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Using Euler's formula, 



it ^ JM (l+a 2 )co5^-2a + j(l-a a )sinw 
~ 1-2OC0SW + 0T 2 



Noting that B = u> + tan" 1 [£=££] , 

-i f (l-o?)sin« ] 




jc e 



We see from the plot of w versus that a lowpass filter will not always transform into a lowpass 
filter. Take, for example, the case when the original lowpass filter has a cutoff of $ = r/2. With 
a = it would transform into an allpass filter. 



7.46- (a) Since 



y[n] = {2x{n\-h[n]*x[n])*h[n) 
= (2h[n)-k[n}*h[n])*x[n] 



the new transfer function is 



y(n] = 2h[n] - h[n] * h[n] 
(i) It is FIR since the convolution of two finite length sequences results in a finite length sequence, 
(ii) Note that the term h[n] * h[n] is symmetric since it is the convolution of two symmetric 
sequences. Therefore, g[n) must be symmetric since it is the difference of two symmetric 
sequences. 
(b) The frequency response for G(eJ") is 

G(e> w ) = 2flV") - H{e^)S(t^) 
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G(0 




H<e»") 



As shown above, if the passband of H(e i "') is the region [1 - 6\ , 1 + Si], then the passband of G(eP") 
is in the region [1 - S\, 1] which is a smaller band. However, the stop band gets bigger since it 
maps to [-2*2 - <S|, 26 2 - &Q. 
Thus, 

A = (1-tf) 

B = 1 

C = -2*2-^ 

D = 25a -5| 



If <5i « 1 and ^ <£ 1 then, 



(c) Since 



Maximum passband approximation error » 
Maximum stopband approximation error « 2<5j 



y[n] s (3x[n}~2x[n]*h{n})*h[n}*h[n] 

= (3/i[n] » h{n] - 2k[n] * ft[n] * h[n]) * x[n] 



the new transfer function is 

A sharpM = 3 *H * %] " 2h[n] * h[n] » fe[n] 

and so 

tf sharp(^) = 3ff(e>-) 2 - 2£f(O s 

The new tolerance specifications can be found in a fimil*T manner to the last section. We get, 

A = 1-&1-261 

B = 1 

C = 

D = 3*? + 25f 



If <5 X < 1 and (5s « 1 then, 



Maximum passband approximation error % 
Maximum stopband approximation error s* 
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(d) The order of the impulse response h[n] is M. Since it is linear phase it must therefore have a delay 
of y samples. To convert the two systems we must add a delay in the lower leg of each network 
to match the delay that was added by the first filter. 



«cm- 



htn] 



<$T 



h[n] 



»y(nl 
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h[n] 
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h[n] 




h{n] 
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The restrictions on the filter that carry over from part (a) are that it have 
(i) Even symmetry 
(ii) Odd Length 

Hence, Type I FIR filters can be used. 

The length of h[n] is 2L+ 1. Since the term that is longest in the twicing system's impulse response 
is the h[n] * h[n) term, the length of g[n] is 41. + 1. Since the term that is longest in the sharpening 
system's impulse response is the h[n] * h[n] * h[n] term, the length of ^snarp[ n ] is 6£ + 1. 

7.47. We know that any system whose frequency response is of the form 

l 

fc=0 

can have at most L — 1 local maxima and minima in the open interval < w < it since it is in the form 

of a polynomial of degree L. 

If we include all endpoints of the approximation region 

{0<M<u>„}U{w, <M<»} 
then we see we can have at most L + 3 alternation frequencies. 

If the transition band has two of the local minim* or maxima of A e (e J<J ), then only L - 3 can be in the 
approximation bands. Even with all four endpoints of the approximation region as alternation points, 
we can only have a maTrimnm of L + 1 alternation points. This does not satisfy the optimality condition 
of the Alternation Theorem which requires at least L+2 alternation points. It follows that the transition 
band cannct have more than two local minim* or maxima of Af(e^ u ) either. 

If the transition band only has one of the local minima or maxima of A e (e jw ), then the error will not 
alternate between u/ p and u/ ( and they cannot both be alternation frequencies. In this case, only L - 2 
of the local minima or maxima of Ac{e? w ) are in the approximation bands. If we add the maxi mum of 
three band edges to the total count of alternation frequencies we get L + 1, which is again too low. 
Therefore, the transition band cannot have any local minima or """"» and must be monotonic. 

7.48. (a) j4 t (e JW ) has 7 alternations of the error. If the approximation bands are of equal length and the 

weighting function is unity in both bands, why would the stopband have 1 extra alternation than 
the passband? The answer is that, if it were an optimal filter, it would not. The optimal filter for 
this set of specifications should have the same number of alternations in each band and therefore 
requires an even number of alternations. Since the optimal approximation is unique, the one shown 
in the figure cannot be optimal. 
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(b) A polynomial of degree L can have at most L - 1 local minima or maxima in an open interval. 
Since At(e* u ) has three local extrema in the interval from < w < jt, we know L > 4. 
Note that the optimal filter is half wave anti-symmetric if you lower its frequency response by one 
half, i.e., 

A fcw (e*") = -A hv> (e*~ w) ) 

where A hu (e> w ) = Hoj,t(e? w ) - 1/2. Another way of saying this is to say that the optimal niter is 
anti-symmetric around u = tt/2 after lowering the response by 1/2. This property holds because the 
optimal filter has symmetric bands with the same number of alternations. Plugging in A^i**") = 
Hoptie 3 ") — 1/2 into the above expression gives 



H ^(O = 
hvptln] = 

This condition implies that 



- [#** («*— ') - 1/2] 

-tfo* (e*"— >) + 1 



loptln] = { 0, n even, n / 



0.5, 
A sample plot of /iopj[n] appears below, for 1 = 6. 

1/29 



-3 -2 



n = 



T 



h c^ 



-e — 1 — ©- 



Note that because /^[n] = for n even, n^O.a plot of ho»rf[n] for L = 5 would have the same 

nonzero samples, and therefore be equivalent. So the optimal filter with L = 6 is really the same 

filter as the case of L — 5, just as the optimal filter with L = 4 is the same filter as the case with 

1 = 3. 

We know the filter non-optimal filter has 7 alternations. The optimal filter should be able to meet 

the same specifications, but with a lower order. Prom part (a), we know the number of alternations 

must be even. Thus, the optimal filter for these specifications will have 6 alternations. 

An optimal lowpass filter has either L + 2 or L + 3 alternations which means L — 4 or L = 3. 

However, we showed above that these are really the same filter. Since the optimal filter has L — 4, 

the filter shown in the problem cannot have 1 = 4. 

Putting it all together we find L > 4 for the filter shown in the figure. 



7.49. (a) 



^efftW - ±H(e> nT )H (JWrUn) 



■{ 



2sin(*f) 
(IT 



H (J™) c-W, 



otherwise 
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(b) The delay of the linear phase system is 51/2 = 25.5 samples since it is a linear phase system of 
order 51. Therefore, the total delay is 

Delay = 25*^5? + 05T 
= 26T 
= 2.6 ms 

{c) Hit? *) should cancel the effects of H {jtt). However, to cancel the effects of the delay introduced 
by Ho{jQ) would require a noncausal filter which is not practical in this situation. Using the 
relation w = (IT, 



[ 0, 0.4* < \ut\ < 



To obtain equiripple behavior in HggijO), we need to weight the error so that the ripples grow 
with /fj(e J< "). Then when we multiply by H (jtl) the ripples will be decreased to an equal size. 
Therefore, we need 



1, 0.4* < M < ! 



W(ffi) 




0.2k 0.4it 




H(e^ 



H(0 




0.2b 0.4s 



(d) If H r (jQ) is also sloping across the band, |ft| < */T, we would combine its effects with those of 
Ho(j£l) and compensate as in part (c), Le., 



iW) 



f * 1 



M < 0.2* 
0.4* < |w| < * 



This would take care of the distortion due to \B r {jtt)\ but not of any phase distortion. The 
weighting function will change in a similar manner. 



7.50. (a) To avoid aliasing, we require 

Mu, < it 

M < * 

So the maximum allowable decimation factor is 

Mmax — — 

(b) 



(c) 



0.9JI/100 Ji/100 
1/1001 



Y(0 



v,«h 



0.97t/100 u> 



S1 



W^eh 



1/50 
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0.9n it co 



0.457t 



50©. 
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1/50 



v 2 («>> 



1/100 



0.45k 0.5k 



0.9k n (■) 

(d) After the first decimation by 50 is performed, Wi{e? u ) should look like the following: 



1/50 




0.45b 



506). 



x 2k-50oj 



si 



1.557t 
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Since we allow aliasing to occur in the transition bands, we have 

50^,, < 1.55* 
w,, < 0.031* 

(e) Using <5 P = 0.01, 6, = 0.001, Aw = 0.001* we get 

-101ogio(0-QI * 0.001) - 13 



N = 



2.324(0.001*) 



+ 1 



=: 5069 



In general, the number of multiplies required to compute a single output sample is just A'. For 
a linear phase filter, however, the symmetry in the coefficients allow us to cut the number of 
multiplies (roughly) in half if implementing the filter with a difference equation. The following 
is an example of how this is accomplished using the simple Type I linear phase filter h[n] = 
0.25<S[n] + 5{n - 1] + 0.25J[n - 2]. 

jj[n] = Q.25a:[nj + x\n - 1] + 0.25i[n - 2] (2 multiplies) 
= i[n - 1) + 0.25(x[n] + x[n - 2]) (1 multiply) 

The procedure is similar for the other types of linear phase filters. 
Thus, we need 2535 multiplies to compute each sample of the output, 
(f) We have 

N _ -101og lo (0.01 x 0.001) - 13 
1 2.324(0.031* - 0.009*) 
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sr 232 

N = -101ogio(0-01x 0.001) -13 , ! 
2 2.324(0.5* - 0.45*) 

=r 103 

If we again use linear phase filters we find 

116 multiplies to get each sample of vi[n] 

multiplies to get each sample of v>i[n] from t>i[n] 

52 multiplies to get each sample of V2[n] from u»i [n] 

multiplies to get each sample of y[n] from t^n] 

The total number of multiplies is 168. 
(g) We have 



M = 



N 2 = 



-101og 10 (0.005 x 0.001) - 13 

2.324(0.022*) + 

251 

- 10 log 10 (0.005 x 0.001) - 13 
2.324(0.05*) 
~ 111 



+ 1 



Therefore, we have a total of 126 + 56 = 182 multiplies per output point. 
(h) No. Since 6, <£ 1 we have 8* < 5, which means the stopband ripple is getting smaller. Thus, we 
could actually increase the specifications. 

(i) Performing a similar analysis on the other possibilities yields 



Mi 


M 3 


Multiplies per output 


50 


2 


182 


25 


4 


156 


20 


5 


172 


10 


10 


291 


5 


20 


557 


4 


25 


693 


2 


50 


1375 



Thus, the choice Mi = 25 and Mi — 4 yields the minimum number of multiplications for this 
example. 



7.51- (a) 



hi [n] = h[n] + ^[n - no] 

Hi{t? u ) = H{e> u ) + fee-*""* 

= A t {^")e~ ium * + fee-*-"* 

- 

iW) 



Hi{c iu ) is real since At{c* u ) is real and oj is real. It is nonnegative since A t {e ilJ ) > -h- Note 
that #3 («-"") is an even function ofu and is a zero-phase filter. 

(b) H^e*") is a zero-phase filter with real coefficients. Thus, a zero at z k implies there must also be 
zeros at z' k , l/z k> and l/z£. In addition, a zero on the unit circle must be a double zero because 
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both its value and its derivative is zero. Note that this last property is true for ■Hife^"') but not 
for Me*"). We can write H 3 {z) as 

H i {z) = H 7 (z)H 2 {ltz) 

where H 2 {z) contains all the complex conjugate zero pairs inside the unit circle and Hi{ljz) 
contains the corresponding complex conjugate zero pairs outside the unit circle. We factor one of 
the double zeros on the unit circle and its complex conjugate zero into Hi{z). The other pair on 
the unit circle goes into #1(1/2). 

Since H 2 {z) has its zeros on or inside the unit circle it is miniwuiTn phase (we allow minima 
phase systems to have zeros on the unit circle in this problem). Since the zeros occur in complex 
conjugate pairs, h 2 [n) is real. 

(c) 

A c (e*") + 62 
a? 

where a = yw t +Wi-= fa±*t. gince 1 - <5j < A t \j u ) < 1 + *i in the passband and -6 3 < 
Ati 6 *") <&2'w the stopband, we have 



< l«min(c J }| < , u) € passband 






Therefore, 



< W^ieT)] < J —4-, w € stopband 



1 |Vl+<5i +62 y/l - *i + h 



ft 



-11 

1-& . 1 1-61+62 



2<5j_ 



The original filter h[n] has order M. Therefore, hi[n] also has order M, but /ij[n] has order Af/2 
due to the spectral factorization. Since /imt»[n] has the same order as ^[n] we find that the length 
of >w[n] is Af/2 + 1. 

(d) No. If we remove the linear phase constraint, then the zeros of B 3 {z) are not distributed in 
conjugate reciprocal quads. It then becomes impossible to express 

Hi{z) = E 2 (z)H 2 (z' 1 ) 

where H 2 (z) is a minimum phase filter. 

No. It will not work with a Type II linear phase filter. In this case no = Af/2 is not an integer. 

7.52. (a) 

M 
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n=0 n=(M+l)/2 

(M-D/2 («-!)/* 

n=0 m=0 
'(M-D/2 



e -j»U/2 



n=0 n=0 



Then 



(M-D/2 
_ e -j«u/» £ 2A[n]cosu;(M/2-n) 

_ e ->«w/2 £ 2/i[^-n]cosw(n-i) 



(M+D/2 

H(^) = e">- w/! ^ *[n]cosw(n-l/2) 



where b[n] = 2/i[(M + l)/2 - n] for n = 1, - . - , (M + l)/2. 
(b) Using the trigonometric identity 

cosQcos/3 = - cos{a + j9) + - cos(cr - /3) 

we get 

*f-I M-l **^i 

cos(w/2) ]T fc[n] coswn = ^£ fr[n]cosu;(n+ ±) + ^ £6[nlcosu>(n - £) 



n=0 



MtI 



= J £ *t n ~ ^ C0Sw(n " a* + 2 £ *^ cos w(n - J) 

n=l «=> 

+ ib(0] cosw/2 - jfc[^] coswM/2 
= - £ (i(n] + \n - 1]) cos«(n - \) + |b[0] co«*/2 - §6[^j coswM/ 

n=l 

Since this last expression must equal 

Yl b[n]a*v{n - *) 

n=l 

we can just match up the multipliers in front of the cosine tenns of the two expressions. We get 

Sji] -t- a£[oi n = 1 



ft[n]»| JM + fo-11, 2<n<*fi 



2 ' 



1 2 
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(c) Consider 






where we have defined 






H d {e iu ) ~ cos(w/2) J2 5fo]coswn 

I 



2 



We also see that 



(d) Type III filters: 



cos(w/2) 
W(w) = W(w)cos(w/2) 

min ^ max{-} > •*=* min < max{ } > 



Jf/2-1 



Then 



n=0 n=Af/2+l 

if/2-1 if/2-1 

Af/2-1 

n=0 

if/2-1 

= e - ***' 8 Y, {-2j)h[n]siau>(n-M/2) 

n=0 
if/2 

_ e - iv u jt J2 2jh[M/2 - m] sin wm 



if/2 



#(«>) = e -J" M / 2 ^ c(n] sin urn 



where c[n] = 2jh[M/2 - n] for n = 1, . . . , M/2. 

If we follow a similar analysis as the one in part (b) we get 

sinw Y^ c[n]coswn = r 5J c[n]sinw(n + 1) — -r 2J c[n]sinw(n - 1) 



275 



n=l »=1 

+ ^c[0] sin w + ^c(f ] sin wAf/2 

1 * 11 

= - 51 ^ n ~ *1 ~ £ W) sin wn + -c[0] sin u + -^f] sin wAf/2 



Matching terms we get 

2cf0]-c[l] 



r 2<m-m t nasl 

n] J ^- 1 )- c >], 2<n<M_! 



*f-l] 



2 



2 ' 
In a manner similar to that of part (c) we can find 

i - *-. 

SWUJ 

W{u>) = W(w)sinw 
F = F 

Type IV filters: 

U 



Then 



H(t**) = ^/i[n]c-> wn 

n=0 

(M-D/2 U 

n=0 n=(M+l)/J 

(W-D/2 (M-l)/2 

= £ %}«" Ju "- £ A[m] e -*"" M - m > 

n=0 flisC 

(Af-I)/2 

n=0 

_ € ->«Jf/a £ (-2j)fe[n]sinw(n-A//2) 

n=0 

= e ->w«/2 £ 2jht(M+l)/2-m3sinw(m-l/2) 



<M+x)/3 
Hie**) = *-*""!* £ d[n]sinw(n-l/2) 
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where rf{n] = 2jh[{M + l)/2 - n] for n = 1, . . . , (M + l)/2. We an. find 



d[n}=< 



|n-l]-rf[nj 



n = l 



■ 2<n< 



L 2 ' 






2 



sinw/2 
I^<w) = W{w)sinw/2 
F = F 



7.53. (a) The flow graph for At(z) looks like 



Hn]- 



3 O-Sfz+z" 1 ) 



O.Sfe+i" 1 ) 



"■Ui 



0.5(2+2") 



(b) The filter length is 1L + I. The causal version of the flow graph looks like 



>*>]■ 



0.5(1 +z"") 



* 0.5(1 +Z"" 2 ) 



* O-SfUz - *) 



(c) The flow graph for B c (z) looks like 



»y[n] 



v\ 



-»/lnJ 



x(n] 







a 1 


__> 










' a o 








O-SfZ+Z -1 ) 














— » ; — 






-> 



'A-i 



O-Sfz+z" 1 ) 



'A 



-**>] 



The filter length is still 21 + 1. The modified flow graph looks like 
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m- 



v 

— »- 



O.SO+z"*) 



"\- 



— >- 



0.5(1 +z^) 



"\ 



(d) Because Z = e>* and z = e> w we have 



= cto + ai 



R^] 



COS0 = Oo + OiCOSW 
COS0 — Oo 



cosw = 



Qi 



W = COS 



-1 f cos & - Qq \ 



-»y» 



. jcos0-ao| 
for < 1 



(e) 
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a=0 



increasing 



cos{a>) 



-1 




The picture above shows the mapping for qo somewhere between and 1. The top right plot is 
the mapping of 

cos0 = Qo + (1 -Oo)cosw 

We see that as ao increases, the transformation pushes the new passband further towards ir. The 
new filter is not generally an optimal filter since we lose ripples or alternations while keeping L 
fixed. (Note that some of the original filter does not map anywhere in the new filter). 
(f ) In a similar manner, this choice of Oo will cause the new passband to decrease with decreasing a®. 

7.54. (a) Let D k (z) be the z-transform of A<*>{x[nJ}. Then 

D {z) = Z{A°{x[n]}} = X(z) 

Dx{*) = Z{& l {*W)} = (*-*- 1 )X{z) 

D 3 {z) = £{A J {i{n]}} = (^-x- 1 ) 1 Jf( 2 ) 



D k (z) = Z{A*{x[n})} = (z-z- l ) k X(z) 
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(b) By taking the transform of both sides of the continuous-time differential equation one gets (assum- 
ing initial rest conditions) 

n u 

k=0 r=0 



Solving for H e (s) 



Similarly, 



H c {s) = 



X(s) 



ft U 

£>(* - z~ x ) k Y(z) = ^i r (z - z- l yx(z) 



H d {z) = 



r=0 



Y(z) 

4=0 



=* m(z) = z — z _1 
(c) First, map the continuous-time cutoff frequency into discrete-time and then make the sketch. 

5 = Z~ Z~ l 

il = f- = 2sin(w) = 1 



7.55. (a) Using DTFT properties, 



Hteh 



-s/6 n/6 



Mn] = H-n] 
#i<y w ) = H(e->") 



Since H(t>») is symmetric about u = 0, H(c-> u ) = J?(e>-). Thus, H^e*") = H(e~^) = ff(eJ u ). 
#(«"*'} is optimal in the minima* sense, so Hi(e* u ) is optimal in minimar sense as well- 
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W(e>-) = | W* 1 



< w < w p 

W f < W < T 



(b) Using DTFT properties, 



hM = (-1)"%J 
= (e-*) n M"3 

/fite*") is a high pass filter obtained by shifting H(e>") by ir along the frequency axis. H 2 {e> w ) 
satisfies the alternation thereom, and is therefore optimal in the minimal sense. 



HAe*) 



•{£ 



< u/ < w — u> t 

K — W D < W < IT 



^(^) = {J; 



< w < it — w, 

62/&I1 T — Up < U> < * 



(c) Using DTFT properties, 



h,[n] = /i[n]*h[n] 



In the passband, ^(e'") alternates about 1 + Sf with a maximal error of 2Sf. In the stopband, 
H 3 (e jw ) alternates about Jf/2 with a maximal error of S%/2. At first glance, it may appear that 
Ji 3 (e ]u ) is optimal. However, this is not the case. Counting alternations, we find that the original 
filter H(c' w ) has 8 alternations. 

We know that since Hie'") is optimal, it must have at least L + 2 alternations. It is also possible 
that H(e^ u ) has L + 3 alternations, if it corresponds to the extraripple case. So £ is either 5 or 6 
for this filter. Consequently, the filter length of h[n], denoted as A', is either 11 or 13. 

The filter h 3 [n] is the convolution of two length TV sequences. Therefore, the length of hi[n), de- 
noted as N\ is 2JV - 1. Since N is either 11 or 13, N' must be either 21 or 25- It follows that 
the polynomial order for h 3 [n], denoted as L\ is either 10 or 12. For h 3 [n] to be optimal in the 
minimaT sense, it must have at least V + 2 alternations. Thus, h 3 [n] most exhibit at least 12 alter- 
nations, for the non-extraripple case, or at least 14 alternations in the extraripple case to be optimal. 

A simple counting of the alternations in S 3 (e> u ) reveals that there are 11 alternations, consisting 
of the 8 alternations that were in H(e> u ) plus 3 where H(e? u ) = 0. These are too few to satisfy 
either the non-extraripple case or the extraripple case. As a result, this filter is not optimal in the 
wiinimjT sense. 



(d) 



Ii4[n] = h[n)-KS[n] 

This filter is simply H(e>") shifted down by K along the H*(e>") axis. Consequently, this filter 
satisfies the alternation theorem, and is optimal in the minima* sense. 
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H d (e> ) - | _ K Ut < w < , 

^ ' \ 1, W, <W< * 

(e) A 5 [n] is h[n] upsampled by a factor of 2. In the frequency domain, upsampling by a factor of 2 will 
cause the frequency axis to get scaled by a factor of 1/2. Consequently, # s (e i '") will be a bandstop 
filter that satisfies the alternation theorem, with twice as many alternations as H{e? u ). This filter 
is optimal in the minima* sense. 



w 



< u> < Wp/2 
JW) = { 0. <"*/ 2 < <" ^ * " w '/ 2 

IT - Wp/2 < W < T 



{<5 2 /*i, < w < w P /2 
1, w,/2 < u < * - w,/2 

62/61, 7T - Wp/2 < w < Jr 

7.56. We have an odd length causal linear phase filter with values from n = 0, ... ,24. It must therefore be 
either a Type I or Type HI filter. 

{a) True. We know either 

Type I Typeffi 

h[m] = h[24 -m] or h[m] = -h[24 - m] 

for -co < m < co since the filter has linear phase. Substituting m — n + 12 we get 

k[n + 12] = h[12 - n] or h[n + 12] = -h[12 - n] 

(b) False. Since the filter is linear phase it either has zeros both inside and outside the unit circle or 
it has zeros only on the unit circle. 

If the filter has zeros both inside and outside the unit circle, its inverse has poles both inside and 

outside the unit circle. The only region of convergence that would correspond to a stable inverse 

would be the ring that includes the unit circle. The inverse would therefore be two-sided and not 

causal. 

If the filter only has zeros on the unit circle, its inverse has poles on the unit circle and is therefore 

unstable. 

(c) Insufficient Information. If it is a Type m filter it would have a zero at z = -1 but if it is a Type 
I filter this is not necessarily true. 

(d) True To minimise the maximum weighted approximation error is the goal of the Parks-McClellan 
algorithm. 

(e) True. The filter is FIR so there are no feedback paths in the signal flow graph- 

(f) True. The filter has linear phase and 

arg[ff(e*")]=0-12w 
where = 0, x for a Type I filter or - */2, 3i/2 for a Type HI filter. The group delay is 

grd^O] = -£{arg[ff(e*<)]} 
= 12 
> 
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7.57. (a) The desired tolerance scheme is 



1W) = 



{o, o < M < o 
i, ws < M < 
0, w< < |u| < 



W 3 



(b) 



' 1 (orfc) (or£| 0<M<wj 
W(w) = < ' £ (or 1) (or fj) a* < H < "* 
fc (or £) (or 1) w 4 < H < * 



(c) From the Alternation Theorem, the minimum number of alternations is L + 2. 

(d) The trigonometric polynomial (of degree L) can have at most L — 1 points of local minima or 
maxima in the open interval between and x. If these are all alternation points and, in addition, 
all the band edges are alternation points, we find the maximum number of alternations is 

L-l+6=I+5 

(e) If M = 14, then L = Af/2 = 7. The maximum number of alternations is therefore 7 + 5 = 12. 
Typical E{u>) looks like : 

E(o» 6 




(g) 



(f) As will be shown in part (g), the 3 band case can have maxima and minima in the transition 
regions. It follows that we do not have to have an extremal frequency at w 4 - Therefore, if we 
started with an optimal maximal ripple filter and just slid ut over we may move a local minim um 
or maximum into the transition region, bat there will still be enough alternations left to satisfy 
the alternation theorem. Thus, the maximum approximation error does not have to decrease, 
(i) If a point in the transition region has a local minimum or maTim^m then there is the possibility 
that the surrounding points of ma-rimnm error do not alternate. Thus, we might lower the 
number of alternations by two. However, if we started with L + S alternations this reduction 
does not drop the number of alternations below the lower limit of L + 2 set by the Alternation 
Theorem. Therefore, local maxima and minima of A I (e' w ) can occur in the transition regions. 
Note that this is not true in the 2 band case. 
(ii) If a point in the approximation bands is a local minimum or maximum, the surrounding points 
of maxi mu m error do not alternate. Thus, a local minimum or maximum in the approximation 
bands implies that the total number of alternations is reduced by two. However, if we started 
with L 4- 5 alternations this redaction does not drop the number of alternations below the 
lower limit of L + 2 set by the Alternation Theorem. Therefore, we can have a local maTimum 
or minimum in the approximation bands. Note that in the 2-band case we drop from L + 3 to 
L +\ which violates the Alternation Theorem. 
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7.58. (a) In order for condition 3 to bold, G{z~ l ) must be an allpass system, since 

Z~ l = G{z~ l ) 
e->* = G(e-' u ) 

= [£<«-'") je^ c <«~ >- > 

Clearly, jC7(e~^' , ')| must equal unity to map the unit circle of the Z-plane onto the unit circle of 
the z-plane. 
(b) Consider one allpass term in the product, and note that a* is real. 

_-i _ 
Z~' = 



1-QiZ" 1 

The inside of the unit circle of the Z-plane is 

< \Z\ < 1 

Or equivalently, 

K|Z- 1 |<oo 

Substituting the allpass term for Z _1 gives 



1 < 



|1 -a*2- 1 1 

(1 - a t 2- l )(l - a k z" 1 ) < (z-t-aMz'-i-at) 
1 -Qtz' 1 - akz" 1 + a 2 k z~ l z'~ l < z~ l z'~ l -atz'" 1 -a**' 1 + a* 
(1-ftJ) < z-'z-^l-al) 

If (1 - a 7 k ) < 0, then 

1 > z~ x z~> 

1 > A 

1*1 > 1 

The inside of the unit circle of the Z-plane maps to the outside of the unit circle of the z-plane. 
This is not the desired result. However, if (1 - oj) > 0, then 

1 < z-V- 1 

1 < A 

1*1 < 1 

The inside of the unit circle of the Z-plane maps to the inside of the unit circle of the z-plane. This 
is the desired result. Thus, for condition 2 to be satisfied, 

1-aJ > 

l°*| 2 < 1 

This condition holds for the general case as well since the general case is just a product of the 
simpler allpass terms. 
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(c) First, it is shown that G{z~ l ) produces the desired mapping for some value of a. Starting with 
G(z->), 



Z~ l 


= 


1 - az- 1 


c->» 


= 


1 - ae->" 


i'-ae-'**-*" 


= 


e-^-a 


r^(i + at-' 9 ) 


= 


e" J * + a 


c-'" 


= 


e-S' + a 
1 + ae-'* 
t-*' + a 1 + ae i$ 




~ 


1 + a«-J* 1 + ae>* 






e-J'+2a + aV 






l + ^cosfl + a 2 



Using Euler's formula, 



cosfl - jsinfl + 2a + a? ca&6 + jai 2 s\n8 

l+2acos8 + a 2 
2a + (l+a ? )cos0 + j[(a a -l)sinfl] 



Noting that -w = tan" 1 [^fj, 



— u = tan" 



w = tan" 



(a 2 -l)sin* 



>* + <H-a 2 )cos0 
(l-er')sin0 



2a + (l+a*)cos0 



This relationship is plotted in the figure below for different values of a. Although a warping of the 
frequency scale is evident in the figure, (except when a = 0, which corresponds to Z -1 = z -1 ), if 
the original system has a piecewise-constant lowpass frequency response with cutoff frequency 8 P , 
then the transformed system will likewise have a similar lowpass response with cutoff frequency w f 
determined by the choice of a. 

Warping of the frequency scale, LPF to LPF 

CO 
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Next, an equation for a is found in terms of $ p and w p . Starting with G(z~ l ), 

e *** = - :— 

1 - ac-> u > 

t-i'r-ae-} 1 * <>-*■>* = e-'^-a 

e->** - e'*"' = a(e~ i( *' +fc, ' ) - 1) 
e -i» r _ e -i<", 
a ~ e -j'(*,+w,) _ i 

c -j(«,+*,)/2( e -j(»,-«,)/2 _ e>(«,--,)/2) 
= e -j(*,+u.,)/2( c -j{»,+«,)/2 _ e >(*,+«,)/2) 

-2jsin[(g p -a;p)/2] 
-2jsm{(0 p +w p )/2] 
sm[(9 p - hi,)/2] 
«in[(0, + w,)/2] 



(d) Using the equation for w found in part c, with 6 P = x/2, 

fa/„ = tan" 



0) 



w = tan' 



-Pi?] 

., [ 1 - (-0.2679) 2 ] 
[ 2(-0.2679) J 



_, / 0.9282 \ 
*" (=05358 J 



(«) 



= 2sr/3 



= tan' 



-i[ i-(Q) 2 l 

i 2(0) J 



= tan" 1 (oo) 

= w/2 



(iii) 



m v = tan 



. x r i - (0.4142) 2 ] 
[ 2(0.4142) J 



= taa~ l {l) 

= tt/4 

(e) The first-order allpass system 

G{z~ l ) = - 



1 + oa- 1 

satisfies the criteria that the unit circle in the Z-plaae maps to the unit circle in the z-plane, and 
that = maps to w = *. Next, a is found in terms of 6 P and u> p . 

z-i = *"'+<* 

1 + 02-1 
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p-j»p = - 



«-■»"* + a 






1 + ae-J"' 



Q = — 



1 + c-><"' + '*» 

e -j(«,+«,)/2( e -i(-«,+*,)/2 + e -j(«,-*,)/I) 

cos[(^ p -g p )/2] 
cos[(w p + e p )/2] 



(f ) First, an equation for w is found in terms of 6 and a. 

' +Q 



Z _1 


— 


1 + az- 1 


e-" 


= 


C _J " + Q 

1 + ae"-' w 


_ e -* _«-*«+•> 


5S 


e-*" + a 


e-^(l + ac^*) 


= 


-«-* - a 


_ c -jm, 


_ 


e->' + a 
1 + ae->« 


e -i(«-») 


= 


e" J * + a 1 + ae J * 
1 + ae-J* 1 + cte->* 






e -'*+2a + aV* 



l + 2acos0 + a 2 
cosfl - j sin0 + 2a + a 2 cosfl + jo 2 sintf 

1 + 2o cos + a 2 
cos g 4- 2a + a 2 cosg+ j(- sing + a 2 sing) 
l + 2acos0 + cr 2 



Therefore, 



-w + ir = tan" 



w = tan" 



(a 2 -1) sinfl 



2a + (l+a 2 )cos0] 
(l-a 2 )sing ] 



2a+(l+cr 2 )cos0, 



+ * 



Note that this lowpass to highpass expression is the similar to the lowpass to lowpass expression 
for u found in part (c). The only difference is the additive jt term, which shifts the iowpass filter 
into a highpass filter. The frequency warping is plotted below. 
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Warping of the frequency scale, LPF to HPF 

6) 




3n/2 



n e 



For 6 P = */2, this becomes 

(i) 



u> = tan 



'[^H 



u D = tan 



+ JT 



x [ 1 - (-0.2679)' ] 
[ 2{-0.2679) J 
_, / 0.9282 \ 

= 2*/3 + * 
= 5*r/3 

The right edge of the low pass filter gets warped to 5tt/3, which is equivalent to -jt/3. The 
frequency response of this filter appears below. 



(ii) 



-Jt/3 



w„ — tan 



ji/3 



■i[ l-(0) ; ] 
1 2(0) J 



= tan -1 (oo) + * 
= */2 + * 
= 3*/2 

The right edge of the low pass filter gets warped to 3jt/2, which is equivalent to -»/2. The 
frequency response of this filter appears below. 



288 



(iii) 



-k/2 



*!2 



u = tan 



= tan 



-i r- l-(0-4142) 2 | 
[ 2(0.4142) J 

. ^0.8284 \ 
(o^284J +,r 



= x/4 + * 

= 55T/4 



The right edge of the low pass filter gets warped to 57r/4, which is equivalent to -3tt/4. Tte. 
frequency response of this filter appears below. 



-it -3il/4 



3n/4 ji 0) 
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Solutions - Chapter 8 
The Discrete-Time Fourier Transform 
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S.l. We sample a periodic continuous-time signal with a sampling rate: 

* 2ir T 10~ 3 

(a) The sampled signal is given by: 

x[n] = x e (nT) 

Expressed as a Discrete Fourier Series: 

We note that, in accordance with the discussion of Section 8.1, the sampled signal is represented 
by the summation of harmonically-related complex exponentials- The fundamental frequency of 
this set of exponentials is 2*/N, where N = 6. 
Therefore, the sequence x[n] is periodic with period 6. 

(b) For any bandlimited continuous-time signal, the Nyquist Criterion may be stated from Eq. (4.14b) 
as: 

F. > 2F N , 

where F, is the sampling rate (Hz), and Fn corresponds to the highest frequency component in 

the signal (also Hz). 

As evident by the finite Fourier series representation of z c (t), this continuous-time signal is, indeed, 

bandlimited with a maximum frequency of F n = ^py Hz. 

Therfore, by sampling at a rate of F, = —^ Hz, the Nyquist Criterion is violated, and aliasing 

results. 

(c) We use the analysis equation of Eq. (8.11): 

From part (a), x[n] is periodic with N = 6. 
Substitution yields: 

n=0 \m=-» / 

= £ E o m e* a */ , " m -*>" 

n=0m=-9 

We reverse the order of the summations, and use the orthogonality relationship from Example 8-1: 

9 co 



.*[*] = 6 £ a™ ^ 6[m-k + rN) 



m=— 9 



Taking the infinite summation to the outside, we recognize the convolution between Om and shifted 
impulses (Recall t„ = for \m\ > 9). Thus, 

X[k] = 6 f; o*_ 6r 
Note that from X[k], the aliasing is apparent. 
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8.2. (a) Using the analysis equation of Eq. (8.11) 



x[k] = i £*w!r 



Since i[n] is also periodic with period 3JV, 

JAf-l 

Xt{k) = E^^N 



n=0 
N~l 



2N~1 



JJV-1 



= E *w w & + E *w^»n + E *ww& 

n=0 n=N n=JAT 

Performing a change of variables in the second and third summations of Xs[k], 



JV-l 



n=0 n=0 n=0 

Since x [n] is periodic with period N, and Wffi = Wj/ , 



"{ 



3J?[fc/3], * = 3* 
0, otherwise 

(b) Using N = 2 and i[n] as in Fig P8.2-1: 

x[k] = J^shwjt 

11=0 

n=0 

= i[0] + x[l]e-' w * 
= l + 2(-l) 1 

3, Jfc = 
-1, * = 1 
Observe, from Fig. P8.2-1, that x[n] is also periodic with period 3JV = 6: 

3N-1 

x 3 [k] = e*w»® 

n=0 

= (l + e->**+«-'**)(l + 2(-l)*) 
= (1 + «"*** + e-'**)J?[*/3] 

{&, Jb = 
-3, Jfc = 3 
0, k =1,2,4,5. 



"I 
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8.3. (a) The DFS coefficients will be real if x[n] is even. Only signal B can be even (i.e., x B [n] = x B [-n]\ 
if the origin is selected as the midpoint of either the nonzero block, or the zero block). 

(b) The DFS coefficients will be imaginary if x[n] is even. None of the sequences in Fig P8.3-1 can be 
odd. 

(c) We use the analysis equation, Eq. (8.11) and the closed form expression for a geometric series. 
Assuming unit amplitudes and discarding DFS points which are zero: 

1-cJ* 4 * 
l-c>* k 



1 - e*«* 

_ y* (V«* n - e3m*+4)\ 

1 - e?* k 

= 0, Jt = ±2,±4,... 

8.4. A periodic sequence is constructed from the sequence: 

x[n] = a"u[n] , \a\ < 1 

as follows: 

oo 

x[n] = £ x[n + rN] , |o| < 1 

r=— oo 

(a) The Fourier transform of x[n]: 

n=-oc 

00 

. M < l 



"-— Jam 
1 



1 - ae->" 
(b) The DFS of x[n]: 
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(c) 
8.5. (a) 



(b) 



= EE *{n + rN]W N " 

n=0 r=— oo 
N-l oo 

= J^ Y, t* n+r/, u[n + rN)Wfr 

N-l oo 

Rearranging the summations gives: 

oo N-l 

X[k] = ^a r "^a n H'* n 

r=0 n=0 

*w = 1 _ ar Uw i tt ' <1 

Comparing the results of part (a) and part (b): 

X[k)=X(^)l =3wk/N . 



x\n) = S[n] 
N-l 
X[k] = ^%]^ n , 0<fc<(AT-l) 

n=0 
= 1 



x[n] = $[n - no], < no < (N - 1) 

N-l 

X[k] = ^Z^n-no]^", 0<*<(JV-1) 

= W^" 



(C) 



z[n] 



■I 



1, n even 
0, nodd 

N-l 

£>[njW**\ 0<k<(N-l) 



n=0 

<N/2)-l 

E "# n 

1 _ e ->2»* 



*M 



■f 



1 _ e -j(*k/N) 

N/2, Jfc = 0,JV/2 
0, otherwise 
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(d) 



i[n] = i *' °^ n ^ ({N ™ ~ V 
\ 0, N/2<n<{N- I) 

N-l 

X[k] = 5%[n]W#». 0<*<(JV-1) 

n=« 
(*/2)-l 

= £ ^" 

nzO 
1 - «->** 




* = 

A: Odd 



1 _ e -H2*k/U) ' 

0, A even, < i < (N - 1} 



. , ( a n , 0<n< 

1"] = „ 7 " 

[ 0, otherwise 



(JV-1) 
otherwise 

*l*] = £> n W#\ 0<k<{N-l) 



X[k] = 



n=0 

1 - a N e -#** 

1 - oe->< 2 **>/ w 

1-a" 



1 _ oe->(2>r*)/N 

8.6. Consider the finite-length sequence 

I[n]= /^". 0<n<(*-l) 
[ 0, otherwise 

(a) The Fourier transform of x[n]: 

X{t*<) = £ *[«]«->"» 

fl=— oo 
N-l 

X(e> u ) = — 1 

1 - e -H>*-<**) 



(b) N-point DFT: 



e -j{«-«,)/2 ^ «ill[(w-«^)/2] ) 

X(j») - „-j("-*H(*-i)/a> ( nn[{w - wq)W2)1 \ 



w-i 
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AT-l 



= 5Z ^"'"Wj? 
n=0 

1 _ e -H(lnk/N)~ ult )N 

_ ,V^_^ ( ^ sinf(^-a*)g] 
~ ' sin[(^-u*)/2] 



Note that *[*] = X<e**)U (airJb ) /N 
(c) Suppose wo = (2irko)/N, where &o is an integer: 

1 _ e -j(k~ko)2w 



X[k] = 

.~H2w/N)(k-k,)UN-l)/t) 

sin(*(* - kc)/N) 



I _ e -j(k-k,){2*)/N 

- t -i(2*/mik-k.\(tN-i\n\ sjair{k - kg) 



8.7. We have a six-point uniform sequence, x[n), which is nonzero for < n < 5. We sample the Z- transform 
of x[n] at four equally-spaced points on the unit circle. 

X[k] = X(z)\ t=t w.> 
We seek the sequence xi[n] which is the inverse DFT of X[k\. Recall the definition of the Z-transform: 

x(z)= f; *[„]*- 

Since x[n] is zero for all n outside < n < 5, we may replace the infinite summation with a finite 
summation. Furthermore, after substituting z = eJ' 2x */*), we obtain 

b 

X [k] = ]T x[n]Wt n , < k < 4 

n=0 

Note that we have taken a 4-point DFT, as specified by the sampling of the Z-transform; however, the 
original sequence was of length 6, As a result, we can expect some aliasing when we return to the time 
domain via the inverse DFT. 

Performing the DFT, 

X[k] = H? fc + W* + W 4 " + W? + W? + W<", < Jt < 4 

Taking the inverse DFT by inspection, we note that there are six impulses {one for each value of n 
above). However, 

W? = W? and W? = W%, 

so two points are aliased. The resulting time-domain signal is 



2 2 

*i[n] 

1 1 



11 



-10 12 3 4 5 6 



297 



8.8. Fourier transform of x[n] = (l/2) n u[n): 



■ m 



n=0 

1 



1 - ie-J- 



3< 

Now, sample the frequency spectra of x[n): 

Y[k] = X(«*-)U2«*/io, < Jb < 9 



We have the 10-pt DFT: 



Recall: 



So, we may infer: 



*W " m^. ' •*'*• 



n=0 
^2/ N-pt l_l c -j(l»* 



7nJ 



8.9. Given a 20-pt finite-duration sequence i[nj: 

(a) We wish to obtain ^(e ><J )L = 4 T / 5 using the smallest DFT possible. A possible size of the DFT is 
evident by the periodicity of e^L-^/s- Suppose we choose the size of the DFT to be M = 5. 
The data sequence is 20 points long, so we use the time-aliasing technique derived in the previous 
problem. Specifically, we alias x[n] as: 

r=—ac 

This aliased version of x[n] is periodic with period 5 now. The 5-pt DFT is computed. The desired 
value occurs at a frequency corresponding to: 

2wk _ Air 

N ~ 5 

For N = 5, it = 2, so the desired value may be obtained as A'[Jt]| t=2 . 

(b) Next, we wish to obtain X{^ u )\ um io,/xr- 

The smallest DFT is of size L — 27. Since the DFT is larger than the data block size, we pad x[n) 
with 7 zeros as follows: 

. , f x[n], 0<n<19 

x 2 [n] = < *" ~ 

[ 0, 20 < n < 26 

We take the 27-pt DFT, and the desired value corresponds to X[k] evaluated at Jt = 5. 
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8.10. From Fig P8.10-1, the two 8-pt sequences are related through a circular shift. Specifically, 

*2[n] = *xl((n-4)),j 



From property 5 in Table 8.2, 
Thus, 



T>rr{x 1 [an~4)) t ]} = W* k X l [k] 



X 2 [k] = WfXxlk] 

x 2 [k) = (-i)'jfi(ii 

8.11. We wish to perform the circular convolution between two 6-pt sequences. Since zj[n] is just a shifted 
impulse, the circular-convolution coincides with a circular shift of Xx[n] by two points. 



y[n] = *i[i»K§>a[n] 
= *i[((n-2))«] 



• — 


5 1 

1 


6 

f ^ 
2 t 1 



vW 



8.12. (a) 



transforms to 



-101234567 



x[n] = cos( y), < n < 3 



X[k) = 1 £ i c s&)Wt, 0<*<3 



The cosine term contributes only two non-zero values to the summation, giving: 

X[k] = l-e-'"*, 0<fc<3 
= 1-W" 



(b) 



h[n] =2", < n < 3 



H[k] . = £ TW* 1 , < k < 3 
= 1 + 2K? + W? + 8W?* 
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(c) Remember, circular convolution equals linear convolution plus aliasing. We need JV>3 + 4-l = 6 
to avoid aliasing. Since N = 4,we expect to get aliasing here. First, find y[n] = x[n] * h[n): 



2 t 



y[n] = x[n] * h[n] 



-10 12 3 



4 
-4 



5 6 7 



For this problem, aliasing means the last three points (n = 4, 5, 6} will wrap-around on top of the 
first three points, giving jr(n] = *{nj(jyi[n]: 



-1 




-3 



»W = *M®%] 



12 3 4 5 



-6 



(d) Using the DFT values we calculated in parts (a) and (b): 

Y[k] = X[k]H\k] 

= 1 + 2W k + 4W 4 " + W? - W* k - 2W l k - 4W** - 8W 4 S * 
Since W} k = W° k and W* k = W} 

Y[k] = -3 - 6Wj + 3W* k + 6W«", < Jfc <3 



Taking the inverse DFT; 

y[n] = -3S[n] - 6S[n - 1] + 2S[n - 2] + GS[n - 3], < n < 3 
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8.18. Using the properties of the DFT, we get y[n] = x[((n - 2)) S J, that is y[n] is equal to x[n] circularly 
shifted by 2. We get: 



VW 



1 1 



LL 



12 3 4 5 

8.14. xz[n] is the linear convolution of ii[n] and X2[n] time-aliased to N = 8. Carrying out the S-point 
ciicular convolution, we get: 



9 9 9 9 
• ft f 








8 


8 


7 








7 






_L 








1 







x 3 n 



012345678 

We thus conclude x 3 [2] = 9. 

8.15. y[nj is the linear convolution of xi[nj and xj[n] time-aliased to N = 4. Carrying out the 4-point circular 
convolution, we get: 



1 2a + l a 2 + a 



y[n) 



-10 12 3 4 5 

Matching the above sequence to the one given, we get a = — 1, which is unique. 

8.16. X"i[Jt] is the 4-point DFT of x[n] and xi[n] is the 4-point inverse DFT of A"i[Jb], therefore xi(nj is x[n] 
time aliased to N = 4. In other words, xi[n) is one period of x[n] = x[((n))«). We thus have: 

4 = 6 + 1. 

Therefore, 6 = 3. This is clearly unique. 

8.17. Looking at the sequences, we see that %\ [n] * x 2 [n] is non-zero for 1 < n < 8. The smallest N such that 



. Looking at the sequences, we see tnat x\ [n] * x 2 
xi [n] (£>j[n] = xi[n] * x 2 [n) is therefore N = 9. 
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8.18. Taking the inverse DFT of X^k] and using the properties of the DFT, we get: 

x 1 [n] = i[((n + 3)) s ]. 
Therefore: 



*t[0j = x[3] = c. 



We thus conclude that c = 2. 



8.19. xi[n} and x[n] are related by a circular shift as can be seen from the plots. Using the properties of the 
DFT and the relationship between Xi{k] and X[k], we have: 

*x[n] = x[((n - m))t]. 

m = 2 works, clearly this choice is not unique, any m = 2 + 67 , where / is an integer, would work. 



8.20. 



Using the properties of the DFT, we get: 

x 1 [n} = x[((n + 2)) ff }. 
From the figures, we conclude that: 



This choice of N is unique. 
8.21. (a) We seek a sequence yi[n] such that 



N = 5. 



Vi [*3 = *1 [*]**[*] 



From the discussion of Section 8.2.5, y[n] is the result of the periodic convolution between ±i[n] 
and X2[n}. 

N-l 
ViN = £ xi[m]x 2 [n - m] 

Since x 2 [n] is a periodic impulse, shifted by two, the resultant sequence will be a shifted (by two) . 
replica of 5i[n]- 



2 


i 


1 
< 


5 

< 


4 

4 


3 

r 2 . 


< 


> 


5 

> 


4 

* 


3 fcW 
P 2 1 


It 1 




• 








it 




-• — 








If. 



-10 12 3 4 5 6 7 8 9 10 11 12 13 14 15 



Using the analysis equation of Eq. (8.11), we may rigorously derive jji\n]: 
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**[*] 



= 6 + SW? + 4W? + 3Wf k + 2W* k + W? 



n=0 

yi[fc] = *l[Jb]* 2 [Jfc] 

= 6W>" + 5K?* + 4W? + 3W T " + 2H? k + W? 

Noting that W?* = e>^r (Ti) = 1 = W?*, we use the synthesis equation of Eq. (8.12) to construct 
Vi[n]. The result is identical to the sequence depicted above. 
(b) The DFS of the signal illustrated in Fig. P8.21-2.is given by: 

= 1 + W} k 
Therefore: 

Y 2 \k] = *l[*]*3t*] 

= XM + WpXtf] 
Since the DFS is linear, the inverse DFS of Y 2 [k] is given by: 

y 2 [n] = xi[n] + ii[n-4]. 

8.22. For a finite-length sequence x[n], with length equal to N, the periodic repetition of x[-n] is represented 
by 

*[((-«))«] = *!((-« + W0)w). tz integer 
where the right side is justified since x[n] (and x[-n]) is periodic with period N. 
The above statement holds true for any choice of I. Therefore, for / = 1: 

,[((-„))„] = x[((-n + *))*] 

8.23. We have x[n] for < n < P. 

We desire to compute X[z)\ tSil -,ii.i/N\ using one N-pt DFT. 

(a) Suppose N > P (the DFT size is larger than the data segment). The technique used in this case 
is often referred to as zero-padding. By appending zeros to a small data block, a larger DFT may 
be used. Thus the frequency spectra may be more finely sampled. It is a common misconception 
to believe that zero-padding enhances spectral resolution. The addition of a larger block of data 
to a larger DFT would enhance this quality. 
So, we append N x - N -P zeros to the end of the sequence as follows: 



J x[n], 0<n<(P-l) 
t In] = < 

\ 0, P<n<N 



N-pt DFT 



X[k] (0<k<N) 
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(b) Suppose N > P, consider taking a DFT which is smaller than the data block. Of course, some 
aliasing is expected. Perhaps we could introduce time aliasing to onset the effects. 
Consider the N-pt inverse DFT of X[k], 

*W = £ £ *1 W". < n < (N - 1) 
Suppose X[k] was obtained as the result of an infinite summation of complex exponents: 



Rearrange to get: 



k=0 \m=0 / 



Using the orthogonality relationship of Example 8.1: 

oo oc 

x\n] = ^ i[m] ^ £[m - n + rN] 
«[n] = £) «[n-rJV] 

r=— oo 

So, we should alias i[nj as above. Then we take the N-pt DFT to get X{k\. 

8.24. No. Recall that the DFT merely samples the frequency spectra. Therefore, the fact the Im{X[k]} = 
for < k < (N - 1) does not guarantee that the imaginary part of the continuous frequency spectra is 
also zero. 

For example, consider a signal which consists of an impulse centered at n = 1. 

*[n] = S[n - 1], < n < 1 
The Fourier transform is: 

X(e>") = «-** 
Re{X(c> u )} = cos(w) 
Im{X(e>")} = -sin(w) 



Note that neither is zero for all < w < 2. Now, suppose we take the 2-pt DFT: 

X[k] = Wf, 0<Jt<l 
1, Jfc = 
-1, *=1 



■( 



So, Im{X[k}} = 0, Vfe. However, /m{X<e> w )} # 0. 

Note also that the size of the DFT plays a large role. For instance, consider taking the 3-pt DFT of 

x[n] = 6{n-l], 0<n<2 

X[k] = W*, 0<*<2 

(1, * = 
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Now, Im{X[k]} jtQJoxk-lmk-2. 

8.25. Both sequences x{n] and y[n] are of finite-length (N = 4). 

Hence, no aliasing takes place. From Section 8.6.2, multiplication of the DFT of a sequence by a complex 
exponential corresponds to a circular shift of the time-domain sequence. 

Given Y[k] = W} k X[k], we have 

»[ n ] = i[((n-3)) 4 ] 

We use the technique suggested in problem 8.28. That is, we temporarily extend the sequence such that 
a periodic sequence with period 4 is formed. 



3/4 
• 1/2 

J_L 



1 

• 3/4 



1/4 



1/2 
' 1/4 



3/4 



1/2 



1/4 



T ' 

LA » 



_4 _3 _2 -1 12 3 4 5 6 7 
Now, we shift by three (to the right), and set all values outside < n < 3 to zero. 

1 



3/4 



1/2 

11 



vM 



-2-1012 345 

8.26. (a) When multiplying the DFT of a sequence by a complex exponential, the time-domain signal 

undergoes a circular shift. 

For this case, 

Y[k] = Wf k X[k], < k < 5 



Therefore, 



jr[n] = i[((n - 4))«], < n < 5 
4 

y[n] 



2 

, T T ■ . 



-•■ ♦ 



-10123 4567 
(b) There are two ways to approach this problem. First, we attempt a solution by brute force. 

X[k) = 4 + ZW* + 2WZ k + W> k 1 W k = e -* 2 -*/«> and < * < 5 
W[k) = TU{X[k]} 

= ~{X[k} + X'{k\) 

= I (4 + 3W* + 2W 6 " + Wi k + 4 + iWf k + 2W 6 -" + »*7") 
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Notice that 



WZ k - eJ< 2 * i/N > = e ~ ii2 ' /N)iN ~ k} = W N ~ k 



So, 



w\k) = 4 + ^[w k + w*- k ] + [wi k + wt 2k } + l[wi t ->-^t 3k ], 0<*<5 



w[n] = 4S[n] + | (<J[n - 1] + S[n - 5]) + S[n - 2] + S[n - 4] 
+ I(*[„-3] + *[n-3]) 

«;[n] = 46[n}+p[n~l}+S[n-2] + S[n-i] + S[n-4}+^S[n-h], 0<n<5 



Sketching w[n] 



3/2 T : : 3/2 
T T T T T . . 



w[n] 



-10123 4567 



As an alternate approach, suppose we use the properties of the DFT as Listed in Table 8.2. 

W[k) = TU{X[k)) 

X[k] + X-[k] 
2 



For < n < N - 1 and x\n] real: 



= i(x[n] + x-[((-n)) w ]) 
trW=5(*[nI+*[iV-nl) 



. I ■ ■ T I 



x[N - n], for N = 6 



-10123 4567 



So, we observe that w[n] results as above. 
(c) The DFT is decimated by two. By taking alternate points of the DFT output, we have half as 
many points. The influence of this action in the time domain is, as expected, the appearance of 
aliasing. For the case of decimation by two, we shall find that an additional replica of x[n] surfaces, 
since the sequence is now periodic with period 3. 
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From part (b): 
Let Q[k]= X[2k], 
Noting that W 3 3t = W$ k 



X[k) = 4 + 3W 6 l + 2Wi k + Wi k , < * < 5 
Q[k] = 4 + 3W 3 4 + 2(V 3 " + W 3 ", < k < 2 



g[n] = W[n] + U[n - 1] + 2S[n - 2], 0<n<2 



J — ~* — ♦ ■■-»- 



«M 



-10 12 3 4 5 
8.27. (a) The linear convolution, Zj[n] * X2[n] is a sequence of length 100 + 10 - 1 = 109. 



10 10 



Jil 



Xi[n]*X3[n\ 



LL 



99 100 101 102 103 104 105 106 107 108 109 
(b) The circular convolution, xi[n] (W^n], can be obtained by aliasing the first 9 points of the linear 



-10123 456789 

The circular convo 
convolution above: 



10 10 10 10 10 10 10 10 10 10 10 



99 



01234 56789 

(c) Since N > 109, the circular convolution zi[n]olo\2[n] will be equivalent to the linear convolution 
of part (a). 

8.28. We may approach this problem in two ways. First, the notion of modulo arithmetic may be simplified 
if we utilize the implied periodic extension. That is, we redraw the original signal as if it were periodic 
with period N = 4. A few periods are sufficient: 



6 6 6 

t 5 a ? 5 A T 5 4 

f t ? 

• 3 • 3 « 3 

_1± lillli 



£[n] 



-4-3-2-10 1 2 3 4 5 6 7 
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To obtain xi[n] = x[((n — 2))<], we shift by two (to the right) and only keep those points which lie in 
the original domain of the signal (i.e. < n < 3): 



-2-1012 345 

To obtain x 2 \n] = x[((— n)) 4 ], we fold the pseudo-periodic version of x[n] over the origin (time-reversal), 
and again we set all points outside < n < 3 equal to zero. Hence, 



x 2 \n 



-2-1012 345 

Note that i[((0)) 4 ) = i[0], etc. 

In the second approach, we work with the given signal. The signal is confined to 
< n < 3; therefore, the circular nature must be maintained by picturing the signal on the circumfer- 
ence of a cylinder. 

8.29. Circular convolution equals linear convolution plus aliasing. First, we find y{n] = Sj[n) * x 2 [n]: 



6 1 

T 5 


' 6 

• 




i 


> 4 




4 






• 3 




t 3 






1 




lit.. 



vM 



0123456789 10 11 
Note that y[n] is a ten point sequence (JV = 6 + 5 - 1). 

(a) For N = 6, the last four non-zero point (6 < n < 9) will alias to the first four points, giving us 
»i(n] = JiWD^M 
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10 






T 6 


T T 6 

9 


4 


• 






• 





»iW 



-+ — •- 



-101234567 

(b) For N = 10, N > 6 + 5 - 1, so no aliasing occurs, and circular convolution is identical to linear 
convolution. 

8.30. We have a finite length sequence, whose 64-pt DFT contains only one nonzero point (for k = 32). 
(a) Using the synthesis equation Eq. (8.68): 



*W = jf £ ^H^ < n < (JV - 1) 



Substitution yields: 



*[n] = ^X[Z2]W^ 32n 

64 

~ 64^ 
*[n] = ^{-D n . 0<n<(JV-l) 

The answer is unique because we have taken the 64-pt DFT of a 64-pt sequence. 
(b) The sequence length is now N = 192. 

l m 



M = { J 






0<n<63 
64 < n < 191 



This solution is not unique. By taking only 64 spectral samples, i[n] will be aliased in time. 
As an alternate sequence, consider 



r'[n] = iQ)(-l) n , 0<*<191 



8.31. We have a 10-point sequence, x[n]. We want a modified sequence, Zi[n], such that the 10-pt. DFT of 
Xj[n] corresponds to 

Xi{k] = ■Y(z)| SK £ ( j[(i*fc/u>'K'/M>i 

Recall the definition of the Z-transform of x[n]: 



X{z)= £ I [*" S 
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Since x[n] is of finite duration (N — 10), we assume: 



, , f nonzero, < n < 
[n = { 

[ 0, otherwu 



9 
otherwise 



Therefore, 

*<2) = £>[n]*- n 

nzO 

Substituting in z = IeJK 3 »*/ w >+('/ l0 )] : 

n=0 * 

We seek the signal xi[n), whose 10-pt. DFT is equivalent to the above expression. Recall the analysis 
equation for the DFT: 

9 

X l [k) = '£x l [n)W{? i 0<*<9 

nsO 

Since W^ = e~^ 2 ' /l0 ^ kn , by comparison 

*iM= *[«](^ ( ' /10) ) _fl 

8.32. We have a finite-length sequence, x[n] with N = 8. Suppose we interpolate by a factor of two.' That 
is, we wish to double the size of x[n] by inserting zeros at all odd values of n for < n < 15. 
Mathematically, 



f x[n/2], n even, < n < 15 
\ 0, n odd, 



The 16-pt. DFT of y[n\. 



Y[k] = J£y[n]W£, < * < 15 

n=0 

Fl=0 

Recall, Wft*" = e* 8 »/"H»>» - e -«a«/t)fa. = w j» j 

T 

y[Jt] = 2 x i n ] w s B . o < fc < is 

Therefore, the 16-pt. DFT of the interpolated signal contains two copies of the 8-pt. DFT of x[n]. This 

is expected since Y[k] is now periodic with period 8 (see problem 8.1). Therefore, the correct choice is 

C. 

As a quick check, Y[Q] = X[0]. 
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8.33. (a) Since 



)x[n], 0<n<N-l 

~x[n ~N], N < n < 2N - 1 
0, otherwise 



If X[k] is known, x 2 [n] can be constructed by 



X[k) „ JV-ptlDFT »-*[n]_ 



Scale by -1 



Shift by N 



«■ concatenate 



» 2W-ptDFT 1- X t [k] 



(b) To obtain X[k] from AT^Jt], we might try to take the inverse DFT (2N-pt) of Xi[k], then take the 
N-pt DFT of xi[n] to get X[k\. 

However, the above approach is highly inefficient. A more reasonable approach may be achieved if 
we examine the DPT analysis equations involved. First, 



N-l 



0<k<{2N-l) 



n=0 



n=0 

X x [k] = X[k/2], < Jt < (JV - 1) 
Thus, an easier way to obtain X[k] from Xi[k] is simply to decimate Xi[k] by two. 



X,[k} 



|2 



■**[*] 
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8.34. (a) The DFT of the even part of a real sequence: 

If x[n] is of length N, then x e [n] is of length 2N ~ 1: 

*W+*- n \ (-JV + l)<»<(JV-l) 
otherwise 

*■[*] = E ( x[n] \ x[ ~ n] )w&-i> (-* + « <*<<*-« 

n=-JV+l ^ ' 



*M = { 2 

1° 



n=-JV+l 

, , N-l 



Let m = — n, 



Recall 



and 



n=-JV+l n=0 



*.ra = E^^-^ + E^ 1 ^^ 

nvO rv=0 

'•W = E-Ncos(^) 

N-l 

*M = E 'H^w*. o < ft < (iv - 1) 

^*[*]}=E*N«*(^) 



So: DFT{i e [n]} ?£ Ae{A"[ft]} 
(b) 



TX=0 

So, 






Jfc{*l*]} = DFT |i(»[n] + *[JV - n])} 



8.35. From condition 1, we can determine that the sequence is of finite length (A T = 5). Given: 
AV) = 1 + AiCOSw + j4jCOs2w 

= i + y^" + e ~ j ") + y^"" + e ~ iafc ' ) 

From the Fourier analysis equation, we can see by matching terms that: 

x[n] = j[n] + ^-{*[n - 1] + *[n + lj) + ^-(S[n - 2] + j{n + 2]} 
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Condition 2 yields one of the values for the amplitude constants of condition 1. Since x[n] * 6[n - 3] = 
x[n - 3] = 5 for n = 2, we know i[-l] = 5, and also that x[l] = x[-l] = 5. Knowing both these values 
tells us that j4j = 10. 

For condition 3, we perform a circular convolution between i[((n— 3))«] and tu[n], a three-point sequence. 
For this case, linear convolution is the same as circular convolution since Afs=8>6 + 3— 1. 

We know x[((n - 3)) 8 ] = x[n - 3], and convolving this with w[n] from Fig P8.35-1 gives: 



22 







A 3 + 15 


2^ + 11 




• 


^ + 13 




5 + ^2 




• 


1*2 


. 1 1 








2 

I . 



For n = 2,w[n] * x[n - 3] = 11 so A 2 = 6- Thus, x[2] = x[-2] = 3, and we have fully specified x[n). 



5 5 

* f 

3 3 

I ; . 1 



-3-2-10 1 2 3 
8.36. We have the finite-length sequence: 

*[n] = 2S[n] + S[n - 1] + S[n - 3] 
(i) Suppose we perform the 5-pt DFT: 

X[k] = 2 + W 5 fe + W s ", < k < 5 
where W 5 * = e-'<V>*. 
(ii) Now, we square the DFT of x[n): 

Y[k) = X*\k] 

+ 2W 5 i + W s " + H' 5 s * 

+ 2W% k + Wj* + Hf *, < Jfc < 5 



Using the fact Wf = W* = 1 and Wj* = W* 

y[fc] = 3 + 5W 5 * + VT S " + 4W 5 M + W?*, < jfc < 5 
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(a) By inspection, 

y[n] = 3S[n] + 56[n - 1] + 6{n - 2] + 46{n - 3] + S[n - 4], < n < 5 

(b) This procedure performs the autocorrelation of a real sequence. Using the properties of the DFT, 
an alternative method may be achieved with convolution: 

V [n] = lDFT{X 2 {k]} = x[n] * x[n] 

The IDFT and DFT suggest that the convolution is circular. Hence, to ensure there is no aliasing, the 
size of the DFT must be N > 2M - 1 where M is the length of x[n]. Since M - 3, N > 5. 

8.37. (a) 

Sl [n] = x\N - 1 - n], < n < (N - 1) 



(b) 



G t [k] = Y, X W ~ 1 " n^ff 1 . < * < (JV " 1) 

n=0 

Let m = JV — 1 — n, 

Using V*£ = e -.«»**/w> t !*#*-« = W-* = e ;'<2**/"> 

dW = ^" t """f:im]e'' |2 ' ta "'» 

<?iM = H,\k] 

fe[n] = (-l) B *[n], < n < (JV - 1) 

G 3 [k) = ^-l)"*!"}**'*. 0<*<<JV-1) 





n=0 




* _1 it 


= 


^x[n]tv-i* )n ^" 




n=0 




"- 1 


= 


£*w»r* )n 




n=0 


= 


■*'(« >, )L=I«<t+^)/W 


GAk] = 


B t [k] 
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(c) 



(d) 



(e) 



(x[n), 0<n<(N-l) 

x[n-N], N <n< (2JV - 1) 
0, otherwise 



2JV-1 

°3l k ) = E ^HWjn. < it < {N - 1) 

N-l 2N-1 

= E *[»]«& + E *i n - "]*& 







n=0 n=N 




= 


E *w ws? + E *hC +a " 

n=0 n>=0 




= 


n=0 




= 


(i + ^r /2, )E-w^ w2) 

fi=0 


ftW 


= 


(l+(-l) k )X^)l„= ( ,k /N) 
H 3 [k] 


M = i 


x[n] + x[n + N/2], < n < (N/2 - I) 


. J ] 


0, 


otherwise 



N/2- 1 



G<W = E (*M + *[n+y])w^7 2 . 0<A<(AT-1) 

W/2-1 tf/2-1 

= E *MW£/a+ E ^ + -^/2]W*7 2 

n=0 n=0 

N/2-1 N -i 

n=0 m=.N/2 

= f>[»W 
£<[*] = H 6 [k] 



!x[n], 0<n<(JV-l) 
0. N<n<(2N-l) 
0, otherwise 
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(f) 



2S-1 

GsW = Y, *W W & ' ° - k - {N ' 1] 

n=0 

G>[k\ = H 3 [k] 



, f x[n/2], n even, < n < (2N - 1) 
* W= \0, nodd 

2JV-1 







n=0 








JV-1 






= 


2>w 

n=0 


w#» 




= 


*(^ W )L 


„=(2,*/W) 


<?6[*] 


= 


ftW 





(8) 

S7(n] = x(2n], < n < (N/2 - 1) 

*-» 
G 7 [fc] = $>[2njW# 2 , 0<*<(W-1) 

n=0 v ' 

= E/wf 1 ^ — ) w » n 

<h[k] = BsW 
8.38. From Table 8.2, the N-pt DFT of an N-pt sequence will be real-valued if 

*M =*(((-i*))w]. 
For < n < (N - 1), this may be stated as, 

x[n] = z{N - n), < n < {N - 1) 
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For this case, N = 10, and 



x[l] = z[9] 
x[2] = x]8] 



The Fourier transform of x[n] displays generalized linear phase (see Section 5-7.2). This implies that for 
x[n] jt 0, < n < (N - 1): 

x[n] = x[N - 1 - n] 



For N = 10, 



x[0] = x[9] 
x[l] = x[8] 
x[2] = r[7] 



To satify both conditions, x[n] must be a constant for < n < 9. 

8.39. We have two 100-pt sequences which are nonzero for the interval < n < 99. 
If Zi[n] is nonzero for 10 < n < 39 only, the linear convolution 

Xi[n]*x 2 [n] 

is a sequence of length 40 + 100 - 1 = 139, which is nonzero for the range 10 < n < 139. 

A 100-pt circular convolution is equivalent to the linear convolution with the first 40 points aliased by 
the values in the range 100 < n < 139. 

Therefore, the 100-pt circular convolution will be equivalent to the linear convolution only in the range 
40 < n < 99. 

8.40. (a) Since x[n] is 50 points long, and h[n] is 10 points long, the linear convolution y[n] = x[n] * h[n] 

must be 50 + 10 - 1 = 59 pts long. 

(b) Circular convolution = linear con volutin + aliasing. 

If we let y[n] = x\n] * h[n], a more mathematical statement of the above is given by 

CO 

*M©h[n]= 5Z Vln + r^l. < n < (AT - 1) 

rst— oo 

ForJV = 50, 

x[n](§0>>[n] = y[n] + y[n + 50], < n < 49 

We are given: x[n] @h[n] = 10 
Hence, 

y[n] + y[n + 50] = 10, < n < 49 

Also, y[n] = 5, < n < 4. 
Using the above information: 
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n = y[0] + y[50] = 10 

y[50] = 5 

n = 4 y[4j + y[54] = 10 

y[54] = 5 

n = 5 y[5] + y{55] = 10 

i y[55] = ? 

n = 8 y[8] + y[58] = 10 

y[58] = ? 

n = 9 y[9j = 10 

n = 49 y[49] = 10 

To conclude, we can determine y[n] for 9 < n < 55 only. (Note that y[n] for < n < 4 is given.) 
8.41. We have 



30 39 



10 19 

(a) The linear convolution x[n] * y[n] isa40 + 20-l = 59 point sequence: 



A*C 



B*C 



10 28 40 

Thus, x[n] * y[n) = w[n] is nonzero for 10 < n < 28 and 40 < n < 58. 



58 
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(b) The 40-pt circluar convolution can be obtained by aliasing the linear convolution. Specifically, we 
alias the points in the range 40 < n < 58 to the range < n < 18. 

Since u>[n] = x[n] * y[n] is zero for < n < 9, the circular convolution g\n] = x[n\{Q)y[Ti] consists 
of only the (aliased) values: 

w[n] = x[n] * y[n], 40 < n < 49 

Also, the points of g[n] for 18 < n < 39 will be equivalent to the points of w[n] in this range. 
To conclude, 

w[n] = g[n], 18 < n < 39 

w[n + 40] = g[n], < n < 9 

8.42. (a) The two sequences are related by the circular shift: 

A2W = A 1 [((n + 4)) 8 ] 
Thus, 

and 

mk]\ = \w t -* k H l [k}]=mk]\ 

So, yes the magnitudes of the 8-pt DFTs are equal. 
(b} hi[n] is nearly like (sinx)/z. 

Since folk] = e'* k Hi[k], hi[n] is a better lowpass filter. 

8.43. (a) Overlap add: 

If we divide the input into sections of length L, each section will have an output length: 

L + 100 - 1 = L + 99 

Thus, the required length is 

L = 256 - 99 = 157 

If we had 63 sections, 63 x 157 = 9891, there will be a remainder of 109 points. Hence, we must 

pad the remaining data to 256 and use another DFT. 

Therefore, we require 64 DFTs and 64 IDFTs. Since h[n] also requires a DFT, the total: 

65 DFTs and 64 IDFTs 

(b) Overlap save: 

We require 99 zeros to be padded in from of the sequence. The first 99 points of the output of 
each section will be discarded. Thus the length after padding is 10099 points. The length of each 
section overlap is 256 — 99 = 157 = L. 
We require 65 x 157 = 10205 to get all 10099 points. Because h[n] also requires a DFT: 

66 DFTs and 65 IDFTs 

(c) Ignoring the transients at the beginning and end of the direct convolution, each output point 
requires 100 multiplies and 99 adds. 

overlap add: 

#mult = 129(1024) = 132096 
#add = 129(2048) = 264192 
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overlap save: 



direct convolution: 



# mult 


= 


131(1024) 


= 


134144 


#add 


= 


131(2048) 


__ 


268288 


# mult 


= 


100(10000) 


= 


1000000 


#add 


= 


99(10000) 


= 


990000 



8.44. First we need to compute the values Q[Q\ and Q[3]: 



Q[0] = *i(l) = *i(e»-)L> 
°° 1 



Q[S\ = 



n=0 

4 
3 



= 2>(n](-ir 

n=0 

4 
3 



One possibility for Q[k], the six-point DFT, is: 



We then find q[n], for < n < 6 



«W = J*W + |*l* -3]. 



?N = sE«w« ¥li " 



14 4 

= 6 ( 3 + 3 ( " in 

= |(1 + (-1)") 



otherwise it's 0. Here's a sketch of q[n] 



4/9 4/9 4/9 



«W 



12 3 4 5 
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8.45. We have: 



Then: 



DFT 7 {*t[n}} = X»[k] = £ *2[n]e-& k ". 
o 

fc=0 

= \'£{ite{X s [k]}+jIm{X i [k}}) 
t=o 

1 ' 
= - 2J -Bc{A r 2ffc]} , since ar 2 [0] is real. 
fc=o 

= sio). 

To determine the relationship between i2[l] and g[l], we first note that since i 2 [n] is real: 

X(e> a ) = X'(e- jw ). 



Therefore: 
We thus have. 



X[k] = X'[N ~ k] , Jfc = 0,...,6. 
g[l] = ±£*e{* 2 [A]}W 7 -* 

_ 1 4. *>[*] + *,■(*] ., 
" *& 5 7 

7£-; 2 7 7^ 2 7 

fc=C k=Q 

fc=0 

= |(**Il] + x 8 [6]) 

= ^aW- 

8.46. (i) This corresponds to Xi[n] = *J (({-»))*), where JV = 5. Note that this is only true for ar 2 [n]. 

(ii) Xi(e JW ) has linear phase corresponds to xjn] having some internal symmetry, this is only true for 

ii[n]. 
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(ui) The DFT has linear phase corresponds to x i[n) (the periodic sequence obtained from i,(n]) being 
symmetric, this is true for x\ [n] and Z2(n] only. 



8.47. (a) 



<b) 



lJ2x[ky*» -J £*[*].** »*M- 



V[k] = Jf(r)^ (2H±=) 

n=oo 
n=8 

TtzO 

n=8 



We thus conclude that 

(c) 



u[n] = i[n3(2e>T)-«. 



4=0 

fc=0 *=« 

fc=0 

= 2x[2nj. 

We thus conclude that 

w[nj = 2x[2n\. 

(d) Note that K[Jb] can be written as: 

Y[k] = X[k) + {-l) k X[k} 
= X[k} + W?X\k]. 
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Using the DFT properties, we thus conclude that 

»N = *[n] + .(((« -4))s]- 

8.48. (a) No. x{n] only has N degrees of freedom and we have M >N constraints which can only be satisfied 

if x[n] = 0. Specifically, we want 

X{ e ?*&) = DFT u {x[n\}=Q. 
Since M > N, there is no aliasing and x[n] can be expressed as: 

*aeO 

Where X[k] is the Af-point DFT of x[n], since X[k] = 0, we thus conclude that x[n] = 0, and 
therefore the answer is NO. 

(b) Here, we only need to make sure that when time-aliased to M samples, x[n] is all zeros. For 
example, let 

x[n] = 6{n] - S[n - 2] 

then, 

X{e> w ) = l-e- 2 > w . 

Let M = 2, then we have 

JT(e»*°) = 1-1 = 
Jiffe** 1 ) = 1-1 = 

8.49. xj[n] is xi[n] time aliased to have only N samples. Since 



We get: 



I , otherwise 



8.50. (a) Let n = 0, ...,7, we can write x[n] as: 

*M = l + ^y tn + e" , '«")-^(e > ^ n + c->^ n ) 



= 1 + i e »^«- + i e i*n7_I^n3_I e ,-^"S 

= i{8 + 4e'V»+4e'V-" T _2e'* B3 -2€jV L »S) 



fc=0 

We thus get the following plot for Xt[k]: 
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X*[k] 



1 



2 J3 4 J5 6 

-2 -2 



6 7 



(b) Now let n = 0, ..., 15, we can write v[n] as: 



2 2 4 4 

= -~r(16 + Bertx" 2 + 8e>'ft B " - 4e*fc "* - 4^ « nl °) 



We thus get the following plot for Vi 6 [JfcJ: 



16 



(c) 



1 • ' • — • — •— — I — • — •— • — ] — • — •— • — I — •- 
1 2 3 4 5 1 6 7 8 9 llO 11 12 13 14 15 

*4 *4 



\X„[k]\ = X (^)U H k 0<*<15 

where X{e i ") is the Fourier transform of *[n]. 
Note that x[n] can be expressed as: 

x[n) = y[n)w[n] 

where: 

V[n) = 1 + cos(— ) - j cos(— ) 



Vwf*] 
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and w\n] is an eight- point rectangular window. 

\Xi 6 [k]\ wilj therefore have as its even points the sequence \X a [k]\ .The odd points will correspond 
to the bandlimited interpolation between the even-point samples. The values that we can find 
exactly by inspection are thus: 

\Xu[k]\ = |*.lJk/2]| Jfc = 0,2,4 14. 



\X U [ 



o I o e | 9 



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 



8.51. We wish to verify the identity of Eq. (8.7): 



JV ^ | 0, otherwise 



m : integer 



(a) For k - r - mN, 



Since m and n are integers; 



J!tmn 
(l) 1 "" 



So, 



. K-i , N-i 



(b) 



n=0 

= 1 , for k — r = mAf 



1 - eifriw 



JV 4-; l - eJfr ' 



This closed form solution is indeterminate for / = mN only. 
For the case when I — mN, we use L'Hopital's Role to find: 



)im 



1 - e' 3 *' _ \ -j2re> 2 '' 

= N 
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(c) For the case when k - r ^ m/V: 



1 _ e j"2*(*- r ) 






= 



Note that the denominator is nonzero, while the numerator will always be zero for * - r # mN. 
8.52. (a) We know from Eq. (8.11) that if fi{n] = £ \n - m], we have: 

n=0 

If we substitute r = n-m into this equation, we get: 

r=-m 

(b) We can decompose the summation from part (a) into 

.r=-m r=Q 

Using the fact that £[r] and Wfr are periodic with period N: 
Substituting / = r + JV 



E *Hw# = E *Mw# 

r=-m te/tf-m 

(c) Using the result from part (b): 

XiM = w£ m [ E W* + £ ^^ 

Hence, if *i[n] = x[n - m], then Xi[k\ = Wg*X[k]. 
8.53. (a) 1. The DFS of i* [n] is given by: 

£*•[«]< = (E*W^ 1 
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2. TheDFSof x*[-n]: 

K frMwf = ( £ mm) 

= X'[k] 

3. The DFS of Re{x[n]}: 

g *M+£[n] ^ = I (*[*] + *•[-*]) 

4. TheDFSofj/Tn{f[n]}: 

= *„[*] 

(b) Consider x[n] real: 

From part (a), if x[n] is real, 

DFS {*[*]} = DFS{x*[n]} 
DFS {£[-*]} = DFS{x'h«]> 

So, 

X[k) = X-[-k) 
X[-k] = **{*1 



(i.e. the real part of X[k] is even.) 
2. 



2 

= Jm{*[-*]} 



{i.e., the imaginary part of X[k] is odd.) 
3. 



\X[k}\ = y/x[k]X-[k) 



= \X[-k]\ 
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(i.e., the magnitude of X[k] is even) 

= -LX[-k) 

(i.e., the angle of X[k] is odd.) 

8.54. 1. Let x[n] (0 < n < N - 1) be one period of the periodic sequence x[n]. The Fourier transform of this 
periodic sequence can be expressed as: 

*(e>) = f) x[n)e'^ 

n=— oo 

Recall the synthesis equation, Eq. (812): 

Substitution yields: 

Rearranging the summations and combining terms: 

*(•-) = X;Wi f; •*(*->-) 

Jt=0 \ «=-oo / 

The infinite summation is recognized as an impulse at w = (2wk/N): 

fc=0 x ' 

2. Since x[n] corresponds to one period of x[n], we must apply a rectangular window (unit amplitude 
and length N) to the periodic sequence. Thus, to extract one period from i[n]: 

x[n] = i(n]it![n] 

where, 



twin] = i 

{ 0, otherwu 

The window has a Fourier transform: 

Wit"") = £ "Me"*"" 



< n < (iV - 1) 
otherwise 



w-i 

n— 

- i _ e-** ~ e -i * e** - «">* 

■Ml) 
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3. Since x[n] — z[n]w[n], the Fourier transform of x\n] can be represented by the periodic convolution 
(see Eq. (8.28)). 

Integration over —k < 6 < * reduces to the summation (note the impulse train): 

Hence, the Fourier transform is obtained from the DFS via an interpolation formula. 
8.55. The N-point DFT of the N-pt sequence, x[n] is given by 

N-l 

X[k] = £z[n]W£ n , 0<k<(N-l) 

n=0 

*(0] = £>[n] 

tucO 

(a) Suppose x[n] = -x[JV - 1 - n]. For JV even, all elements of x[n] will cancel with an antisymmetric 
component. For N odd, all elements have a counterpart with opposite sign. However, x[(N - 1)/2] 
must also be zero. 

Therefore, for x[n] = -x[N - 1 - n], X[0) = 0. 

(b) Suppose x[n] = x[N - 1 - n] and N even. 

n=0 

= 5>m<-i)» 

= ifO] - *[1| + 1[2] - 1[3] + • • ■ + x\N- 2] - x[N - 1] 

Since x[n] = x[N - 1 — n], then 

x[0] = x[N~l] 
x[l] = i[^-2] 

Therefore, X[N/2}-= 0. 
8.56. (a) The conjugate-symmetric part of a sequence: 

The periodic conjugate-symmetric part: 

»vW = 2 (*M")M + x *K(- n )M) ' < n < (AT - 1) 
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Note that: 

x[({n)) N ] = *[n], 0<n<(AT-l) 
**K(-n))wI - x'[-n + N]+x'[0}S[n]-x m [0]8[n-N] 

Substituting into x« p [n]: 

*.*[»] = I [*[»] + x* [-n + JV] + x'[0]*[n] - x'[Q]8[n -N]] y < n < (TV - 1) 
Since, 

*.(»] = 5 («W + *•[-»]) 

= 5(»In]+i , [0]*[n]), 0<n<(JV-l) 
and*«In-JV] = ^ (x[n - N] + x'[JV - n]) 

- \(~T'lO]6[n-ff]+x'[N-n]) < n < (N - 1) 

We can combine to get: 

x^fnj = «.[n] + x e [n - ATJ < n < (JV - 1) 
The periodic conjugate-antisymmetric part is given as 

* v [n] = (XoH + x.[n - JV]), < n < {N - 1) 
Recall that the odd part can be expressed as 

So, 

*.{«-JV]=i(x[n-JV]-*-[JV-n]) 

For < n < (JV - 1): 

«.W = ^ (*[*]"* WE"]), 0<»<JV-1 
*.[»-*] = i(*[0]<5[n-/V]-*-[jV-„j) 

From the definition of Xep[n]: 

i,[»] = j (»l((n))w]-»" [(<-»))"!), 0<n<(JV-l) 

= i(«[n]-*"lO]*[n]+*'tOj«In-iV]-*'[JV-n]), < n < (AT - 1) 

Recognizing the expressions for x„[n\ and x„[n - JV) in iop[n], ** l"*™ 
x v [n] = x [n) + x [n - N\ t < n < (JV - 1) 
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(b) x[n] is a sequence of length N; however, 

«M = J ^W- °<"<"/ 2 

\ 0, N/2<n<N-l 

The even part: (assume TV is even) v 

f x[n] ^ s'f0j*[n] 



8.57. 



i- n = < 



2 + "^' J , 0<n<Af/2 



2 ' 
0, 



-JV/2 < n < -1 
otherwise 



From part (a): 

^[n] = x t [n] + x c [n - N], 0<n<(N~ 1) 

Because x[n] = for jn| > N/2, 

x ep [n] = i e [n], < n < (JV/2 - 1) 
Also, since x t [n] = xj[-n], 

*.1»J ~ *»[-»]. -JV/2 < n < -1 



To conclude: 



,ln]~< 



leph], < n < N/2 

%M, n=N/2 

^[-"]. -N/2 < n < -1 

x* r-ni 



', n = -N/2 



n=0 



From the synthesis equation: 



Hence, 



substituting: 



=0 n=0 

*=o 

JV-1 Af-1 / . N-l \ 

n=0 iv=0 \ feat) ) 
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ff-l SN-l \ 



8.58. (a) This statement is TRUE 





isO 


n=0 


t=0 


UE: 


= *(e><")U 2 , i/N 




= B ( — ^ (!(»'/»)' 


4*] 


-*(~) 


7 


2irct 

_ ___ 



{b} This statement is FALSE: 

Suppose x[nj = 5[n] + ^S{n — 1], 



Expressed in the form 



X[k\ - I + je-*" 



JC[Jfc] = A[k]e" k , 
A[k] = 1+^-1)' 
and 7 = 

The Fourier transform of x[n] is X{^ u ) = 1 + \^ u , which cannot be expressed in the form 

X(e~ : "-') = B(ui)e iau . 

8.59. We desire 128 samples of X{e i *')Y(e> w ). 

Since x(n] and y[n] are 256 points long, the linear convolution, x\n] * y[n], will be 512 points long. 
We are given a 128-pt DFT only. Therefore, we must time-alias to get 128 samples. The most efficient 
implementation is: 




R.M 



Total cost = 110. 
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8.60. Ideally, the inverse system would be: 

Hi{z) = 2 - bz' 1 

Hence, 

X{z) -{z- bz-^Yiz) 

and 

x[n] = y[n + 1] - by[n - 1], -oo < n < oo 

If we use an N-pt block of y[n]: 

y[n] : < n < N, 

then 

V[k\ = (H£* -bWH)Y[k] 

and 

»W*y[((n + l))N]-6y[((n-l))w] 

Because the shift is circular, the points at n = and n = (N - 1) will not be correct. Therefore, only 
the points in the range 1 < n < (N — 2) are valid. 

8.61. (a) 

N-l 

X[k] = Y, x[n]e-> {i * mtn t 0<k<(N-l) 

n=0 

n=G 

= ]T a .[ fl ] e -J(-»/W) e -j(J-/*)t» 
n=0 

So, xu\n] = xfn]e-«» n / w >. 

(b) 

w-i 
*«[#-*] = 5] »[ n ] e -«™/W e -j(a»/»)(w-*)» i < Jt < (AT _ 1) 

*„[Ar-(A + l)] = £ x [ n ] e -J<™/N> e - J (2»/«><N-*-i>« 



n=0 
N-l 



= £ xjnjei^"/")^-/*)*- 

- n=0 

So, 

*«[*] = *;,{JV - (Jfc + 1)] , for < it < (N - 1) and x[n] real. 
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(c) (i) N-k-lis odd when k is even. If R[k] = X «[2Jfc], we may obtain X M [k] from R[k] as follows: 



\ fl'[(JV-(fc+l))/2], k 



even 
odd 



where we note that 

R-[(N - (k + l))/2] = JTilJV - (k + 1)] 
for fc odd. 
(") 

R{k] = jr w [2Jfc] 

(A7/2)-l 
JV-1 



= £ i[ n ] c -^* n / N >c- J (^) 



n=0 



So, 



n=0 n=A//2 

n=0 

r[n] = (i[n] - jx[n + yV/2]}e-><" /N \ < n < f~ - l\ 



(d) 



from part (a): 



So, 



X iU [k] = X 1M [k]X 2M [k] 

JV-1 

X it d[n} = ^iiM[r]i 2 M[((n-'"))NJ 



xist[n} = Xilnje-X" 1 ^) 



r=0 
JV-1 



Since, 



(n - r)) w = i 

( N + n - r, n<r 

( 0, n > r 



((n - r))* - (n - r) 
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then 



and 



-i(-/N)K(»-r»i»-(»-r)J = sgn [ n _ fJ = [ 1. " ^ r 

\ -1, n < r 

JV-l 

X3 = ^2 xi[r]x 7 [((n - r)) w ]sgn [n - r] 



(e) Suppose, that for n > N/2: 






then the modified circular convolution is equivalent to the modified linear convolution: 

xiu[n] ®fc 2M [n] = Xi M [n\ * x 2U [n] 
(i.e. no aliasing occurs.) 

x 3U [n] = ij«[n] * ijjwfn] 

Thus, 



i 3 [n] = e J '<" l/N) ^x 1 [n]i 2 [r l -r]e-> < "^ ) e-> ( " /W)(n - r) 

r=0 
N-l 

r=0 



-H*/N)ln-T) 



So, 



8.62. (a) We wish to compute i[n]fe3/i[Ti] 



x 3 („] = £ x l [r\x t [n - r]e-><"/ N >< n - r » = x x [n] ** a [n] 



Let 



let*i[n] = x[n], < n < 31 

x 2 {n] = x[n + 32], < n < 30 

/n(n] = fc[n], 0<n<3l 

A 2 [n] - fc[n + 32], < n < 30 

x[n] *h[n] = Xi [n] * />i [n] + x x fn] * h 2 [n] * <S[n - 32] + x 2 [n] * hi [n] * £(n - 32] 
+ x 2 [n] * A a [n] * S[n - 32] * S[n - 32] 

yi[n] = ii[n]*Mn] = *i("]©Mn] 

y2[n] = iiH'M"] = *if»]@MAJ 

y3[n] = i2[n]*A![n] = lajnj^h^n] 

V4 [n] = xj[n]«h 2 [n] = ij[n]@h 2 (n] 
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We can compute each of the above circular convolutions with two 64-pt DFTs and one 64-pt inverse 
DFT. 

y[n] = z[n]*h[n] 

= yi[n] + y2{n-&}+y3[n-Z2]+yt[n-64] 

So 

ar(n]@h[n] = y[n] + y[n + 63], < n < 62 

The total computational cost is 12 DFTs of size N = 64. 

(b) Using two 128-pt DFTs and one 128-pt inverse DFT: 

y[n] = x[n] (^[n] = x[n] * h[n] 
The 63-pt circular convolution: 

x[n] @h[n] = y[n] + y[n + 63] , < n < 62 

(c) Using the 64-pt DFT method of part (a): 

#mult = 4(12)(641og 2 (64)) = 18432 

Using 128-pt DFTs: 

#mult = 4(3)(1281og2(128)) = 10752 

Direct convolution: 

«3 

#mult = 2 £ n - 63 = 3969 

n=l 

8.63. From each circular convolution, the first 49 points will be incorrect. Therefore, we get 51 good points 
and the input must be overlapped by 100 — 51 = 49 points. 

(a) V = 49 

(b) M = 51 

(c) The points extracted correspond to the range 49 < n < 99. 

Distorting filter: h[n] = S[n] — \&[n - no] 

8.64. (a) The Z-transfonn of h[n] 

oo 

H{z) » Yi h W z ~ n 
H(z) = l-j*-~ 



The N-pt DFT of h[n): {N = 4no) 



4«o-l 

H\k) = £ h[n}W^, < k < (4no - 1) 

n=0 

H[k] = i_i € -J<*/ 2 )* 
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(b) 



The filter is IIR. 

(e) 



*=o ^ ' 



^i-^-r^W' o^^-d 



The impulse response, p[n], is just k,\n] time-aliased by 4r»o points: 

g[n] = — 5{n] + — % - no] + — <S[n - 2no] + ^*[n - 3no] 

(d) Indeed, 

G[k)H[k] = l, < Jt < (4no - 1) 

However, this relationship is only true at 4no distinct frequencies- This fact does not imply that 
for all u: 



(e) 



y[n] = g[n] * h[n] 

1 £ ft A O ft 

= j^S[n] + — S[n - no] + —S[n - 2no] + — o"[n - 3no] - — 6{n - no] 

4 2 1 

-— o*[n - 2n«] - — S[n - 3no] - jj:*[n - 4no] 

y W = 15'N - 15% - 4n o) 



8.65. (a) We start by computing X#[k + N): 



n=0 

t?_. ., ,2*(nJfc + ntfV . ,2*(nfc + nJV), 

= 2- x l"K«*( ■$ — -) + sm( N 1) 



n=0 



r-^ _, ,, ,2imk. . ,2TnA.. 
= 2>[n](cos(— ) + sin(_)) 

B=0 



N-l 



= £*[n]ff w [ni] 



n=0 



= Xh[*]. 
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We thus conclude that the DHS coefficients form a sequence that is also periodic with period N. 
(b) We have: 



t=0 m=0 



m=0 fc=0 



= xM. 



Where we have used the fact that ££_o ! H N [mk]H N [nk] = N only if ((m)) N = ((n)) N , otherwise 
it's 0. 

This completes the derivation of the DHS synthesis formula. 

(c) We have: 

„ r .n ,2*(a+N). , ,2n(a + N). 
H N [a + N] = cost^ 11 ^ i) + sm (— 1_ £) 

= cos{-— +2*)+sin(— + 2?r) 

,2wa. . ,2ra. 
= cos(— )+sin(— ) 

= EM. 



And: 



H„[a + b] = cos( v ^ ' ) + sin( K ' ) 

= (C w [a]C w W - S* [o]SwW) + (5wWC ff [6] + C w [o]5 JV [t>]) 

= Cw[iJ(C w [a] + S w (a]) + Sw[*J(-5*[aJ + C N [a}) 

= C N {b](C N [a] + S^a)) + S N [b]{S N \-a) + C N {-a)) 

= C N [b]H N [a] + S N [b}H N [-a] 

= C N [a)H N [b] + S N \a]S N [-b] ( since H N [a + 6] = H N [b + a] ) 



Where we have used trigonometric properties, 
(d) We have: 

JV-l 

DHSiiln-no]) = ^ f [n - no]^[nJt] 

JV-I-ft* 
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AT-l-nc 

= Y, i[n](H N [nk]C N {nok] + H N [-nk]S N [nok]) 

n=— no 

Af-l-nc N-l-no 

= C N [nok} Y, fyWNlnk] + S N [nok] £ *W*wI-n*] 

n=— no n=— im 

W-I N-l 

= C^[no*] E *M#N[n*] + S N [nok] E i[n}H N {-nk] 

Where we have used the periodicity of Hn[nk] and x[n], 
(e) We have: 

N-l 

DHT{i 3 [n\) = i>*r{52*iHx a {((n-m)) N ]} 

m=0 
N-l N-l 

*«[*] = X)(I^xiM*a[«n-"»))N])ir w tnJfc] 

N-l N-l 

= E *»H E *»«(« - »0)w]#w[nfc] 

m=0 n=0 

N-l 

= X>[m]Di/:r{x 2 [((n-m))„]} 

m=0 
N-l 

= E *» N(^« W^w[m*] + X H2 [((-k)) N ]S N [mk]) (using P8-65-7) 

N-l N-l 



m=0 m=0 

= N f Xl [m]x Hi m( NN[mk] y 1 "" 1 * 3 ) 

m=0 

+ E«i("Pf«K(-*))i>l( irjfM!l " 2 gwI " ,n * 1 ) 

m=0 
= ijfM[fc](^*l[*] + JTHlK(-t)W) + |^2[({-*))N](^lW " XHl{((-k)) N }) 

= \x m [k](Xa2[k] + X U2 [((-k)) N ]) + 5**1 (((-*))*](*«[*] - *«[((-*))*r]) 



2 

This is the desired convolution property. 
(f) Since the DFT of x[n] is given by: 

X[k) = £ .We"' 1 * 1 

W-l 



R=0 
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Af-l 



then: 



- H x W(<»s(-^r)-isin(-^-)) 

n=0 

N-l 

=• 5>[n](<7 w [*n]-jS,,[*n]) 



X>MC w [*n] = l(X[k) + X{((-k)) N }) 
£*[n]S*[*n3 = -±( X {k}-X[((-k)) N )) 



We thus get: 



Xa[k\ = X) *W(^[*n] + 5 W M) 






This allows us to obtain Xg [k] from X[k\. 
(g) We have: 



Therefore: 



N-l . 

J2*[n}C N [kn] = 2<* ff [*] + *„[({-*})„]) 



We thus get: 



X[k] = ExWe-* 1 * 1 

= I>M<C*[An]-J'SN[M) 
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= l&m + *»[((-*))*]) - jl(X H [k] - X a [((~k)) N }) 

= i\ - £)*»[*] + (\ + ^)x H [a-k)) N ] 



This allows us to obtain X[k] from X H [*]- 
8.66. (a) The DTFT is given by: 



= X(e> v )(l + e-J- N ) 



The DFT is just samples of the DTFT: 



= Xi^'^^l + {-!)*) 



Therefore: 

,'«„, , *even 
it odd 



1 , 



(b) The original system computes the following: 



X[k]H[k] = I 2 *(iW fc ) . * 



even 
odd 



We thus want: 



X[k)G[k] = 2X{k]H[2k] k = G,...,N-l 

G[k] = 2H[2k] 

2N-1 

= 2 £ '%]«-''**»* jfc = 0, ..., N - 1 

g\n) = 2(h[n] + h[n + N]) 



System A time aliases and multiplies by 2. 
For system B, we need: 



\ , Jfc 



n») - < -: • *~ 
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Thus: 

{«>["] . 0<n<JV-l 
w[n~N\ , N<n<2N-l 
, otherwise 

System B regenerates the 2JV -point sequence by repeating w[n]. 
8.67. (a) We have: 



■C: 



otherwise 



Since h[n] is FIR, we assume it is non-zero over < n < N. Tbe phase of H(t> v ) should be set 
such that h[n] is symmetric about the center of its range, i.e. y . Therefore, the phase of H (e*™) 
should be e jJ ^ £ . So one possible H[k] may be: 

{eJ&$* , 0<k<±4N 

, otherwise 

ejfeS* , 4N-%<k<4N 

that is: 



H[k] = { , otherwise 



(b) System A needs to perform the following operations: 

{X[k}H'[k} , 0<*<f 
, otherwise 
X[k - 3N]H'[k -ZN] , 4N-%<k<4N 

Where H'[k] is the tf -point DFT of h[n). 

(c) It is cheaper to implement N— point DFTs than 4/V-point DFTs, therefore the implementation in 
Figure P8.67-2 is usually preferable to the one in Figure P8.67-1. 

8.68. Substituting the expression for Xi[k] from equation (8.164) into equation (8.165), we get: 




Ulnj = 



2JV-3 

2N-2 

N-l 



- N-l 2N-3 

i = -(^jr el [fc]e> J ' i "/(2N-2) + £ X cl [2N-2-k)S 3 * knHiN - 2) ) 
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Note that: 



iN-3 

£ 



^2 X cl [2N-2~k]e i2 * kn ^ 2N ~ i 1 = y^x a -[r]e ii ' llN ~ 3 ~ r)n/l2N ~ i) 

t=i 
therefore: 

Xl[n] = 2JV^2 ( £ * el [*)e*" W(a *- 8) + J^ ^ [Jfc]< .i2,w»i»-»)) 

! JV-2 

= 2ATT2 ^ Cl I°i + **l" - V" + £ ^(^cos^)) 



and: 



x[nj = ^[n] for n = 0,1,..., AT - 1 

N-l 

... .... trim 

-. .„_,.. 0<n<JV-l 

i=0 



where a[*] is given by: 



a[fcj= M ■ * = 0»dJV-l 
[ 1 , 1 < Jb < AT - 2. 



This completes the derivation. 
8.69. 



v[n] = i 2 [2n] 
therefore, for Jfe = 0, 1, ..., N-l: 

Vm = l(X 2 [k) + X2[k + N]). 
Using equation (8.168), we have: 

n*] = j^aW + ^Ii + JVI) 

= e»"* Jk{JT[*} e -'"#} + ^^^Jfe^* + JVJe-i 51 ^} 

= e^**iJe{X[Jfc] e -^} + e J ie 3 i*fl e {A'[A + ^] e ->^ e -JT} 

= e**» Jfc{JT{*]«->#} + &#IU{-jX[k + N)e-i& } 

= c*#(lU{X[k]e-*#}+jl m iXlk + N}c-l#}. 
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Using the above expression, we get: 

2Re{e->& v[k}} = 2Re{e~^^^ (Re{X[k]e- j ^} + jIm{X{k + N]e~>& })} 
= 2Re{X[k}e->&} 
= X e2 [k] where we used equation (8.170). 

Furthermore, we have: 

N-l 

2Re{e~>&V[k]} = 2Re{e^^ £ v^e-* 3 **} 

n=0 

T>=0 

= 2^v[n]cos(^(n+i)} 



n=0 
JV-1 



and: 



= 2^«W cos ( ^ )- 

n=0 



2AT-1 
JV-1 



= 2Rc{^x[Ti3e- J ^ (2n+1) } 

n=0 
N-l 

= 2 £ Re{x[n]e-*& i3n+1) } 

- -V^-t-i — , **(2n+l) , 
= S^zWcosf — ). 



From the results above, we conclude, for Jfc = 0, 1,...,N — 1: 



X a [k] = 2Re{e~>&V[k}} 



= 2^>[n]cos( * ' ) 

tf f , .JrA{2n + l)^ 



8-70. Substituting the expression for X 2 [A] from equation (8174) into equation (8.175), we get: 
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i z "~ 1 

*=1 *=N+1 

i W-l 2*f-l 

= ^<* rf {oi+£jr s {*y- t < In+1 >/<"*>- £ *«*[av - *]e* r * t2 " +l)/ <"' ) ) 

i Af-1 N-l 

*=1 i=l 

= -^(* e2 [0] + 53 jrea^j^rttan+D/WW) + e -irt(an+i)/(a*rjjj 



2A"' 



= ^(^m + E^w^^^r^))- 



Furthermore: 



ifn] = z 2 [n] for n = 0, 1, ..., N - 1 



JV-l 



= l^fcl^cost^g-tJ)) 0<n<*-l 

where /?[£] is given by: 



tf*] 



\ 1 , l<k<N-l. 



This completes the derivation. 



8.71. First we derive Parsevai's theorem for the DFT. 

Let x[n] be an N point sequence and define y[n] as follows: 

y[n] = x[n]® X 'l{{-n)) fi ]. 

Using the properties of the DFT, we have: 

Y[k}=X{k]X-lk} = \X[k]\*. 

Note that: 

ir[0] = J>M|' 

n 

and using the DFT synthesis equation, we get: 

N-l 



«4Ew 
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Parse val's Theorem for the DFT is therefore: 

JV-1 



E^H^Em 2 

n Jt=0 

(a.) Note that: 



AT-1 



Ei* e w=£i*iMi a 



71=0 



and, using equation (8.164): 

3S-3 N-l 



E \Xi[k)\ 2 = 2 2 |* £l [*]l 2 ~ l* el (0}! 2 - l^ Cl ^ " 1)I J - 



«=0 n=0 

Using the DFT properties: 






and, using equation (8.161): 

JN-3 W-l 



n=0 n=0 

We thus conclude: 



£ i*xMi j = 2 e i*mi 2 - w°]i 2 - w a ' - w 



—±— ( 2 £ |jr«»[*]f - I* £l i0]f - l*"[N - 13I 2 ) = 2 E I'MJ* " W0]| 2 - \x[N - 1]| 2 
(b) Using equation (8.171), 



eV« = Ei*2[±ji 2 - 

Note that, using equation (8.167): 

2N-1 N-l 

Jt=0 i=0 

and, using equation (8.166): 

2JV-1 N-l 

^|x 2 [n]p = 2ENn]| 2 . 
Using the DFT properties: 

2N-1 1 2N-1 

E i*»wi 2 = a* £ ,X2tfc]|3 - 

We thus conclude: 

^(2 E \X[k]f - |X[0]| J ) = 2 E Ix[n)| 3 . 
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Solutions - Chapter 9 
Computation of the Discrete-Time Fourier Transform 
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9.1. There are several possible approaches to this problem. Two are presented below. 

Solution #1: Use the program to compute the DFT of X[k], yielding the sequence g[n}. 

9 [n] = £ x [k)e- i2 ' kn/N 

Then, compute 

x[n) = ~g[((N-n)) N ] 



for n = 0, .... N - 1. We demonstrate that this solution produces the inverse DFT below. 



*M = -U[((*-«)M 






-n)/N 



Solution #2: Take the complex conjugate of -X"(Jt], and then compute its DFT using the program, 

yielding the sequence f[n]. 

/in]=£*-[*]e-* 2rtn/N 
Then, compute 

We demonstrate that this solution produces the inverse DFT below. 

N-l 



= j f T, x W* km 



9.2. (a) The "gain" along the emphasized path is -W£. 

(b) In general, there is only one path between each input sample and each output sample. 

(c) x[0] to A [2]: The gain is 1. 
i[l] to A" [2]: The gain is W^. 

i[2] to A" [2]: The gain is -W% = -1. 

x[i] to A[2]: The gain is -W%W% = -Wj,. 

x[4] to X[2\. The gain is W% = 1. 

j[5] to X[2\: The gain is W°W% = W%. 

x[6] to X{2\: The gain is ~-W%W% = -1. 

x[7] to A[2J: The gain is -W%W%W* = -W%, as in Part (a). 

Now 

m = 2>W 

« i(0] + z[l]W? + x[2]K? + x[Z]Wi + x[4]W« + x[S]Wi° + x[€\W" 

+ x{7]W, 14 
= ifO] + x[l]Wi + xp](-l) + x[i](~Wi) + x[4](l) + x[5]W? 

+ x[6](-l) + x{7}(-Wi) 
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Each input sample contributes the proper amount to the output DFT sample. 

9.3. (a) The input should be placed into A[r] in bit-reversed order. 

A[0) = x[0] 

A[l] = i(4] 

A[2] = x\2] 

A[3] - i[6] 

A[A) = x[l] 

A{Z\ = x[5] 

A\fi] = x[3) 

A[7] = x[7] 

The output should then be extracted from D[r] in sequential order. 

X[k] = D[k], Jfc = 0,...,7 

(b) First, we find the DFT of (-W N ) n for N - 8. 

i 
X[k] = ^(-Wg)"^ 

= ^(-lrww* 



nsO 



n=0 

1 - w k - 



(i-3) 



t-J 



1-WJ 

= 8*(*-3] 



A sketch of D[r] wis provided below. 



(c) First, the array D[r] is expressed in terms of C{r]. 

D[0) = C{Q) + C[4] 

D[l] = C[l] + C[5]Wt 

D[2] = C[2] + C[6]W* 

D[3] = C[3] + C\1\Wi 
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D[4] 
D[5] 
D\6] 
D[7] 



cm-c[A) 

C[\) - C[S]W} 
C[2]-C[6]Wi 
C[3] - C[7\Wi 



Solving this system of equations for C[r] gives 

C[0] = (D[0]+D[i})/2 
C[l) = (Z>[lj + Z>[5])/2 
C[2) = (D[2] + D[6})/2 
C13} = (D[3] + D[7])/2 
C{4] = (0(O]-I>[4])/2 
C[5] = (JJ[l]-D[5])WrV2 
C[6] = [D[2] - D[6])Wf 7 /2 
C{7] = {D[33 - P[7])W 8 - 3 /2 

for r = 0, 1, ..., 7. A sketch of C[r] is provided below. 

1 9 



9.4. (a) In any stage, N/2 butterflies must be computed. In the mth stage, there are 2 m J different 
coefficients. 

(b) Looking at figure 9.10, we notice that the coefficients are 

1st Stage: W$ 

2nd stage: Hf.W? 

3rd stage: WS,Wi,Wj,W3 

Here we have listed the different coefficients only. The values above correspond to the impulse 
response 

Jk[n] = K^.u[n] 

which can be generated by the recursion 

y[n} = W 2 ~y[n-l] + x[n] 

Using this recursion, we only generate a sequence of length L - 2 m_1 , which consists of the different 
coefficients. Then, the remaining £ - L coefficients are found by repeating these L coefficients. 

(c) The difference equation from Part (b) is periodic, since 

/»[«] = W£.ujn] 

has a period R = 2 m . Thus, the frequency of this oscillator is 

_ 2* 
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9.5. Multiplying out the terms, we find that 

(A - B)D + (C- D)A = AD-BD + AC-AD = AC-BD = X 

(A - B)D +(C + D)B = AD-BD + BC + BD = AD + BC = Y 
Thus, the algorithm is verified. 

9.6. Answer 3 

Decimation in Time: The figure is the basic butterfly with r = 2. 

Decimation in Frequency: The figure is the end of one butterfly and the start of a second with r -2. 

9.7. The figure corresponds to the flow graph of a second-order recursive system implementing Goert2el's 
algorithm. This system finds X[k] for Jfc = 7, which corresponds to a frequency of 

= 14*7* 

W * 32 ~ 16 

9.8. This is an application of the causal version of the chirp transform with 

N = 20 The length of x[n] 

M = 10 The number of desired samples 

u) = t^ The starting frequency 

Aw = j£ The frequency spacing between samples 

y[n+19] = AV"), n = 0,...,9 
y[n] = AV"*), n = 19,...,28 



We therefore have 
for u„=wo + tiAw or 



for u/„ = wo + (ti - 19)Aw. 

9.9. In this problem, we are using butterfly flow graphs to compute a DFT. These computations are done in 
place, in an array of registers. An example flow graph for a N ~ 8, (or v = log 2 8 = 3), decimation-in- 
time DFT is provided below. 
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(a) The difference between t\ and to can be found by using the figure above. For example, in the first 
stage, the array elements A[A] and A[S] comprise a butterfly. Thus, £i-*o = 5-4=l. This 
difference of 1 holds for all the other butterflies in the first stage. Looking at the other stages, we 
find 

stage m = 1: /i - to = 1 
stage m = 2: ti-to = 2 
stage m = 3: t\ — to = 4 
From this we find that the difference, in general, is 

l 1 -t = 2 m ~ l , form=l,...,v 

(b) Again looking at the figure, we notice that for stage 1, there are 4 butterflies with the same twiddle 
factor. The to for these butterflies are 0, 2, 4, and 6, which we see differ by 2. For stage 2, there are 
two butterflies with the same twiddle factor. Consider the butterflies with the W$ twiddle factor. 
The to for these two butterflies are and 4, which differ by 4. Note that in the last stage, there 
are no butterflies with the same twiddle factor, as the four twiddle factors are unique. Thus, we 
found 



From this, we f" generalize the result 
A*o = 2 m , 



stage m = 


= 1: 


Ato = 


2 


stage m = 


= 2: 


Ato = 


4 


stage m = 


= 3: 


n/a 





for m = l,...,v - 1 
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9.10. This is an application of the causal version of the chirp transform with 

N = 12 The length of x[n] 

M = 5 The number of desired samples 

Wo = |f The starting frequency 

Ao> = |j The distance in frequency between samples 

Letting W = e~ jA " we must have 

r[n] = e -i""> n w n */ 2 = e -J'H" e -i!f "V* 

9.11. Reversing the bits (denoted by -») gives 






= 


0000 


~¥ 


0000 


- 





1 


= 


0001 


-f 


1000 


= 


8 


2 


= 


0010 


-* 


0100 


= 


4 


3 


= 


0011 


-f 


1100 


= 


12 


4 


= 


0100 


-* 


0010 


= 


2 


5 


= 


0101 


-+ 


1010 


= 


10 


6 


= 


0110 


-*■ 


0110 


= 


6 


7 


= 


0111 


-+ 


1110 


= 


14 


8 


=s 


1000 


-* 


0001 


= 


1 


9 


= 


1001 


-¥ 


1001 


= 


9 


10 


= 


1010 


-*■ 


0101 


= 


5 


11 


= 


1011 


-+ 


1101 


= 


13 


12 


= 


1100 


-» 


0011 


= 


3 


13 


= 


1101 


-» 


1011 


= 


11 


14 


= 


1110 


-> 


0111 


= 


7 


15 


= 


1111 


-* 


mi 


= 


15 



The new sample order is 0, 8, 4, 12, 2, 10, 6, 14, 1, 9, 5, 13, 3, 11, 7, 15. 

9.12. False- It is possible by rearranging the order in which the nodes appear in the signal flow graph. 
However, the computation cannot be carried out in-place. 

9.13. Only the m = 1 stage will have this form. No other stage of a N = 16 radix-2 decimation-in-frequency 
FFT will have a Wi« term raised to an odd power. 

9.14. The possible values of r for each of the four stages are 

m=l, r = 

m = 2, r = 0,4 

m=3, r = 0,2,4,6 

m = 4, r = 0,1,2,3,4,5,6,7 



355 
9.15. Plugging in some values of N for the two programs, we find 



N ] 


Program A 


Program 


2 


4 


20 


4 


16 


80 


8 


64 


240 


16 


256 


640 


32 


1024 


1600 


64 


4096 


3840 



Thus, we see that a sequence with length JV = 64 is the shortest sequence for which Program B runs 
faster than Program A. 

9.16. The possible values for r for each of the four stages are 

m=l, r=0 

m = 2, r = 0,4 

m = 3, r =0,2,4,6 

m = 4, r =0,1,2,3,4,5,6,7 

where W T N is the twiddle factor for each stage. Since the particular butterfly shown has r = 2, the stages 
which have this butterfly are 

m = 3,4 

9.17. The FFT is a decimation-m-time algorithm, since the decimation-in-frequency algorithm has only W$ 2 
terms in the last stage. 

9.18. If the A'i = 1021 point DFT was calculated using the convolution sum directly it would take iV? 
multiplications. If the N 2 = 1024 point DFT was calculated using the FFT it would take N 2 log 3 N 3 
multiplications. A aimin g that the number of multiplications is proportional to the calculation time 
the ratio of the two times is 



A^ 1021* 



= 101.8 w 100 



Nzlog 3 N 2 1024 log 2 1024 
which would explain the results. 

9.19. X{e> 6r/B ) corresponds to the k = 3 index of a length N = 8 DFT. Using the flow graph of the 
second-order recursive system for Goertzel's algorithm, 



= 2 cos 



(t) 



= -w& 

l+j 
" V5 
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9-20. First, we derive a relationship between the ATife*") and X(e>") using the shift and time reversal 
properties of the DTFT. 

*il n ] = *[32 - n] 

X!(e> u ) = X(e->")e-> 33u 

Looking at the figure we see that calculating y[32] is just an application of the Goertwd algorithm with 
* = 7 and N = 32. Therefore, 

V[32] = X x [7] 

= X(c->ft)e-il&> 32 

Note that if we put x[n] through the system directly, we would be evaluating X(z) at the conjugate 
location on the unit circle, i.e., at w = +7jt/16. 

9.21. (a) Assume x[n] = 0, for n < and n > N - 1. From the figure, we see that 

»*W = x[n] + H^*y t [n - 1] 

Starting with n = 0, and iterating this recursive equation, we find 

»i[0] = x[0] 

**W = x[l} + W^x[0) 

y k [2] = x[2] + Wkx[l] + W#z[0] 

y k [N] = x[N} + WJix[N-l] + -.- + W$ N -Vx[l] + WZ»xiO} 

1=0 

- X>;«*w 

AT-1 



1=0 

= X{N-k] 
(b) Using the figure, we find the system function Y k {z). 

Y k (z) = X(z) 



l-2*-icos(2^) + z-2 

1 — I* P ~*T _1 

= x(z) N 

; (l-WiJ**-»)(l-»^*-i) 
X(z) 



1-Wjiz-i 
Therefore, y k [n) = x[n] + W^y k [n - lj. This is the same difference equation as in part (a). 



357 



9.22. The flow graph for 16 point radrx-2 decimation-in-time FFT algorithm is shown below. 




:i -1 -1 

To determine the number of real multiplications and additions required to implement the flow graph, 
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consider the number of real multiplications and additions introduced by each of the coefficients Wt, 



lirO , 
"16 " 



real multiplications + real additions (Hf 6 = 1) 

real multiplications + real additions (Wi 4 6 (a + jb) = b- aj) 

2 real multiplications + 2 real additions <W? 6 (o + jA) = ^(a + b) + j-^(6 - a)) 

2 real multiplications + 2 real additions similarly 

4 real multiplications + 2 real additions 

4 real multiplications + 2 real additions 

4 real multiplications + 2 real additions 

4 real multiplications + 2 real additions 



The contribution of all the W&'s on the flow graph is 28 real multiplications and 20 real additions. The 
butterflies contribute real multiplications and 32 real additions per stage. Since there are four stages, 
the butterflies contribute real multiplications and 128 real additions. In total, 28 real multiplications 
and 148 real additions are required to implement the flow graph. 

9.23. (a) Setting up the butterfly's system of equations in matrix form gives 



1 



N 



Solving for 



gives 



*— iM j 

X m -\\p) 



•[ 






Xm-l\p] 

X m -i[q] , 

which is consistent with Figure P9.6-2. 
(b) The flow graph appears below. 



lur—r 
2 W N 
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(c) The modification is made by removing all factors of 1/2 



the input and the output, as shown in the flow graph below 



xJOj— ► 




changing all W# T to W£, and relabeling 



(d) Yes. In general, for each decimation-in-time FFT algorithm there exists a dedmation-in-rrequency 
FFT algorithm that corresponds to interchanging the input and output and reversing the direction 
of all the arrows in the flow graph. 
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9.24. (a) Using the figure, it is observed that each output Y[k] is a scaled version of X[k], The scaling 

factor is W[k], which is found to be 

k =01234567 

W[k] = 1 G G G 2 G G* G i G 3 

Using this W[k], Y[k) = W^[Ar]Jf[fc]. 

(b) W[k] = G^ k \ where p[Jfc] = the number of ones in the binary representation of index k. 

(c) A procedure for finding x[n] is as follows, 
step 1: Form W"[k] = 1/W[k}. 

step 2: Take the inverse DFT of W'\k], yielding w'[n]. 

step 3: Let x[n] be the circular convolution of x[n] and w'[n]. 

If x[n] is input to the modified FFT algorithm, then the output will be X [k], as shown below. 

Y[k] = W[*]X[*] 

* Hqjfc]jqit]w"[jfc] 

= X[k] 

9.25. Let z k be the z-plane locations of the 25 points uniformly spaced on an arc of a circle of radius 0.5 
from -*/6 to 27r/3. Then 

z k = 0-5e i(( *"'" , '* A " ) , it = 0,1,..., 24 

where 

wo = -- 



- (*)(*) 



5t 
144 

From the definition of the z- transform, 

N-l 

x ( z k) - 5Z x i n K n 

n=0 

Plugging in zt, and setting W = e~'' A ", 

x (*k) = XI *N{0-5)- n e- JU,,,n W r,li 

n=0 

This is similar to the expression for Jf (e'™) using the chirp transform algorithm. The only difference is 
the (0.5) -n term. Setting 

g[n} = i[n](0.5)- B e-^"Vv"' I/2 

we get 

X(z k ) = W k */ 3 £ 9 WW- ( *- n)5/2 

using the result of the chirp transform algorithm. A procedure for computing X(z) at the points z* is 
then 
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• Multiply the sequence x[n] by the sequence {0.5)~ n e~ JW » n W rn * /2 to form g[n]. 

• Convolve g[n] with the sequence W'^f 2 . 

• Multiply this result by the sequence W B ' /2 to form X(z k ). 
A block diagram of this system appears below. 



9.26. 



x[n] 



<g>*L W<* _^> 



<J)- n e- +B o n W nffi 



XCy 



W" 



iN-\ 
Y[k] = £ y [ n ]e-«&>*» 

n=0 
N-l 2JV-J 

1=0 n=N 

N-l N-l 

n=0 l—o 



= V* e -J(«/N)n s e -j{2r/ff)lk/2)n + e -j>i V^ e -j(ir/JV)(j'+2AfJ+N*) c -j(2«/^}(i/2)/ 

N-l Af_i 

= £ e -X*/")n 3 e -;(2»/N)U/2)n + (_jj* £ e -H*/N)l* e -}(2*/NHk/2jt 

N-l 

= (i + (_l)*) 52 e->l'W"* e - i{2 ' /N H k M n 



n=0 

2JV[Jc/2], * even 
0, k odd 



Thus, 

9.27. Let 
Then 



Y[k] 



= \0, k 



y[n] = e-> 2 "/« 7 t[n] 



even 
odd 



Y(e> u ) = jr(e*" + *>) 
Let y'[n] = £"=-« y[n + 256m], < n < 255, and let Y'[k] be the 256 point DFT of y'fnj. Then 

Y'{k] = X ( e J (^ + fe)) 
See problem 9.30 for a more in-depth analysis of this technique. 
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9.28. (a) The problem states that the effective frequency spacing, A/, should be 50 Hz or less. This 
constrains A' such that 

A/ = ^<50 

N * Wf 
> 200 

Since the sequence length L is 500, and N must be a power of 2, we might conclude that the 
minimum value for N is 512 for computing the desired samples of the z-transform. 

However, we can compute the samples with N equal to 256 by using time aliasing. In this technique, 
we would zero pad x[n] to a length of 512, then form the 256 point sequence 



. , f x[n] + x[n + 256], < n < 
( 0, otherwii 



255 
otherwise 



We could then compute 256 samples of the z-transform of y[n]. The effective frequency spacing of 
these samples would be 1 1 (NT) a 39 H2 which is lower than the 50 Hz specification. 
Mote that these samples also correspond to the even-indexed samples of a length 512 sampled 
z-transform of x[n]. Problem 9-30 discusses this technique of time aliasing in more detail, 
(b) Let 

yln] = (1.25) n x[n] 

Then, using the modulation property of the z-transform, Y{z) = ;f(0.8z) and so y[ifc] = X (O-ieiW). 
9.29. (a) "We offei two solutions to this problem. 

Solution #1: Looking at the DPT of the sequence, we find 

N-l 

X[k] = Y, *(nje~ j *"" /w 

(N/2J-1 AT-i 

= £ *l7i]e-*»*»/" + £ x[n}e-#' kn / N 

n=0 n=N/2 

(«m~l (W/2)-l 

= J^ x[n}e-** kn ' N + £ i(r + W , * ,| ' +<W ' 1 

n=0 r=0 

(JV/2)-l 

= £ *[n][l-{-l)V' 2 * WAf 
= 0, k even 
Solution #2: Alternatively, we can use the circular shift property of the DFT to find 

X\k] = -A-[Jfeje-**>*<$> 

= (-l)* +l ^[i] 
When k is even, we have X{k) = -X[k] which can only be true if X[k] = 0. 



363 



(b) Evaluating the DFT at the odd-indexed samples gives us 

JV-l 



N/2-l N-l 



*[2* + l] = Y, An)e~ i{ ** /N){ ' 2k+X) 

nnC 
JV/2-1 

= V i[n]e _J ' 2 * n/N c~ jS * Jtn/<AA/2) + V) x[n]e- i3 * n/N e~ ii ' kn/iN/3) 

n=0 n=N/2 

N/2-1 

= DFT* /2 {*[n] e ->< 2 *W"} + 53 *t/ + {N/2)]e-^t' + 

N/2-1 

= DFT JV/2 {2 a :He- i(2 * /Af)n } 

for Jfc = 0, . . . , /V/2 - 1. Thus, we can compute the odd-indexed DFT values using one N/2 point 
DFT plus a small amount of extra computation. 

9.30. (a) Note that we can write the even-indexed values of X[k] as X[2k] for k - 0, ... , (N/2) - 1. From 
the definition of the DFT, we find 



,=N/2 

N/2-1 

' (N/2)]/W,->2w*{J+<Ar/2)]/(W/2) 

N/2-1 

j2rU/(AT/2) 

i=0 



AT[2Jfc] = J] x [n]e- i2 * (2k)n/N 

N/2-1 
N/2-1 

53 *{n + <tf/2)]e- , 'l*fr*"e-'"'#*5 W2) * 



Tl=0 

N/2-1 

+ 

N/2-1 



= 53 (x[n] + x[n + (N/2)])e-*Tfa kn 

= r[*] 

Thus, the algorithm produces the desired results. 
(b) Taking the AZ-point DFT Y[k], we find 

M-l oo 

Y[k] = Y £ xfn+rAfle-'' 2 ' 1 " 1 ^ 

n=0 r=— oo 
so U-l 



= 53 53x[ n+ rAf|e- J ' 2 ' i < n+rAf »^e J ' 2 * (ri ' ) * /w 

r=— oo b=0 

Let i = n + r M. This gives 

I=-oo 

_ x(j** k ! u ) 

Thus, the result from Part (a) is a special case of this result if we let M = N/2. In Part (a), there 
are only two r terms for which y[n] is nonzero in the range n = 0, . . . , (N/2) - 1 
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(c) We can write the odd-indexed values of X[k] as X[2k + 1] for Jfc = 0, . . . , (N/2) - 1. from the 
definition of the DFT, we find 

N-l 

*[2Jfc+l] = £ z[n)e-> i *V k+1 ) n ' N 

n=0 
N-l 

= ]P x [n]e- f2 ' n/N e- i2 ' i2k)n/N 

{NJi)-\ (N/2)-l 

= £ x[n]e- i2 ' n ^e- j ^m kn + £ x [n + (Ar/2)]<r'' 2 *[ n+ <''/ 2 >l/ J V ; '^ t[ " +WI) ) 

n=0 nsO 

= ^ [(i[n] - i[n + (JV/2)])e->^ n ] e- J ^7iy* Tl 



Let 

(N/2) -1 
otherwise 



rfn] = f (*(n] - x[n + (JV/2)])e-*WN)», < n < 
[ 0, otherwisi 



Then Y[k] = X[2k + 1]. Thus, The algorithm for computing the odd-indexed DFT values is as 
follows. 

step 1: Form the sequence 



y[n]=f <*M-*[" + W 2 >]> c " 



■i{a*/w)» > o<n<(7V/2)-l 
otherwise 



step 2: Compute the N/2 point DFT of y[n], yielding the sequence Y[k]. 

step 3: The odd-indexed values of X[k] are then X[k] = y [(Jfc - l)/2], Jfc = 1, 3, . . . , N - 1. 

9.31. (a) Since i[n] is real, x[n] = i*[n], and X[k] is conjugate symmetric 

N-l 



= (X>[n]e'** n e-^ N ' 1> ) 



Hence, *«[*] = X R [N - k] and Xj[k] = -^/[7V - Jfc]. 

(b) In Part (a) it was shown that the DFT of a real sequence x[n] consists of a real part that has even 
symmetry, and an imaginary part that has odd symmetry. We use this fact in the DFT of the 
sequence g[n] below. 

G[k] = X l [k]+jX»[k] 

= *i£*[*l - Xioi[k] +j (X l0t [k] + X 2BR [k]) 
real part imaginary part 

In these expressions, the subscripts "E" and "O" denote even and odd symmetry, respectively, and 
the subscripts "R" and "F denote real and imaginary parts, respectively. 
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Therefore, the even and real part of G[k] is 

G E R[k] = X lBR [k] 

the odd and real part of G[k] is 

G OR [k} = -Xiotik) 
the even and imaginary part of G[k] is 

G BI [k] = X 2£R [k} 
and the odd and imaginary part of G[k] is 

Co; [*] = *!©/[*] 
Having established these relationships, it is easy to come up with expressions for Xjfjfc] and X 2 [k]. 

Xi[k} = X iB »lk]+jXioi[k} 

= G E R[k]+}G i[k} 

X*\k] = X 2BR [k}+jX i0 i[k} 

= G BI [k)-jGoR[k] 

(c) An TV = 2" point FFT requires (N/2) log 2 TV complex multiplications and TV log 2 TV complex addi- 
tions. This is equivalent to 2TVlog 2 TV real multiplications and 3TVlog 2 TV real additions. 

(i) The two TV-point FFTs, Xi[k] and X 3 [k], require a total of 4TVlog 2 TV real multiplications and 

6TV log 2 TV real additions. 
(ii) Computing the TV-point FFT, G[k], requires 2TV log 2 TV real multiplications and 3TV log 2 TV real 
additions. Then, the computation of G E R[k], G B{ [k], Goi[k], and GoR[k] from G[k] requires 
approximately 4TV real multiplications and 4TV real additions. Then, the formation of A^ [k] and 
X2[k] from G B R[k], G B j[k], Goi[k], and <?<>«[*] requires no real additions or multiplications. 
So this technique requires a total of approximately 2TVlog 2 TV + 4TV real multiplications and 
3TV log 2 TV + 4TV real additions. 

(d) Starting with 

ff-i 
X[k\ = £ x[n]e-* r,m / N 

and separating x[n] into its even and odd numbered parts, we get 

n even n odd 

Substituting n = 2( for n even, and n = 2/ + 1 for n odd, gives 

W2J-1 <«/2)-l 

X[k] = £ *P«]e~ j2 ** £/w * ) + Y, *[«+l]«- ja ** (a ' +I)/Ar 



■I 



Xi[k] +*-*"*'» x,[k], o<*<f 

JTit* - (TV/2)] - e-#* k /*<X 2 [k - (TV/2)], f < k < TV 



(e) The algorithm is then 
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step 1: Form the sequence g[n] = x[2n] + ;x[2n + 1], which has length N/2. 

step 2: Compute G[k], the N/2 point DFT of g[n]. 

step 3: Separate G[k] into the four parts, for A: = 1, ... , (N/2) - 1 

Go*[k] = l(G R [k]-G*[(N/2)-k)) 
G E R[k) = l(G R [k] + G R [(N/2)-k}) 
Goi[k] = \(G r [k]-G t [(N/2)-k]) 



2' 



which each have length N/2. 
step 4: Form 



*i[*] = G B R[k] + jGor[k] 
X2'[k\ = e- fl '* / ' r (G«[*]-i<?oii[t]) 



which each have length N/2. 
step 5: Then, form 



step 6: Finally, form 



X[k) = X l [k} + X 2 '[k), 0<*<y 



X[k] = X'{N - k], ^<k<N 



2 ~ 

Adding up the computational requirements for each step of the algorithm gives (approximately) 
step 1: real multiplications and real additions. 
step 2: 2— log 3 -^ real multiplications and 3y log 2 y real additions, 
step 3: 2N real multiplications and 2JV real additions, 
step 4: 27V real multiplications and N real additions, 
step S: real multiplications and N real additions, 
step 6: real multiplications and real additions. 

In total, approximately N log 2 y + 4A^ real multiplications and \N log 2 y + 4JV real additions are 
required by this technique. 

The number of real multiplications and real additions required if J£[jfc] is computed using one N~ 
point FFT computation with the imaginary part set to zero is 2N log 2 N real multiplications and 
3N log 2 N real additions. 

9.32. (a) The length of the sequence is L + P - 1- 

(b) In evaluating y[n] using the convolution sum, each nonzero value of h[n] is multiplied once with 
every nonzero value of x[n). This can be seen graphically using the flip and slide view of convolution. 
The total number of real multiplies is therefore LP. 

(c) To compute y[n] = h[n] * x[n] using the DFT, we use the procedure described below. 
step 1: Compute N point DFTs of x[n] and h[n). 

step 2: Multiply them together to get Y[k] = B[k]X[k}. 

step 3: Compute the inverse DFT to get y[n]. 

Since y[n] has length L + P - 1, N must be greater than or equal to I + P - 1 so the circular 

convolution implied by step 2 is equivalent to linear convolution. 
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(d> For these signals^islargeenough so ^^£^i^^2£Z£> 
volution of x[n] and h[n] produce the same result. Counting tne num 
for the procedure in part (b) we get 



9.33. 



DFTofx[n] 
DFT of h[n] 
Y[k] = X[k)H[k) 
Inverse DFT of Y[k] 



(JV/2)log 2 N 
(AT/2)log 2 iV 

N 
(Af/2)logiN 

(3N/2)log 2 * + * 



Since there are 4 real mmtipUcations for ev*v -f^^rpS^^\tt^^ 

takes fiATlogj N + 4* real multiplications. Using the answer from pan K j, 

method requires (N/2) { N/2)= ^^T^^ which t he FFT method requires fewer 

The following table shows that the smallest N - 2 tor wnicn 

multiplications than the direct method is 256. 



N 


Direct Method [ 


FFT method | 


2 


1 


20 
64 


4 


4 


8 


16 


176 
448 


16 


64 


32 


256 


1088 


64 


1024 


2560 


128 


4096 


5888 
13312 


(256 


16384 



(a) For each L point section, P - 1 samples are discarded, leaving L - P + 1 output samples. The 
complex multiplications are: 



I point FFT of input: {L/2)^L = ^/2 

Multiplication of filter and section DFT: 1-2" 

L point inverse FFT: (Iffl lofe I - «*71 

Total per section: 



2"(i/ + 1) 



Therefore ' Complex Multiplications = 2> + l) 

Output Sample 2" - P + 1 

Note we assume here that ff(k] has been precalcuUted. For „ = 12 

(b) Tne figure below plots the number of complex ^^^^^diect evaluation 
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v 

Although v = 9 is the first valid choice for overlap-save method, it is not plotted since the value is 
so large (in the hundreds) it would obscure the graph. 



(«) 



Urn 



= lim 



2"(y+l) 

2" - P + 1 *^5o 1 + 

= i/ 



v + 1 



Thus, for P = 500 the direct method will be more efficient for v > 500. 
(d) We want 

2 " (t/+1) -P. 



Plugging in P = L/2 = 2 1 " 1 gives 



2" - P + 1 ~ 
2*> + 1) 



2" - 2"' 1 + 1 



<2" 



As seen in the table below, the FFT will require fewer complex multiplications than the direct 
method when v = 5 or P = 2* = 16. 





Overlap/Save 


Direct 


V 




2-1 


1 


2 


1 


2 


4 


2 


3 


6.4 


4 


4 


8.9 


8 


5 


11.3 


16 



9.34. This problem asks that' we find eight equally spaced inverse DFT coefficients using the chirp transform 
algorithm. The book derives the algorithm for the forward DFT. However, with some minor tweaking, 
it is easy to formulate an inverse DFT. First, we start with the inverse DFT relation 
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Next, we define 

An = 1 
n/ — no + 1 An 

where I = 0, . . . , 7. Substituting this into the equation above gives 



Denning 
we find 

Using the relation 

we get 

Let 
Then, 



1 w_1 

X[n t ) = j- £ xpp-TM^k/NgPrt&nk/H 
1 N_1 



tk = he+e-{k-€? 



2 l 

Jfc=0 



l N_1 



*K 



\k=0 



From this equation, it is clear that the inverse DFT can be computed using the chirp transform algorithm. 
All we need to do is replace n by A, change the sign of each of the exponential terms, and divide by a 
factor of N. Therefore, 

m x {*] = t ?™<*l»w- k *f t 
mat*] = W'-* 1 ' 2 

Using this system with *<, = 1020, and t = 0, . . . , 7 will result in a sequence y\n] which will contain the 
desired samples, where 

y[0] = i[1020] 

y[l] = *[1021] 

y\2] = i[1022] 

y[3] = *[1023] 

y[4] = ,[0] 

V(5] = x[l] 

m = *PJ 

»M = *[3] 
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9.35. First note that 



/ x[n], il<n<iL + 127, 
rjfnj = i 

[ 0, otherwise 



z[n + iL), 0<n<127, 
0, otherwise 



Using the above we can implement the system with the following block diagram. 



t[n] ► 


Shift 
by-iL 




Multiply 










^ 


FFT-1 
256-pt 










— ► 

— P 


Multiply 








.1 ,.f_ l-JCl 




— ► 


IFFT-2 
256-pt 
















»> 


FFT-1 
256-pt 




h[n] 

















*tnl 



The FFT size was chosen as the next power of 2 higher than the length of the linear convolution. This 
insures the circular convolution implied by multiplying DFTs corresponds to linear convolution as well. 

No m = A^ + JVh-1 
= 128 + 64-1 
= 191 

JV FFT = 256 

9.36. (a) The flow graph of a decimation-in-frequency radix-2 FFT algorithm for N = 16 is shown below. 
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(b) The pruned flow graph is shown below. 



372 




(c) The pruned butterflies can be used in (v - ft) stages. For simplicity, assume that N/2 complex 
multiplies are required in each unpruned stage. Counting all Wfc terms gives 

Number of multiplications = (Unpruned multiplications) + (Pruned multiplications) 



= V 



N 



t + L 2 * 
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t=o 

- il .2"~ 1 + ^—=. 1 

* 1-2 

= n ■ 2"- 1 + 2"-** +1 - 2 

9.37. (a) Starting with the equation 

N 
f[n] = x[2n + 1] - z[2n - 1] + Q, n = 0,l,...,— - 1, 

where 

we note that i[2n + 1] = h[n], and x[2n - 1] = h[n - 1] for n = 0, 1, . . - , % - 1. We then get 

/In] = ft[n] - % - 1] + <?, n = 0, 1 y - 1- 

Taking the N/2 point DFT of both sides gives 

F[i] = H[i]-^ /2 ^] + <3^^ 2 

n=0 

= j5rr*](i-H#) + yW) 

So 



!0] = 


-2 Q 


= 


n=0 




*-l 


= 


£x[2n+l] 




w=0 


= 


F[0] 



Therefore, 



(b) The equation, 
for k ?i becomes 



*{*] = G[k] + W&H[k] 

X[0] = G[0] + H (0] = G[0] + F[0] 

X[N/2] = G(tf/2] + WJJ /2 H[N/2\ 

- G[0] - H[0) - G[0] - F[0] 



Fffl «*[*](! -B#) + yWl 
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So 



gft1 - m 

Therefore, 

X[k] = G[k] + W^H[k] 

- cm i F[k] 



= <?W- ; =: 



F[fc] 



2 siii(2irJfc/iV) 

Clearly, we need to compute A"[0] and X[N/2] with a separate formula since the sin(2irfc/JV) = 
for Jt = and k = N/2. 

(c) For each stage of the FFT, the equations 

X[Q) = G[0) + F[0] 
X[N/2] = G[0}-F[0] 

require 2 real additions each, since the values G[0] and F[0] may be complex. We therefore require 
a total of 4 real additions to implement these two equations per stage. 

For a single stage, the equation 

X[k] = G[k]-h , JHtlm ** O.^/ 2 
1 J l i 2 sm(2rk/N) 

requires {N - 2)/2 multiplications of the purely imaginary "twiddle factor" terms by the complex 
coefficents of F[k] for k ^ 0, N/2. The number of multiplications were halved using the symmetry 
sin(2ir{* + N/2)/N) = - sin(2irJfc/A0 and the fact that F[k] is periodic with period N/2. Since 
multiplying a complex number by a purely imaginary number takes 2 real multiplies, we see that 
the equation requires a total of {N - 2) real multiplies per stage. 

We also need {N - 2) complex additions to add the G[Jfe] and modified F[k] terms for k # 0, N/2. 
Since a complex addition requires two real additions, we see that the equation takes a total of 
2(jV - 2) real additions per stage. 
Putting this all together with the fact that there are log 2 N stages gives us the totals 

Real Multiplications = (N - 2) logj N 
Real Additions = 2N log, N 

Note that this is approximately half the computation of that of the standard FFT. 

(d) The division by sin(2irJk/JV) for Jt near and N/2 can cause X[k] to get quite large at these values 
of k. Imagine a signal Xi[n], and signal x 2 [n] formed from xi[n] by adding a small amount of white 
noise. Using this FFT algorithm, the two FFTs Xi\k] and X 2 [k] can vary greatly at such values 
of*. 

9.38. (a) 

X[2k] = X>tn]W#" 

n=0 



= £ (x[n]^^" + x[n + (N/2)]^* (n+W3)) ) 



= £ {x[n]+x[n + (N/2)})Wl kn 

n=0 
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In the derivation above, we used the fact that W& N - 1. Since W}, kn = Wfa, X[2k] has been 
expressed as an N/2 point DFT of the sequence x[n] + x[n + (N/2)], n = 0, 1, . . . , (N/2) - 1. 
(b) 



fi-l 

X\4k + 1] = £i[n]W#* +1,B 



= £ (*MWJW W + «I» + (JV/4)]^ +(N/4) < i( '" KN/4)) 

n=0 

+ «(n + {AT/2)]^ +( ^ 2) W^* <n+(A,/2)) + x[n + (ZN/4)}Wf l3N/t) W$l n+{3r>/4 ») 

(AT/4J-1 

= £ «*M - *[n + {N/2)}) - j(x\n + (N/4)) - x[n + (3W/4)])}l*BWff" 



In the derivation above, we used the fact that W^* = -j, W 3 "'* - j, W% 12 = -1, and W™ = 1. 
Since Wjf" = Wj& 4 , X[4k + 1] has been expressed as a JV/4 point DFT. But we need to multiply 
the sequence (x[n] - x[n + (N/2)]) - j(x[n + (N/4)] - x[n + (3^/4)]) by the twiddle factor WjJ, 
< n < (N/4) - 1 before we compute the JV/4 point DFT. 
The other odd-indexed terms can be shown in the same way to be 

X[4k + 3] = £ {(x[n)-x{n + (N/2)}) 

n=0 

+ j(x[n + (N/4)] - x{n + (3*/4)])}W'£ n W# n , Jb = 0, 1, . . . , (N/4) - 1. 

Parts (a) and (b) show that we can replace the computation of an N point DFT with the compu- 
tation of one N/2 point DFT, two JV/4 point DFTs, and some extra complex arithmetic. 

(c) Assume N = 16 and define 

g[n] = x{n] + x[n+(N/2)], n = 0, 1, . . . , (JV/2) - 1 
h[n] = «[n]-*[n+(JV/2)], n = 0,1,..., (N/4) - 1 
f 2 [n] = i[n + (AT/4)] ~x{n + (ZN/4)), n = 0,1,..., (N/4) - 1 

A diagram for computing the values of X[k] looks like: 
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If we cany on applying the split-radix principle, we get the next diagram: 
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-»X[12] 



X[10) 



XI14I 




XI13] 



X[11J 



XI15] 



-1 H 



(d) The flow diagram for the regular radix-2 decimation-in-frequency algorithm is shown in the next 
figure for N = 16. Not counting trivial multiplications by W%, we find that there are 17 complex 
multiplications total. Of these 17 complex multiplications, 7 are multiplications by W} e — -j- 
Since a multiplication by — j can be done with xero real multiplications, and a complex multipli- 
cation requires 4 real multiplications, we find that the total number of real multiplications for the 
decimation-in-frequency algorithm to be (10)(4) = 40. 



Taking a look at the split-radix algorithm, we find again that there are 17 complex multiplications. 
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In this case, however, 9 of these are by W^ = -j. Thus, it takes a total of (8)(4) = 32 real 
multiplications to implement this flow graph. 
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2~3> J -5 ' 1~ 7i 

we notice that, to first order, the <?< and 6 i+1 differ by a factor of 2. (Note that these formulae are 
in radians). This approximate factor of 2 for sucessive 9 t is confirmed by looking at some values 
of €i-. «o = 45°, 0i = 26.6°, 8 2 = 14.0°, 6 3 = 7.1". So we have a set of angles whose values are 
decreasing by about a factor of 2. 

You can add and subtract these 8< angles to form any angle < 8 < */2. The error is bound by 
8 M = arctan(2- M ), the angle that would be included next in the sum. If the error were greater 
than U , then one of the a t terms must have been incorrect. The inclusion of the Mth term must 
bring the sum closer to 8. 

(b) An algorithm to compute 0, is described below. 

oo = +1 
8 = a $o 

for i = 1 to M - 1 
if (* > 8) 

Oi = -l 

else 

a; = +1 

fnflif 

6 = Qi 8i + 8 
end for 



Using this algorithm, the sequence q< is found to be 



i 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Oi 


1 


-1 


1 


1 


-1 


-1 


1 


1 


-1 


-1 


-1 



(c) Note that (X + jY)(l + jo^"*) = (X - 0^2-) + j(Y + ai X2~% Hence, the recursion is simply 
multiplying by M complex numbers of the form (1 + ]<*&-')■ These can be represented in polar 

form: 

(1+^2-*) = v/iTF^^-"^' 2 "" 5 

= Git*"* 
Multiplication of polar numbers produces a sum of the phases, o,0,. 

M-l 

(d) Multiplication of polar numbers produces a product of the magnitudes, Gi. 

JLf-l 

g u = n v^+2-* 



9.40. (a) Starting with the definition of the DFT, 



X [k) = X>mws* 
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N/3-1 2N/3-1 lf-1 

= £ x[n]WfP i + £ *fn]W#* + £ *M w ft w * 

»=0 »=N/3 «3N/3 

Substituting m = n - N/Z into the second summation, and m — n -2JV/3 into the third summation 
gives 

N/3-1 N/3-1 N/3-1 

x$k] = e *( n ]^ ni + E *[™+w]wjr k wg k + e *{™+wmK mk w]/ n < 

W/3-1 

= £ <*M + x t ft + N W + *t n + 2^/3])^ B * 

ru=0 
N/3-1 

= E (*M + *[n + N/3] + x[n + 2N/3])W$ 3 

Define the sequence 

*iH = *[n] + x[n + N/S\ + x[n + 2N/3] 

The 3-point DFT of Xl [n] is Xi[k] - X{Zk]. 

(b) This part is similar to part (a). First, xj[n] is found. Starting again with the definition of the 
DFT, 

N-l 



x[k] = ^[»w 



n* 



n=0 

X[3k + l] = Y^)< 3k+1) 

n/j-i aw/3-i jv_i 

= E*w<" +1) + E *[« (3i+1) + E «W"^** 1) 

n=0 ix=N/3 n=2N/3 

Substituting m = n - AT/3 into the second summation, and m = n- 2JV/3 into the third summation 
gives 

N/3-1 N/3-1 

X[Zk + l) = E *!n]H# 3Jl+I) + E *[m + AT/3]^ m+x/3K " +1) 

n=0 m=0 

N/3-1 

+ E xh + 2JV-/3l^ m+2N/3,( " +1) 

N/3-1 N/3-1 

= E «WW]T +1) + E xtm + JV/3K" +1 ><*</ 3 

N/3-1 

+ E *fm + W/3]H# ,tH, H^*W*''* 

N/3-1 

= E ('W + x l n + W* 7 * + *l» + 2JV/3]^ N ^)^ (, * +1) 
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N/3-1 



Define the sequence 



Xf 



[n] = ( X [n] + i[n + */3]w" /3 + *[n + 2JV/3]W^ /3 )H^ 



The 3-point DFT of ^[n] is J? 2 [Jt] = X{Zk + 1]. Next, i 3 [n] is found in a similar manner. Starting 
with the definition of the DFT, 

JV-l 

X[k] = E *[«]«# 



n=0 
N-l 



X[Zk + 2] = £x[n]< 



n(3Jt+2) 



n=0 

N/3-1 2N/3-1 N-l 



7 n(3i+2) 



= E*«<" +2) + E *m<" +2, + E *w< ; 

n=0 n=N/3 B=c2N/3 

Substituting m = n - W/3 into the second summation, and m = n- 2N/Z into the third summation 
gives 

N/3-1 N/3-1 

x[zk+i\ = e *w< M+a, + E_*im+"/3]< ra+ " /3H3t+2) 



n=0 tn=0" 

N/3-1 

+ 

m=0 

N/3-1 N/3-1 

,m(3i+2) Lt rJVt u/ 2N/3 



fI2?G 

N/3-1 

+ 

N/3-1 



E *[m + 2tf/3]< n+2 * /3M3t+2) 

m=0 

i-l N/3-1 

= E *m<" +2) + E ih+jv/s]^ 21 ^'^; 

=0 m=0 

N/3-1 

3-1 

= E <*H + *£" + JV/3]w£ W ' 3 + x[n + 2JV/3]< Ar/3 )^ (3i+2) 

n=0 

N/3-1 

= E <*H + r ( n + -^/3!^ /3 + *[n + 2N/3]W* N N/3 )WjrK% 

n=0 

Define the sequence 

x,[n] = (*[n] + i[n + JV/3]w£ w/3; + i[n + 2N/3}WJ l N/3 )Wf / n 

The 3-point DFT of x 3 [n] is X 3 [Jt] = X[3Jt + 2J. 
(c) To draw the radut-3 butterfly, it helps to derive the output of the butterfly first. From the definition 
of the DFT, 

X[k] = E*!^ 

X[0] = x[0] + x[l) + x[2) 
X[l] = x[Q] + x[l)W*+x[2]WJ 

X{2] = *{0]+itl]l* r , 8 +*[2jll^=*lO] + *[l]»?+*[2]H^ 
The butterfly for the 3 point DFT is drawn below. 
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x m -,fei. 



X m-,lP] 



*Jl] 




*™-,M 



(d) Using the results from parts (a) and (b), the flow graph is drawn below. 
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",11) N = 3 




DFT 



N.3DFT 



N = 30FT 



XJO] 



>?3] 



XJ6] 



— -• X11] 



-* *M 



xm 



X(2] 



X[5]. 



XJ8) 



(e) The system consisting entirely of N = 3 DFTs is drawn below. 
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(f ) A direct implementation of the 9 point DFT equation requires 9* = 81 complex multiplications. 
The system in part (e), in constrast, requires 4 complex multiplications for each 3 point DFT, and 
an additional 4 from the twiddle factors, if we do not count the triral H$ multiplications. In total, 
the system in part (e) requires 28 complex multiplications. In general, a radix-3 FFT of a sequence 
of length N = 3" requires approximately 



Number of complex multiplications 



-(< 



complex multiplicatio ns 
3-pt DFT 
f N twiddle factors 
^ stage with twiddle factors 



J (v - 1 stages with twiddle factors} 



i*5!2SW stages) + 
stage / 
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Replacing v with logj N, and simplifying this formula gives 

Number of complex multiplications = - N toga fi - N 

Note that this formula for a radix-3 FFT is of the form A r log 3 N, The constant multiplier, |, is 
significantly larger than that of a radix- 2 FFT. This is because a radix- 2 butterfly has no complex 
multiplications, while in part (c) we found that a radix-3 butterfly has 4 complex multiplications. 
Also note that this formula is an upper bound, since some of the N twiddle factors in the v — 1 
stages will be trivial. However, the formula is a good estimate. 



9-41. (a) 



(b) 



So 



(c) From the figure 



X[k] = A-[fc]$>[n]/.'[n])M*-n] 

n=0 

n=0 

= E We'*"*'" 



X[k + N] = h m [k + N] Y, x[n]h'[n]h{k + N - n] 

n=0 

h-[k + N) = e -M**i*) a (« 
= h'[k}e- ifN 

N-l 

X[k + N] = h'[Jt]e--'* w ^a;(n]/i , [n]/i[*-ny N 
= X[k] 



xjk] 






x t M 



hfjc] 



we define the signals xi[k] and x 2 {k\ to be 

*i[lfc] = x[k)h'[k} 



Xjfk] 






-» yM 
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*•[*] = E *iM*t*-fl 



Therefore, 



k€[0,...,2N-l] 



y[k] = h-[k)x 3 [k] ks[lt,...,2N-l] 



-Q*/N 



_ e -*rt*/i» £ ^^e-J'^/N^-d:-*) 1 /^ k£ [ N 27V - 1] 

= £ i[fle- > 2 *" /N A € [JV, - . - , 2N - 1] 

/=* 
= X[k + N] Jt€[0,...,7V-l] 

= X[k) 



(d) 





2W-I 








H{z) = 


Y, <j* k * fN *- k 




*=0 




M-12M-1 


= 


V^ y e J>(r+(M) J /A' z -(r+/Af) 




r=0 *=0 




AT-12M-1 


= 


V ^jT e?"' ' /N 'tP 2 ' Tt/u t?*° z" z~ tM 




r=0 /=0 




Jrf-1 


■3W-1 


= 


53 e>"VN 2 -r 


£ ^.r/tfrW)^.])' 2 




r=0 


. *=0 




Af-1 


"2Af-l "] 


= 


£ e^/",-' 


E (^-'"'-"n-D'l 




r=0 


. £=0 J 




«-l 


■3U-1 




= 


X^"^ 


Y (- e >' 7 ' r/M z- u ) t 






r=0 


. 1=0 






M-l 


" l _ e }3*H2U)/U Z -2M* 


1 




1 + e }2*r/M z -M 




«sO 


J 




«-i . r .-aw 1 i 






r=0 


*-* 






1 + e i(2ir/«)r z -« 







(e) The flow graph for the system, 






is drawn below. 
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,M 






X^] 




> -1 < 






2 -w 






-z^ 


z 


-1 








1 , 






Z -M 








z 


-^ 








J4«/M 










> 




z"* 








z" 1 - 









-e* 4 " 



gpt<N-1) , 



_ e (2«(M-1VM 

(f ) Complex multiplications: Since we are only interested in y[k] for k = N, N + 1, . . . , 2N - 1 we 
do not need to calculate the complex multiplications on the output side of each parallel branch 
until k > N. Thus, 



Operation 



Xl [k] = x[k}h'[k] 

Poles of H(z) for Jfc = 0.....JV - 1 

Poles and branch exponentials of H{z) for Jfc = N, . . . , 27V - 1 



Complex Multiplications 



N 
NM 

2NM 

N 



= ZMN + 2N 
= 3A/ 3 + 2M 3 

We are including the multiplication of -1 and 1 from the first branch here for simplicity. 

Direct evaluation requires N* = M* complex multiplications. 

Note that since we are only interested in y[Jt] for fc = N,N + 1,...,2JV- 1, the initial delay of 

2M 7 is unneccessary-, we have obtained all interesting output before the first delayed sample 

appears. 
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Complex additions; The complex additions on tbe output side of each parallel branch do not 
need to be computed until k>N. Thus, 



Operation 


Complex Additions 


Poles of H(z) for Jfc = 0,...,7V - 1 

Poles and branch exponentials of H (z) for Jfc = N, ... ,27V - 1 


NM 

2NM 



= ZM 3 



Direct evaluation requires N(N - 1) = JW(Af 2 - 1) complex additions. 



9.42. (a) We separate the system function H (z) into two pieces; one corresponding to Afi[n] = ,Re{/i[n]} 
and another corresponding to hi[n] = Im{h[n]}. 

1 - wtz- 1 



l-2cos(2xk/N)z- 1 +z' 
1 - cos(2xk/N)z- 1 



H(z) = 

Hr(z) = i_2cos(2*W 1 +*- 2 

A*[n] = cos(2jrfcn//V)u[n] 

u (^ = «n(2rf/jy)»- 1 

n ' l-2cos(2xk/N)z- 1 + z- 2 

hj[n) = sm(2rkn/N)u[n] 

Since x[n] is real, the real and imaginary parts of X[k] = Vk[N] are computed using the following 

flowgraph. 




(b) 



= 2xk/N 



Re{X[k]} 



tm{XIk]} 



K*{X[k)} = Re{y k [N)} 
lm{X[k]} = hn{y k [N]} 

Since the output of interest is the JVth sample, we need only consider the variance at time N. 
The noise e x [n] is input to both hn[n] and hi[n]. Using the techniques from chapter 6, we find the 
variance of the noise is 



<*[*] » <+^,E*iH 
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Let 6 = 2vk/N. 



n=0 n=0 

p(l + 2(AT + 1) + 1) 



j.e-jWtN+iJN 



JV 



+ 1 



Simi]arly 1 ^ ;=0 /i?[n] = 7V/2. 
Therefore, 



4W = =i2-(l + (*/2) + D 



2 -2B 

= ~12~ 

g-2S 

<*H = is- 

2~" 
12 



(/V + 4)/2 
(1 + W2)) 
(AT + 2)/2 



9.43. 



X[k] = ]T *[n] co&(2xkn/N) - j £ *[n]sin(2**njW)- 

n=0 »=0 

For fc ^ 0, there are N - 1 multiplies in the computation of the real part and the imaginary part: 

S R = (N - 1)** = erf, 
where tr 2 = 2 _2B /12. For Jc = there are no multiplies, and therefore o^ = = oj. 



9.44. (a) 



^" a/ '\(iV-l)cr» MO 



I*— iMwjl = I*™-iM!|Wn! = l*m-i( 



l i 



|Jf m WI < Um-lMI + I*— iWI < j + 2 = J 

implies that |Re{* m [pj}| < 1 and |Im{* m [p]}j < 1- A similar argument holds for \X m [ 
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(b) The conditions are not sufficient to guarantee that overflow cannot occur. 
\Ke{X m \p]}\ < \H£{X m \p]}\ + \^{W T N X m -i[q)}\ 

< I + jcos (2£) MX-^W} - ^ (£) MJr-iW) 

Consider the worst case, when r = 3JV/8. Then, 

|Re{*m[p]}! < | + |^Re{Xm-iM} + ^i»{^«-iW> 

<- \+jl'i 

Therefore, overflow can occur. 
9.45. (a) First, note that each stage has N/2 butterflies. In the first stage, aU the multiplications are 
W% = +1. In the second stage, half are +1 and the other half are W N '* = -j. Successive stages 
have half the number of the previous stage. In general, 



N 
Number of +1 multiplications in stage m = — 



m= l,...,v 



and 



( 0, m = 1 

Number of -j multiplications in stage m = < m = 2 . ,t> 



(b) If we assume that all the +1 and -j multiplications are done noiselessly, then the noise variance 
will be different at each output node. This is easily seen by looking at Figure 9-10, where we see 
for example that X[0] will be noise-free, while X[l] will not be noise-free. Thus, a noue analysis 
would be required for each output node separately. A somewhat simpler approach would be to 
assume that since the first two stages consist of only +1 and -j multiplications, these two stages 
can be performed noiselessly. Each output node is connected to all N/2 butterflies in the first stage 
and to N/4 butterflies in the second stage. Thus, if the first two stages are performed noiselessly, 
a better estimate of the number of independent noise sources contributing to the output is 



N N N 



Note that all the odd indexed outputs will have exactly (JV/4) - 1 of these noise sources, while 
the even indexed outputs will have less. In fact, X[0], X[N/4), X[N/2), X[3N/4) will be noiseless. 
X[N/&], X[3N/&], X[SN/8], and X[7N/8] will have one noise source. It is possible to continue this 
analysis' for ail X{k), but clearly, a complicated formula would be required to describe the number 
of noise sources for all even k. We have shown that 

Number of noise sources = (JV/4) - 1, k odd 

Number of noise sources < (N/4) - 1, k even 

Tuns, tb* number of noise sources is upper bounded (JV/4) - 1- Using this bound, we can get a 

WW?] < <f-«<4 

< !!L ff l for large JV 
4 
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When the scaling is done at the input, an upper bound on the noise-to-signal ratio is found to be 



E[\X[k)\* 



577 



This equation is similar to Eq. 9.65, but scaled by 1 This impbes that Eq. 9.65 is about 1 bit too 
pessimistic. However, note that the N 2 dependence is still present. 

Another approach to this noise analysis is to compute the average noise at the output by using the 
average number of noisy butterflies connected to an output node. This style of analysis is used in 
Weinstein. 
(c) Now assume as before that the first two stages are noiseless. Thus, equation 9.67 would not include 
the first two stages. 



m=2 
— 1 . 

ra=2 
u-3 



2i/-2m-2 



= *4£<5> 4 



*=0 



Thus, 






£[\xm - l2NCB n 

i l2(N-4)<7% 



9.46. The butterfly for decimation-in-frequency is drawn below. 



x^M*- . ^- ■ • xjp] 




where 



ViW-^ • ^ - • V« 

N 



X m \p] = X m -i\p] + X m -i{q] 
X„[q] = (X«.,W-X m -iW)»X 



The statistical model is drawn below. 
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X.[p]._ > _* , . Xjp] 




x^w-^ , ^- -^ j . Xjq] 

N e(m, q) 

As in a dedmation~in-time FFT, each output node connects to N — 1 butterflies in a decimation-in- 
frequency FFT, each of which introduces a noise source whose variance is 

Thus the output noise propagated through the flowgraph is 

£[1JW] = (AT - D<4 

since each noise source propagates along a unity gain path to the output nodes. 

Thus, the results for the decimation-in-frequency FFT are identical to those for the decimation-in-time 
FFT. This is true for both cases of scaling either at the input of the FFT by 1/N, or at the input of 
each stage of the FFT by 1/2. 

9.47. Recall the following symmetry properties of the DFT: 

i[n]real «=*• X[k] = X'[N - k] 

x[n]=x'[N-n] <=► Im{*[*]} = 
x[n] = ^r'[JV-n] <=* Re{X[*]} = 

Thus, x[n\ real and even <=> X [Jfc] real and even; and x[n] real and odd <=> X [k] imaginary and odd. 

(a) 

y 1 [n] = ii[n] + x 3 [n} 

xi[n] is real and even; $3(n] is real and odd. 

Y t [k] = Re{nEJfc]> + jMn[fc]} = X,[k] + X 3 [k] 

Re{Fi[Jfc]} is real and even; jIm{Yi[Jfc]} is imaginary and odd; Xi[k] is real and even; X 3 [k] is 
imaginary and odd. It follows that 

Xiik] = **{Yim 

X 3 [k] = ilm{n[*]} 



<b> 



V*[n] = Vi[n]+JV2[n] 

Y 3 [k\ = nit] + jYiik] = iRe{n[*]} + iwntfc]}] + i[R«{n{*]} + Mn [*]}] 
= Re{nw} - Mnw) +jWy»W}+ wiiM}] 

real odd « ven odd 

Y 3 \k] = [Ev{Re{n [fc]» + Od{Re{y 3 [ifc]}}] + j[Ev{lm{n[i]}} + Od{Im{>3 \k]}}] 
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Thus we have 



and so 



and from part (a) 



ReW*]} = Ev{Re{y 3 [ifc]}} 

Re{r 2 [*]} = Ev{Im{y 3 [*]}} 

Tm{Y l [k]} = Od{Im{y,[ft]}} 

ha{Y 2 [k]} = -Od{Re{y 3 (Jfc]}} 



*i[*J = 5lR«{n[*]} + Re{r,[iv-fc]}j 

+ 3 -\Im{Y 3 [k}}-]m{Y 3 [N-k)}} 

Yilk] = ipm{y,[*]} + i«{y,[jv-t]}] 
-i[Re{y 3 [*3}-Re{y 3 [JV-*]}3 



X&) = i[R*{y,[fc]} + Re{«[JV-fc]}] 

* 2 [*] = ±[1m{Y 3 [k]} + lm{Y 3 [N-k}}) 

X 3 [k] = 3 -\Im{Y 3 [k]}-lm{Y 3 {N-k}}} 

X,[k] = ^[R*{y 3 [*]} - Re{Y 3 [AT - *]}] 



(c) 



u 3 [n] = * 3 [((n + l))w] " *i[((n - l))w] 
«3[({JV - n)) w ] = i 3 I((JV - n + I)) N ] - x 3 [{(N - n - 1)) N ] 
Since x 3 \n] = x 3 [((AT - n)V], 

«3f((W " n)) w ] = «i£((n - l)) w | - *j[((n + l)) w ] = -« 3 [n] 

For n = 0, we have u 3 [0] = -uj(0], which is only satisfied for u 3 [0] = 0. 

(d) Using the circular shift property of the DFT we have 

U 3 [k] = X 3 [k)^ 2 '^ k - jr,[*ie-''< ta / w >* 
= 2jan(2irk/N)X 3 lk] 

(e) From part (a), since u 3 [n] is antisymmetric, 

X l EJfc] = Re{y 1 [A]} 

and so 

JC,W ~ 2^2^ *^°'T 
Note that ^[0] cannot be recovered using this technique, and if JV is even, neither can X 3 [N/2], 
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(f ) In part (b) replace X 3 and X A with U 3 and U 4 and use the result of (d) to give 

Xi[t) = i[Re{y s [*]} + Re{y 3 [JV-*]}] 

X*[k] = i[Im{n[*]}+Im{y 3 (JV-i]}] 

X 3 [k) = \[bn{Y 3 [k]}-lm{Y 3 [N-k\}]/sm{2*k/N), kjtQ,N/2 
4 

X 4 \k) = -i[Re{y,[Jfc]}-Re{n[AT -*]}]/ sin(2**/JV), k?0,N/2 
4 

9.48. First, we find an expression for samples of the system function H(z). 

i - £(=i «** ' 

Now assume A r , A/ < 511. Let b[n] = b n and 



r i / l > n = 
i[n| = < 

\ On, l<n<AT 



Let S[k], A[k] be the 512 pt DFTs of fc[n], and a[n]. Then 

9.49. (a) It is interesting to note that (linear) convolution and polynomial multiplication are the same 
operation. Many mathematical software tools, like Matlab, perform polynomial multiplication 
using convolution. Here, we replace 



p(x) = Y,a i x i , q(x)=Y, h * xi 

1-1 Jtf-1 



with 



»=o ±=0 

Then, 

r[n\=p[n]*q[n\. 

The coefficients in r[n] will be identically equal to those of r(x). We can compute r(n] with circular 
convolution, instead of linear convolution, by zero padding p[n] and q[n] to a length N = L+M - 1- 
This zero padding ensures that linear convolution and circular convolution will give the same result, 
(b) We can implement the circular convolution of p(n] and q[n] using the following procedure- 
step 1: Take the DFTs of p[n] and q[n] using the FFT program. This gives PI*) and Q[k]. 
step 2: Multiply to get R[k] = P[k]Q[k]. 
step 3: Take the inverse DFT of jR[Jfc] using the FFT program. This gives r[n). 
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Here, we assumed that the FFT program also computes inverse DFTs. If not, it is a relatively 
simple matter to modify the input to the program so that its output is an inverse DFT. (See 
problem 9.1). 

While it may seem that this procedure is more work, for long sequences, it is actually more efficient. 
The direct computation of r[n] requires approximately [L + M) 3 real multiplications, since o^ and 
fc, are real. Assuming that a length L + M FFT computation takes {(L + Af)/2]log 2 {X. + M) 
complex multiplications, we count the complex multiplications required in the procedure described 
above to be 



Operation 



FFTs of p[n] and q[n] 
R[k] = P[k)Q[k] 
Inverse FFT of R[k) 



Complex Multiplications 



2[{L + M)/2] log 2 (I + M ) * (I + M ) logj(L + M) 
L+M 
I(L + Af)/2]log 2 (I + M) 



= [3(L + M )/2] logj(I + M ) + (L + M) 

Since a complex multiplication is computed using 4 real multiplications, the number of real multi- 
plications required by this technique is 6{L + M) ]og 2 (L + M) + A{L+M). Plugging in some values 
for (L + M) = 2", we find 



L + M 


Direct 


FFT 


2 


4 


20 


4 


16 


64 


8 


64 


176 


16 


256 


446 


32 


1024 


1088 


64 


4096 


2560 



Thus, for (I + M ) > 64, the FFT approach is more efficient. 
(c) The binary integers u and v have corresponding decimal values, which are 



^decimal = Y, "* 2 ' 

i=0 
M-l 

"decimal = £ ViT 



Note the resemblance to p(x) and q(x) of part (a). We form the signals 

L-l 

«M = £«**[«-*] 
u-i 

and use the procedure described in part (b). This computes the product v -v in binary. 
L - 8000 and M = 1000, this procedure requires approximately 

# real multiplications = 6(8000+ 1000) lo&(8000 + 1000) + 4(8000+ 1000) 
= 7.45 x 10 s 



For 



In contrast, the direct computation requries 81 x 10 T real multiplications. 
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(d) For the (forward and inverse) FFTs, the mean-square value of the output noise is (L + M)o\ . 
While o% will be small, as there are 16 bits, the noise can be significant, since L + M is a large 
number. 

9.50. (a) Using the definition of the discrete Hartley transform we get 

H N [a + N] - C N [a + N] + S N [a + ff\ 

= cas{2va/N + 2x)+sm{2na/N + 2ir) 

= cos(2wc/JV) + sin<2*a/JV) 

= C N [a] + S N [a] 

= JM«] • 

H N [a + b] = C N [a + b] + S N {a + b] 

= cas(2*a/N + 2Tb/N) + sm(2*a/N + 2rb/N) 
= cos(2x«/W) cos(2*b/N) - sin(2ira/JV) sin(2jrfc/7V) 
+ sin{2*a/JV) cos(2jt&/A0 + cos(2*a/N) sm{2xb/N) 

Grouping the terms in the last equation one way gives us 

H N [a + b] = [co${2no/N)+sw(2*a/N)}cos(2xb/N) 

+ [cos(-2ra/N) + sm(-2*a/N)\sin{2irb/N) 
= HM*]C N [b] + E N [-a)S„[b] 

while grouping the terms another way gives us 

Hx[a + b] = \coe(2rb/N)+sm(2irb/N)]cos{2ira/N) 

+ [<X*(-2*b/N) + sm(-2*b/N)] sin(2ira/tf ) 
= H N {b]C N [a} + ff„[-i)S*{a] 

(b) To obtain a fast algorithm for computation of the discrete Hartley transform, we can proceed as 
in the decimation-in-time FFT algorithm; i.e., 

(N/2J-1 (JV ya)-i 

X H [k] = £ x[2r]H N [2rk] + £ x[2r + l]H N [(2r + \)k] 

r=0 r=0 

<W/2)-l W2)-l 

= £ *l2r]BN[2r*] + £ x[2r + l]H N [2rk}C„[k] 

{N/2)-l 

+ Y, x > + l)Htt[((-2rk)) N ]S N [k] 

r=0 

Now since J7v[2rJfc] = Hn/tlrk], we have 

<W/2>-l <N/2)-l 

**M = £ *[2r]ff*/2[r*] + E ^+l)B N/2 [rk)C ff [k] 

<*/2)-l 

+ £ «lfr + lJff w [((-rt)) w/a ]SK[*J 

r=0 

= Ft*] + G[k]C N \k] + G[((-t)) W8 J5 w [fc] 
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where 

(ft/2)-l 
r=0 

is the N/2-pciat DHT of the even-indexed points and 

<JV/2)-l 

<?!*] = E ^ + l]H N/i {rk) 

raeO 

is the Af/2-point DHT of the odd-indexed points. As in the derivation of the decimation-in-time 
FFT algorithm, we can continue to divide the sequences in half if N is a power of 2. Thus the 
indexing will be exactly the same except that we have to access G[{(-k))fr /2 ] as well as G[k] and 
F[k], i.e., the "butterfly" is slightly more complicated. The fast Hartley transform will require 
N Jogj AT operations as in the case of the DFT, but the multiplies and adds will be real instead of 
complex. 



9-51. (a) 
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(b) 



= FfTfFfTf F? 

= FjTJF 2 t;f 3 
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where * denotes conjugation. Drawing the flow graph, we get 
40] 




This structure is the decimation in frequency FFT with the twiddle factors conjugated and therefore 
calculates 

N - IDFT{3:[n]} 

(c) Knowing that Q calculates the DFT and jfQ H calculates the ffiFT, we should realize that cas- 
cading the two should just return the original signal. More formally we have 

F»Fi = 21 Ff F 2 = 21 F^F 3 = 21 

TfTi = I TfT 2 =I 

(1/N)Q H Q = (1/JV) (Ff Tf Ff Tf Ff ) (FsTjFjTiFj) 
= (1/JST)(ATI) 
= I 

where N = 8 in this case. 
9.52. (a) First, we derive the circular convolution property of the DFT. We start with the circular convo- 
lution of x[n] and h[n]. 



Taking the DFT of both sides gives 

= £x[m]f>[<{n-m)) w ]»r"* 



msO n=0 
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Using the circular shift property of the DFT, 

Y [k] = ^x[m)H[k]W^ 



N-l 



= ff[Jt]X[Jt] 

Next, the orthogonality of the basis vectors is shown to be a necessary requirement for the circular 
convolution property. We start again with the circular convolution of x[n] and h[n] 

N-l 

Substituting the inverse DFT for x[m] and h[{{n - m)) w ] gives 

m =o V t,=0 / V *3=0 y 

N-l / N-l \ ( , W-l 

m=0 V * t «0 / \ *J=0 

t,=Oii=0 \ "^ 



-ti(n-m) 



With orthogonal basis vectors, 



N-l ( N 



k*0 



n=0 

so the right-most summation becomes 



53n^*-w*' m = E< : 



m=0 



Therefore, 



= N6[ki-k 2 ] 






* ^E^N%]^" 



Jki=C 



m=0 

Therefore, the circular convolution property holds as long as the basis vectors are orthogonal. 



(b) 



((E 4 "*)) - ((1 +4* + W + «»))„ 
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it = 

k = 

h = 

k = 



((I + 1 + 1 + 1)) 17 
{(l+4 + 16 + 64)) 1T 
((l + 16 + 256 + 4096)) 17 
{(1 + 64 + 4096 + 262144)) 17 



(W)l7 

((85))it 

{(4369)) 17 

({266305))! 



(c) 



The relation holds for P = 17, N = 4, and W N = 4. 



m - ((sH), 



((ll + 2-4* + 3-16*+0-64*)) J7 
((l + 2-4* + 316*)) 17 



Using this formula for A"[JfeJ t 



X[0] 


= ((1 + 2 + 3))k = ((6)), T = 6 


X[l) 


= ((1 +2-4 + 3- 16)) 17 = ((57)) lT = 6 


X[2] 


= ((l + 216 + 3-256)) 17 = ((801)) l7 = 2 


X[3] 


= ((l + 2-64 + 3-4096)) 17 = ((12417)) 17 = 7 



m • ((sH), 



= ((3-l + l-4*+0-16*+0-64*)) 1T 
= «3 + 4*)), 7 



Using this formula for H[k], 



H[0] = ((3+l)) 17 = ((4)) 17 

^[1] = «3 + 4)) 1T = ((7))„ 

H[2] = «3 + 16))„ = {(19))!, 

H[Z) = <{3 + 64)) 17 = ((67)) 17 

Multiplying terms Y[k] = X[k]H[k] gives 



4 
7 
2 
16 



(d) By trying out different values, 



Y[0] = «24)) 1T = 

Y[l] = ((42))»7 = 

y\n = «4)), T = 

Y[Z] = ((112)) 17 = 



tf" 1 = 13 
W? = 13 



7 
8 
4 
10 



((^" 1 JV))i7 = ({W^Ws))n = ((13 .4)) 17 = ((52)) l7 = 1 



(e) 



y[n] = N 13 ][>[*] 13**^ 



= ((13[7 • 1 + 8 • 13" + 4 ■ 169" + 10 • 2197 n ])) 17 
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Using this formula for y[n], 

»I0] = ((13[7 + 8 + 4 + 10])) n = ((377)) n 

y[l] = ((13[7 • I + 8 • 13 + 4 ■ 169 + 10 - 2197]}) l7 = ((295841)) 17 

y[2] = ((13[7- 1+8- 169 + 4 -28561+ 10 -4826809])) 17 = ((628988009))i 7 

y[3] = «13[7 - 1 + 8-2197 + 4-4826809+ 10- 10604499373])) 17 = ((1378836141137))! 
Performing manual convolution y[n] = x[n] * h[n] gives 

y[0] = 3 
Vfl] = 7 

y[2] = 11 

»[3] = 3 
The results agree. 

9.53. (a) The tables below list the values for n and k obtained with the index maps. 



3 

7 
11 
3 



ni I (- 








*2 

1 


2 


Jfci 





2 


4 


1 


1 


3 


5 



1 |3j4 |5 

As shown, the index maps only produce n = 0, . . - ,5 and k = 0, . . . , 5. 

(b) Making the substitution we get 

X[k] = A r [jfc l +2Jb 2 ] 

= £x[n]W e ( * 1+ "* )n 

= £ E^nx+niJUf 1 *"*" 3 "'^' 

nji=Oni=0 

(c) Expanding out the W t terms we get 

yy( k i+ 2k i)(3ni+n 3 ) _ ^/3t,n, yy6k t m yykm 3 ^Ikim 



(d) Grouping the terms we get 



"1=0 L \»ii=0 / 



w,* 1 " 



The interpretation of this equation is as follows 
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(i) Let G[ki,n 2 ] be the N = 2 point DFTs of the inner parenthesis; i.e., 

JU t [ < Jfci < 1, 

This calculates 3 DFTs, one for each column of the index map associated with n. Since the 
DFT size is 2, we can perform these with simple butterflies and use no multiplications, 
(iij Let 6[*i,n 2 ] be the set of 3 column DFTs multiplied by the twiddle factors. 

(iii) The outer sum calculates two N = 3 point DFTs, one for each of the two values of k%. 

X[k 1+ 2k 2 )=±G[k u n 2 ]^^ {o<t< 2 ! 
(e) The signal flow graph looks like 




The only complex multiplies are due to the twiddle factors. Therefore, there are 10 complex 
multiplies. The direct implementation requires N 2 = 6 2 = 36 complex multiplies (a little less if 
you do not count multiplies by 1 or -1). 
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(f ) The alternate index map can be found be reversing the roles of n and k; i.e., 

n=ni+2n 2 for n x = 0,1; n 3 = 0,1,2 
k=Sk l +k 3 for Jti =0,1; *z=0,1, 2 
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Solutions — Chapter 10 

Fourier Analysis of Signals 
Using the Discrete Fourier Transform 
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10.1. (a) Using the relation 

Qk ~ NT' 
we find that the index Jfc = 150 in A" [it] corresponds to a continuous time frequency of 

_ 2*(150 ) 

>'150 



(1000)(10- 4 ) 
= 2w(1500) rad/s 

(b) For this part, it is important to realize that the k = 800 index corresponds to a negative continuous- 
time frequency. Since the DFT is periodic in Jt with period N, 

2t(800 - 1000) 
800 ~ 1000(10"*) 
= -2jt(2000) rad/s 

10.2. Using the relation 

fi -* wk 
or 

Jk NT 
we find that the equivalent analog spacing between frequencies is 

Thus, in addition to the constraint that N is a power of 2, there are two conditions which must be met: 

^ > 10, 000 Hz (to avoid aliasing) 
Tjf < 5 Hz (given) 

These conditions can be expressed in the form 

10,000<i<5Ar 
T 

The minimal N -2" that satisfies the relationship is 

# = 2048 

for which 

10, 000 Hz < - < 10, 240 Hz 
T 

Thus, F min = 10,000 Hz, and F max = 10,240 Hz. 

10.3. (a) The length of a window is 

L = ( 16,000 SamplCS J (20 x 10- J sec) 

= 320 samples 

(b) The frame rate is the number of frames of data processed per second, or equivalently, the num- 
ber of DFT computations done per second. Since the window is advanced 40 samples between 
computations of the DFT, the frame rate is 



frame rate = f 16,000 2E&) (I*!™*™"*) 
V sec J \ 40 samples / 



frames 
= 400 "rr" 
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(c) The most straightforward solution to this problem is to say that since the window length L is 320, 
we need N > L in order to do the DFT. Therefore, a value of N ~ 512 meets the criteria of JV > L, 
N — 2". However, since the windows overlap, we can find a smaller N. 

Since the window advances 40 samples between computations, we really only need 40 valid samples 
for each DFT in order to reconstruct the original input signal. If we time alias the windowed data, 
we can use a smaller DFT length than the window length. With N = 256, 64 samples will be time 
aliased, and remaining 192 samples will be valid. However, with N = 128, all the samples will be 
aliased. Therefore, the minimnin size of N is 256. 

(d) Using the relation 



A '=NT> 



the frequency spacing for N = 512 is 



and for N = 256 is 



A/ = 



A/ = 



16,000 
512 

16,000 
256 



= 31.25 Hz 



= 62.5 Hz 



10.4. (a) Since x[n] is real, X[k] must be conjugate symmetric. 

X[k] = X'[((-k))„) 
We fan use this conjugate symmetry property to find X[k\ for k = 200. 

X[((-k))s] = . X-[k] 
X[((-800)) 10 oo] = (I+JT 
*[200] = 1-j 

(b) Since an N-point DFT is periodic in k with period N, we know that 

X[800}=l+j 
implies that 



Using the relation 



we find 



X[-200] = l + j 






n_ 2 



-2t(2O0) 



(1000)(1/20,000) 
-2ff(4000) rad/s 

2t(200) 
(1000)(1/20,000) 
2t(4000) rad/s 



Consequently, 



Xc(j CI) |n=-2ir(«00) = 
Xc U ft) | Q=2*(400O) = 



20,000 
20,000 



Note that both expressions for X e <J CI) have been multiplied by the sampling period T = 1/20,000 
because sampling the continuous-time signal x e (i) involves multiplication by 1/T. 
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10.5. (a) After windowing, we have 

i[n] = cosfflo^n) 



for n = 0, . . . , N - 1 and x[n] — outside this range. Using the DFT properties we get 



If we choose 



then 



X[k) = %S[k - Jto] + %6[k - (N - to)], 



2 i —j 2 

which is nonzero for Xfo) and AJ./V - A^,], but zero everywhere else, 
(b) No, the choice for T is not unique since we can choose the integer ko. 

10.6. Since x[n] is real, X[k] most be conjugate symmetric. 

*[*] = *•[«-*))«] 

*[((-*))*] = x-[k] 

Therefore, 

XI({-900)) 100 o] = (1)' 

XflOO] = 1 

X{((-420)) XO oo] = (5)' 

*[580] = 5 

Note that the k = 900 and k = 580 correspond to negative frequencies of ft. Since the DFT is periodic 
in k with period JV, we use Jfc = 900 - 1000 = -100 and Jfc = 580 - 1000 = -420, respectively, in the 
equations below. 



Starting with 



we find 



2t* 



2rr(-100) 



Oioo = 



ft-420 = 



fi«o = 



(1000) (1/10, 000) 
-2jt(1000) rad/s 

2y(100) 
(1000)(1/10,000) 
2jt(1000) rad/s 

2t(-420) 
(1000)(1/10,000) 
-2jt(4200) rad/s 

2t(420) 
(1000) (1/10, 000) 
2jt(4200) rad/s 
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Consequently, 



Xe(j ft) |ti=-3ir(1000) — 

Xc(j ft) |n=2»(iooo) — 

■^e(j^)|(J=-2ir(4300) = 



10,000 
1 



10,000 

1 
2,000 

Xcb <0) |o=2»(«oo) = glooo 



Note that all expressions for X e {j fl) have been multiplied by the sampling period T = 1/10, 000 because 
sampling the continuous-time signal x c (t) involves multiplication by l/T. 

10.7. The Hamming window's mainlobe is Au^ = -^1 radians wide. We want 



AaJmj 


< 









100 


&1t 




JT 




< 




r^r 




100 


L 


> 


801 



Because the window length is constrained to be a power of 2, we see that 

Lnfr = 1024 

10.8. Alt windows expect the Biackman satisfy the criteria. Using the table, and noting that the window 
length N = M+l,we find 



Rectangular: 



4v 
Af + 1 

in 

256 

* ^ * A 
= 64^25 rad 

The resolution of the rectangular window satisfies the criteria. 

Bartlett, Hanning, Hamming: 

A ** 

il 
255 

_ * < — ad 
31.875 - 25 r 

The resolution of the Bartlett, Hanning, and Hamming windows satisfies the criteria. 

Biackman: 

12* 
A«w = — 

12* 
255 

W IT 

= < — rad 

21.25 * 25 

The Biackman window does not have a frequency resolution of at least w/25 radians. Therefore, 
this window does not satisfy the criteria. 
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10.9. The rectangular window's mainlobe is 



A 4ir 4ir 

Awmi = T = 64 



radians wide. The difference in frequency between each cosine must be greater than this amount to be 
resolved. If they are not separated enough, the mainlobes from each cosine will overlap too much and 
only a single peak will be seen. The separation of the cosines for each signal is 

AW2 = 

AW3 = 



17t 


r 


64 


"64 


21lT 

64 


_ 5 * 
~ 64 


21* 


_5* 


64 


64 



Clearly, the cosines in xi [n\ are too closely spaced in frequency to produce distinct peaks. 

In 3:3 [n], we have a small amplitude cosine which will be obscurred by the large sidelobes from the 

rectangular window. The peak will therefore not be visible. 

The only signal from which we would expect to see two distinct peaks is 12 [n]. 

10.10. The equivalent continuous-time frequency spacing is 

A '=77r 

Thus, to satisfy the criterion that the frequency spacing between consecutive DFT samples is 1 Hz or 
less we must have 



A/ < 

T > 
T > 



1 

1 

J_ 
N 
1 
1024 



However, we must also satisfy the Sampling Theorem to avoid aliasing. We therefore have the addition 
restriction that, 

i > 200Hz 

T ~ 



T < ^r sec 

- 200 



Putting the two constraints together we find 



J-<r<-L 

1024 - ~ 200 



T min ~ 1024 ■* 



10.11. The equivalent frequency spacing is 



Afl = 



2jt 



2t 



NT (8192)(50a*s) 

A/ = — = 2.44 Hz 
2ff 



-r = 15.34 rad/s 
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10.12. The equivalent frequency spacing is 

NT 



*/- ' 



Tbus, the minimum DFT length N such that adjacent samples of X[k] correspond to a frequency spacing 
of 5 Hz or less in the original continuous-time signal is 

A/ < 5 

w * 5 

> 8oo ° 

— 5 

> 1600 samples 

10.13. Since w[n] is the rectangular window and we are using N - 36 we have 

is 

X r [k] = £x[r* + m]e-* 2 - /M > fcm 

= DFT{i[rB + n]} 

Because x[n] is zero outside the range < n < 71, X'rjfc] will be zero except when r = or r = 1. 
When r = 0, the 36 points in the sum of the DFT only include the section 

cos(irn/6) = ^ 

of i[n]. Therefore, we can use the properties of the DFT to find 

Xo[k) = ¥*«(*- 3 »*J + ¥'K<* + 3 »»] 

= lS5[k - 3] + lSS[k - 33] 
When r = 1, the 36 points in the sum of the DFT only include the section 

cos(5m/2) ^ 

of x[n). Therefore, we can use the properties of the DFT to find 

Xi[k] = £*[((* -9)) M ] + £*[((* +9))»] 
= lSS{k - 9] + lSS[k - 27] 

Putting it all together we get 

fl8(*[Jt-3] + *l*-33]), r = 
l&(S[k - 9] + 6[k- 27)), r = l 
0, otherwise 

10.14. The signals x 3 [n], x 3 [n], andz t [n] amid be x[n], as described below. 
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Looking at the figure, it is clear that there are two nonzero DFT coefficients at k = 8, and k = 16. 
These correspond to frequencies 

(2»)(8) 

= ^rad 
8 

(2*)(16) 

"* = ~~128~ 

= — rad 
4 

Also notice that the magnitude of the DFT coefficient at Jt = 16 is about 3 times that of the DFT 
coefficient at k = 8. 

• ii[n]: The second cosine term has a frequency of .26* rad, which is neither sr/8 rad or ir/4 rad. 
Consequently, xi[n] is not consistent with the information shown in the figure. 

• x 2 [n}: This signal is consistent with the information shown in the figure. The peaks occur at the 
correct locations, and are scaled properly. 

• i3[nj: This signal is consistent with the information shown in the figure. The peaks occur at the 
correct locations, and are scaled properly. 

• Xt[n}: This signal has a cosine term with frequency jt/16 rad, which is neither */& rad or */4 rad. 
Consequently, x*[n] is not consistent with the information shown in the figure. 

• i s [n]: This signal has sinusoids with the correct frequencies, but the scale factors on the two terms 
are not consistent with the information shown in the figure. 

• x 6 [n]: This signal is consistent with the information shown in the figure. Note that phase infor- 
mation is not represented in the DFT magnitude plot. 

10.15. The instantaneous frequency of the chirp signal is 

This describes a line with slope A and intercept wj>. Thus, 

Ax (19000-0) 

wo = 0.25* rad 

10.16. Using 

and assuming no aliasing occured when the continuous-time signal was sampled, we find that the fre- 
quency spacing between spectral samples is 

1 



A/ = 



(1024)(1/10,000) 
= 9.77 Hi 



Ail = 2*A/ = 61.4 rad/s 
10.17. We should choose Method S. 
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Method 1: This doubles the number of samples we take of the frequency variable, but does not change 
the frequency resolution. The size of the main lobe from the window remains the same. 

Method 2: TJiis improves the frequency resolution since the main lobe from the window gets smaller. 

Method 3: This increases the time resolution (tbe ability to distinguish events in time), but does not 
affect the frequency resolution. 

Method 4: This will decrease the frequency resolution since the main lobe from the window increases. 
This is a strange thing to do since there are samples of z[n] that do not get used in the transform. 

Method 5: This will only improve the resolution if we can ignore any problems due to sidelobe leakage. 
For example, changing to a rectangular window will improve our ability to resolve two equal 
amplitude sinusoids. In most cases, however, we need to worry about sidelobe levels. A large 
sidelobe might mask tbe presence of a low amplitude signal. Since we do not know ahead of time 
the nature of the signal we are trying to analyze, hanging to a rectangular window may actually 
make things worse. Thus, in general, changing to a rectangular window will not necessarily increase 
the frequency resolution. 

10.18. No, the peaks will not have the same height. Tbe peaks in V 7 (ei u ) will be larger than those in Vi(e> u ). 

First, note that the Fourier transform of the rectangular window has a higher peak than that of the 
Bamming window. If this is not obvious, consider Figure 7.21, and recall that the Fourier transform of 
an L-point window w[n], evaluated at DC (w = 0), is 

t-i 
W(e*) = ]>>[n] 

fl=0 

Let the rectangular window be ws[n], and the Hamming window be u>#[n]. It is clear from the figure 
(where M = L+l) that 

I— i L- 1 

£u, H (Tl]>£t£»H(n] 

Therefore, 

W R (^°) > W H (e>°) 

Thus, the Fourier transform of the rectangular window has a higher peak than that of the Ha mm ing 
window. 

Now recall that the multiplication of two signals in the time domain corresponds to a periodic convolution 
in the frequency domain. So in the frequency domain, V^e*") is the convolution of two scaled impulses 
from the sinusoid, with the Fourier transform of the L-point Hamming window, Wn(e^ w ). This results 
in two scaled copies of W H (e 3U ), centered at the frequencies of the sinusoid. Similarly, V J (e JU ') consists 
of two scaled copies of Wr^"), also centered at the frequencies of the sinusoid. The scale factor is the 
same in both cases, resulting from the Fourier transform of the sinusoid. 

Since the peaks of the Fourier transform of the rectangular window are higher than those of the Ham ming 
window, the peaks in V^e 7 ") will be larger than those in Vi(e* u ). 

10.19. Using the approximation given in the chapter 



24x(A„ + 12) 
* " 155A.ni 



we find for A,i =■ 30 dB and A„u = 25 rad, 



_ 24ir(30+12) 
~ 155{*/40) 

=: 261.1 -> 262 
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10.20. (a) The best sidelobe attenuation expected under these constraints is 

. 24t(v1„ + 12) , , 

L ~ lSSA^ +1 

512 ~ 24.(^ + 12) 

*" ~ 155(ir/100) 

A* = 21 dB 

(b) The two sinusoidal components are separated by at least */50 radians. Since the largest allowable 
mainlobe width is x/100 radians, we know that the peak of the DFT magnitude of the weaker 
sinusoidal component will not be located in the mainlobe of the DFT magnitude of the stronger 
sinusoidal component. Thus, we only need to consider the sidelobe height of the stronger compo- 
nent. 

Converting 21 dB attenuation back from dB gives 

-21 dB = 201og 10 m 
m = 0-0891 

Since the amplitude of the stronger sinusoidal component is 1, the amplitude of the weaker sinu- 
soidal component must be greater than 0.0891 in order for the weaker sinusoidal component to be 
seen over the sidelobe of the stronger sinusoidal component. 

10.21. We have 

v[n] = cos(2jrn/5)tu[n] 



■ [ i J"W 



The rectangular window's transform is 

sin(<i)/2) 

In order to label V(e>") correctly, we must find the mainlobe height, strongest sidelobe height, and the 
first nulls of W(e> w ). 

Mainlobe Height of W^): The peak height is at w = for which we can use Phopital's rule to find 

Wiei o )=32 ^!m =32 

costw/2)],,,^ 

Strongest Sidelobe height of H^e**): The strongest sidelobe height for the rectangular window is 
13 dB below the main peak height. Therefore, since 13 dB = 0.2239 we have 

Strongest Sidelobe height = 0.2239(32) « 7.2 

First Nulls of W(e> w ): The first nulls can be found be noting that H r (e»") = when sin(16w) = 
Thus, the first mills occur at 



32 



Therefore, \V{e ju )\ looks like 
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a 16- 




w{th\ 


-2*S-2ji/32v 


| I i -2x5 + 2x/32 

I IA 36 " 
I t I ¥ V V W 


2*/5-2*/32 J j 
VV V V ¥ i , J 


• 2*/5 + 2*/32 



-2x15 



2k/5 



Note that the numbers used above for the heights are not exact because we are adding two copies of 
W(e ju ) to get Vfe"") and the exact values for the heights will depend on relative phase and location of 
the two copies. However, they are a very good approximation and the error is small. 

10.22. The 'instantaneous frequency' of x[n], denoted as A[n], can be determined by taking the derivative 
with respect to n of the argument of the cosine term. This gives 



w i d rim ._„, . / *n 

W = ^lT + 1000sm (8ooo 



2jt 



_ jt v / irn y 

4 + 8 cos V8ooo; 

1 1 / im 

5 + r=eoi(j 



8 16 



,8000 



Once \[n]/2ir is known, it is simple to sketch the spectrogram, shown below. 




2000 4000 



6000 8000 10000 12000 14000 16000 
Sample number (n) 
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Here, we see a cosine plot shifted up the frequency (A/2tt) axis by a constant. As is customary in a 
spectrogram, only the frequencies < A/2jt < 0.5 are plotted. 

10.23. In this problem, we relate the DFT X[k] of a discrete-time signal x[n] to the continuous-time Fourier 
transform X f (jty of the continuous-time signal x c (t). Since x[n] is obtained by sampling x c (t), 

x[n] = x c (nT) 

*<""> - rt, *.('? + '^) 

Over one period, assuming no aliasing, this is 
which is equivalent to 

Since the DFT is a sampled version of X{e? u ), 

X[k] = X{e*")l mimk/tt torO<k<N-l 

we find 

_/ iXctiffi), for0<*<* 

X[k] -\ ^(j2=^), for*<*<;V-l 

Breaking up the DFT into two terns Jike this is necessary to relate the negative frequencies of X c (jfl) 
to the proper indicies & <k < W -1 in X[k). 

Method 1: Using the above equation for X[k), and plugging in values of N = 4000, and T = 25^s, we 
find 

,ooo;r e (i2*-io-*), for o <*< 1999 

,OO0Jt e (j27r - 10 - (Jt - 4000)) , for 2000 <*< 3999 

Therefore, we see this does not provide the desired samples. A sketch is provided below, for a 
triangular-shaped X c (jfl). 



for — ar < w < v 

for < id < * 
for x < w < 2* 



\ 40,< 



X,(j") 




— { \— Af=10Hz 
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Method 2: This time we plug in values of N = 4000, and T - 50|is to find 

.,( 20,000*. (;2*- 5*). for0<*<1999 

Jl ] "\ 20,OOOX e (j2*.5-(Jb-4000)), for 2000 < fc < 3999 
Therefore, we see this does provide the desired samples. A sketch is provided below. 




—\ f— At = 5Hz 

Method 3: Noting that i 3 [n] = x 2 [n\ + ij [n - £], we get 

X 3 [k} = X 2 [k) + {-l) k X 2 [k} 



£1 



X 3 [k] 



•IX 



2X 2 \k], for* even 
otherwise 



i40,000Jt e (j2T-5-Jfc), for * even, and < k < 1999 

40, OOOJSfc (>2* ■ 5 - (Jfc - 4000)) , for k even, and 2000 < * < 3999 
0, otherwise 

This system provides the desired samples only for Jfc an even integer. A sketch is provided below. 



x„(jfl) 
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10.24. (a) In this problem, we relate the DFT X[k) of a discrete-time signal x[n] to the continuous-time 
Fourier tranform X c (jCl) of the continuous-time signal x c (t). Since x[n] is obtained by sampling 

x[n) = x c (nT) 

*<«*> = f £_*<(>? + *%■) 

Over one period, assuming no aliasing, this is 

*<e*) = fX c (j£) for -w < u> < * 

which is equivalent to 

for < u < -k 






X(e^) 

' > - ' -»^*) t ioT*<w<2x 

Since the DFT is a sampled version of A"(e j "'), 

X{k] = X(e*)U 2tt/N forO<k<N-l 

we find 



XIH-I **■<!#)• for0<*<f 

,, "l*Jf.(i 2= »r fl ). for f < Jt < A^ - 1 



Breaking up the DFT into two terms like this is necessary to relate the negative frequencies of 
X C (JQ) to the proper indicies £ < Jk < N - 1 in X[k). 

The effective frequency spacing is 

jvr 

2* 



(1000)(1/20,000) 
= 2jr(20)rad/s 



(b) Next, we determine if the designer's assertion that 

Y[k] = aX c (j2n- 10 k) 

is correct. To understand the effect of each step in the procedure, it helps to draw some frequency 
domain plots. Assume the spectrum of the original signal x e (t) looks like 
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x„0«) 




-2s{10000) 



2it(10000) 



Sampling this continuous-time signal will produce the discrete-time signal x[n], with a spectrum 

° X[k] = Samples of Xte" ) 




-3ji -2ji -it 



Nert, we form 

{X[k], 0<Jfc<250 

0, 251 < k < 749 

X[k] 7 750<Jb<999 

and find tu[n] as the inverse DFT of W[k]. 



421 



1/TO, 



W[k] 



Ji 



ccixcauxccDxnGff^ 



250 500 750 999 

Before going on, we should plot the Fourier transform, W{eP"), of w\n\. It will look like 




Wte**) 




^AAAAAAAAA/ 



— © 
2ic 



W(e }U ) goes through the DFT points and therefore is equal to samples of X c (jil) at these points 
for < Jfc < 250 and 750 < * < 999, but it is not equal to X e (jil) between those frequencies. 
Furthermore, Wie 3 " ) = at the DFT frequencies for 251 < * < 749, but it is not zero between 
those frequencies; i.e. we can not do ideal lowpass filtering using the DFT. 
Now we define 

499 

999 



. . [ w 2n , < n < 491 
y[n] = i 

\ 0, 500 <n<! 



and let Y[k] be the DFT of y[n). First note that Y(e*") is 

y(e*") = ^W(t^ /3 ) + hvie""- 2 '" 2 ) 



which looks like 
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Y(eh 



1/<2"0 




Y[k] is equal to samples of the Y(e iu ) 

Y[k] = H«*")U*r*/» 

Now putting all that we know together, we see that for Jfc = 0, 1, . . . , 500, Y[k] is related to X e (jCl) 
as follows. 

{^XcW* - 10 • Jfc), Jfc even, fc ?£ 500 

±X c (j2n-10-k), Jb = 500 

£WV**^) + £KV* ( *- N)/ ") it odd 

In other words, the even indexed DFT samples are not aliased, but the odd indexed values (and 
k = 500) axe aliased. The designer's assertion is not correct. 

10.25. (a) Starting with definition of the time-dependent Fourier transform, 

oo 

Y{n,X} = ]T y{n + m}w[m]e-> Xm 



we plug in 



to get 



y[n + m] = ^T h[k]x[n + m - Jfc] 



Y[n,\) = £ £A[Jfc]x[n + m-Jfc]t£;Me~ ,Ara 

m=-oofcs=0 
If oo 



= h[n]*X[n,X) 



where the convolution is for the variable n. 
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(b) Starting with 
we find 



Y[n,X) = e-> Xn Y[n,\) 



Y[n,X) = e -J* n ^A[*]A-[n-Jt,A) 

= « _iiB | E /i[*]c ,(n ~ t)A ^i" - *. A ) 

= £fc[*]e-'**;f[n-M) 



If the window is long compared to M, then a small time shift in X[n, A) won't radically alter the 
spectrum, and 

X[n-k,X)~X[n,X) 

Consequently, 

M 

Y[n,X) ~ ^A[fe]«-'"*[n,A) 

i=0 

= H{e> x )X{n,X) 
10.26. Plugging in the relation for c^m] into the equation for I(u>) gives 



'<») - 777 E 



L-l 



X>[n]»l 



n + ml 



n=0 

i-i 



= 777 E V N E •[» + "*-*"■• 

n=0 m=-(i-l) 

Let I = n + m in the second summation. This gives 

'<") = 777 1» E •M--*" 1- 



") 



= 7^7 E<w E •[*-*" 



Note that for all values ofO<n<L-l, the second summation will be over ail non-zero values of v[t\ 
in the range <t < i, - 1. Asa result, 

i-i 



/m = ^E»M«*-f;i»Me-^ 



<=o 






Note that in this analysis, we have assumed that v[n] is a real sequence. 
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10.27. (a) Since x[n] has length L, the aperiodic function, c„[m], will be 21 - 1 points long. Therefore, 
in order for the aperiodic correlation function to equal the periodic correlation fuction, e«[m], for 
< m < L - 1, we require that the inverse DFT is not time aliased. So, the m i n im um inverse 
DFT length N mia is 

*min = 2I-l 

(b) If we require At points to be unaliased, we can have L-M aliased points. Therefore, for c«(m] = 
Cxxlm] for < m < M - 1, the minimum inverse DFT length N m j n is 

JV^ = 2L-1-(L-M) 

« L + M-l 



10.28. (a) Let 



WR W ~ 7/m^ " U f n ~ ^ 



be a scaled rectangular pulse. Then we can write the aperiodic autocorrelation as, 

oo 

v/ B {m] = 22 w R [n]w R [n + m] 

n=— oo 

oo 

A=— oo 

00 

*=-oo 

= w R [m\ * wn[-m] 

The convolution above is the triangular signal described by the symmetric Bartlett window formula. 

This is shown graphically below for a few critical cases of m. 

Consider m = -{M - 1). This is first value of m for which the two signals overlap. 

m = -(M - 1) case 



o w R [k] 

* wJk+(M-1)J 



* * <> o o o o m 






k=-(M-i) 
At m = 0, all non-zero samples overlap. 
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m = Ocase 



o w R [k] M 



-1/2 



O f 



k=o 

Consider m = (M - 1). This is last value of m for which the two signals overlap. 

m = (M - 1 ) case 

O W R fk] M -1/2 <fy <p <p <p 

* w R [MM-1)] 



T 
k=M-1 



The final result of the aperiodic autocorrelation is 

w B [m] 









1 < 


> 








? 


Q 
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? 

T 














? 

-r 



m=-{M-1) 
Stated mathematically, this is 



= U 



m=M-1 



-jm|/M, |m|<Jtf-l 
otherwise 



(b) The transform of the causal scaled rectangular pulse »ji[n] is 

y/M sm{w/2) 



426 

From part (a), we know that the Bartlett window can be found by convolving uij{[ro] with WR[-m}. 
In the frequency domain, we therefore have, 

W s {j») = W R {e*<)W R {e-n 

[VM sin{w/2) J [JM sin(-w/2) J 

J_ r sin(wAf/2) l a 
M [ sin(w/2) J 

(c) The power spectrum, denned as the Fourier transform of the aperiodic autocorrelation sequence, 
is always nonnegative. Thus, any window that can be represented as an aperiodic autocorrelation 
sequence will have a nonnegative Fourier transform. So to generate other finite-length window se- 
quences, w[n], that have nonnegative Fourier transforms, simply take the aperiodic autocorrelation 
of an input sequence, x(n). 

as 

tu[n} = \] x[m]z[n + m] 

fit*— oo 

The signal w[n] will have a nonnegative Fourier transform. 
10.29. (a) Rectangular: The Fourier transform of the rectangular window is given by 

w*(0 = £ (i) e - j - m 

m=-(M-l) 

Let n = m + (M - 1). Then, m = n - {M - 1), and 

a(M-i) 

»=o 
_ ^«{«-i) y* e -jun 

Using the relation 



we find 



M ~ l 1 „Af 

El — a" 
a n = - 
1-a 



WW") = eJ"^- 1 '- 



_ ^(M-X) 



1 - e-i" 



1 - e-> u 
1 - e-J" 

2jan[u»(Af-|)] 
~ 2j sin(w/2) 
sin(u>(Af - ^)] 
sin(w/2) 
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Sinlw^ 1 



where M - 1 is the window length. A sketch of W R {^") appears below. 



W^e*") 




-2jc/(2M-1) 2k/(2M-1) 
Bartlett (triangular): Wb{^ w ) is the Fourier transform of a triangular signal, 



O 1 



ll 



v 



_m 



-<M-1) 

which is the convolution of a rectangular signal, 

x(m] 



M-1 



QOOOO OQQQQ 9 M 



-<M-1)/2 



(M-1)/2 



with itself. That is, w B [m] = x[m] » z[m]. 

Above, we found the Fourier tranfonn of a rectangular window, as 



2. 



where 2M - 1 was the length of the window. We can use this result to find the Fourier 
transform of x[m\. The signal x[m) is similar to the rectangular window, the difference being 
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that it is scaled by -4- and has a length 2^f± + 1 = M . Therefore, 

1 sinMf/2) 



X(c> u ) = 



y/M sin(w/2) 



The time domain convolution, tu^fm] = £[m]*£[mj corresponds to a multiplication, Wb{^") 
[X ie*")] 2 in the frequency domain. As a result, 



W B (J<*) = [X(S»)Y 

|anM£/2)l 2 
sin( W /2) J 



A sketch of Weie*") appears below. 






*««h 




2n/M 



Harming/Hamming: Starting with 

u/jj[m] =t {a + P cos[irm/(hf ~ 1)]) u>/i[m] 



= f Q+ ^ e >*m/(«-D + £ e -J.-™/(*-lA 



tt/imj 



We take the Fourier transform to find 



W H <0 = aW R &») + ^(w R {^-'H u -^) + W R {^ + *H u -^)) 



L SinMM -\)) 
sin(u>/2) 2 



M("-JF=i)(M-$)} 



^[^-b^t)/ 2 ) 



*f 



sm[("+TTl)(M-\)) 



A sketch of Wn(e? w ) appears below. 



W H (e*) 
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(b) Rectangular: The approximate mainlobe width, and the approximate variance ratio, F, for the 
rectangular window are found below for large M. 
In part (a), we found the Fourier transform of the rectangular window as 

W * { * ' _ sin(W2) 

The numerator becomes zero when the argument of its sine term equals xn. 

{2M - 1)» _ 

2 

2irn 



2W-1 

Plugging in n = 1 gives us half the mainlobe bandwidth- 

1 2ir 

-Mainlobe bandwidth = 



2 Wi ~"""" i — 2M-1 

4jt 
Mainlobe bandwidth = «w-_ ■, 



2r 
Mainlobe bandwidth =: -rf 

(M-D 

V m=-(«-l) 

= £<2"-l> 

2M 
" Q 
Bartlett (triangular): The approximate mainlobe width, and the approximate variance ratio, 
F, for the Bartlett window are found below for large M . 

In part (a), we found the Fourier transform of the Bartlett window as 

Wb( * > - M [ BB( W /2) J 
The numerator becomes zero when the argument of its sine term equals rn. 

= sm 

2 

_ 2xn 

U ~ ~M 

Plugging in n — 1 gives us half the mainlobe bandwidth. 

1 In 
-Mainlobe bandwidth = — 

2 M 



4* 
Mainlobe bandwidth = — 



To compute F, we use the relations 



u-i 



2^m - - 



fnsQ 



~ , M{M - l)(2 M - 1) 
l- m = 6 

m=0 
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^ L m=0 J 

" U-l . U-l 9 U-l 

. nv=0 awO m=0 , 



_1_ 
<? 

If. 



,„ 4(M-l)M , 2(M-l)M(2Af-l) 1 
2M 2M— + MP l \ 

2M-2M + 



f] 



H a n n ing /Ha mmin g: We can approximate the mainlobe bandwidth by analyzing the Fourier 
transform derived in Part (a). Looking at one of the terms from this expression, 

2 



we note that the numerator is zero whenever the its argument equals im, or 

H£i)(«-i) - - 



M - (1/2) M - 1 
rat jt 

w(n + 1) 
~ M 



So the mainlobe bandwidth for this term is 



-Mainlobe bandwidth ~ — - 
2 M 

Mainlobe bandwidth ~ — 
M 

Note that the peak value for this term occurs at a frequency w ~ v/M. 

A similar analysis can be applied to the other terms in Fourier transform derived in Part (a). 
The mainlobe bandwidth for the term 






is also 2-w/M, Note that the peak value for this term occurs at a frequency ui a —r/M. 

Finally, the mainlobe bandwidth for the term 

sin[(i> (M - \)\ 
sin(w/ 2 ) 
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is also 2v/M. Note that the peak value for this term occurs at a frequency w = 0. 
A sample plot of these three terms, for = 2a and large M is shown below. 




-2wM -«/M «/M 2ji/M 

Thus, for large M, the mainlobe bandwidth is bounded by 

2ir 4* 

— < Mainlobe bandwidth < -77 
M M 

Therefore, a reasonable approximation for the mainlobe bandwidth is 

J . J L 3* 

Mainlobe bandwidth a -77 

M 



F = 5 JU" + '-(l£l))" 

. if e *+>* Z -(iPi)^ I-trij 

V |m=-{Jrf-I) ms-(M-l) V m=-(M-l) 



Using the relation 



s *e = l + l COS 20 



we get 



F • 5 






»=-<M-l) 



m=-(M-l) 



Noting that 



"t -(b=i) - - l 

_/*y_i\ > ' 



m=_(*-l) 



m=-{M-l) 
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we conclude 



F = i[(2Jtf-l)a a -2a/J+^(2M-l) + ^] 



10.30. (a) Using the definition of the time-dependent Fourier transform we find 

13 
tn=0 

« 13 

fflsO j = 7 

e 6 

= £ *[m}e-* 2 */ 7 >* m + £ *[ m + Tie-**" 7 '*™*-*"* 

"»=0 ms=0 

6 

= ]T (x[m] + x[m + 7])«~-'< 2,r ' 7 >* m 
By plotting x[m] 



-10123456789 10 n 
we see that x[m] + i[m + 7] = 1 for < m < 6. Thus, 

c 

A-[0,Jfc] = ^(l) e ^2«/7)* m 
»lt=0 

- V?T{1) 
= 7*[*] 

(b) If we follow the same procedure we used in part (a) we find 

13 

X[n,k] = J^x[n + m]e-M*W km 

< 13 

= ]jT x l n + m]e->< 2 " 7)km + ^ x[n + q e -i(»»/7)« 

6 

= £(*[n + m] + x[n + m + 7])e- J < 2,r ' ,7 >* m 

With n > we have - x[n + m] + *[« + m + 7] = 1 for < m < 6, and so 

X[n,k) = VTT{1) 
= 7*'i] 
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Therefore, for < n < cc we have 



e 

k=0 



= 7 



10.31. (a) Sampling the continuous-time input signal 

with a sampling period T = 10~* yields a discrete-time signal 

x[n] = x{nT) = e* 3 " 1 ' 8 

In order for X v [k\ to be nonzero at exactly one value of *, it is necessary for the frequency of the 
complex exponential of x[n) to correspond to that of a DFT coefEcent, w k = 2*k/N. Thus, 

3* _ 2*k 

*-? 

The smallest value of Jc for which N is an integer is k = 3. Thus, the smallest value of N such that 
,X"u,[fc] is nonzero at exactly one value of k is 

AT = 16 

(b) The rectangular windows, u>i[n] and vt2[n], differ only in their lengths. tt;i[n] has length 32, and 
it^[n] has length 8. Recall that compared to that of a longer window, the Fourier transform of a 
shorter window has a larger mainlobe width and higher sidelobes. Since the DFT is a sampled 
version of the Fourier transform, we might try to look for these features in the two plots. We notice 
that the second plot, Figure Pi 0.31-3, appears to have a larger mainlobe width and higher sidelobes. 
As a result, we conclude that Figure P10.31-2 corresponds to u>i[n], and P10.31-3 corresponds to 
w 2 [n]. 

(c) A simple technique to estimate the value of ujq is to find the value of k at which the peak of | X W [A]| 
occurs. Then, the estimate, is 

2*k 

Wq = 



The corresponding value of Ho is 



flo = 



JV 



2*k 
NT 



This estimate is not exact, since the peak of the Fourier transform magnitude \Xv,{e? w 
occur between two values of the DFT magnitude |X„(fc]|, as shown below. 



might 



o^->XT\ 




DTFT: IX (e>")l 
DFT: IXjk]l 



Z^ 



2ji 
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The maximum possible error, ftmax error, of the frequency estimate is one half of the frequency 
resolution of the DFT. 



flmax error — « 



1 2ir 

2 NT 



NT 

For the system parameters of N = 32, and T = 10~ 4 , this is 

flmax error = 982 rad/s 

(d) To develop a procedure to get an exact estimate df flo, it helps to derive X v [k]. First, let's find 
the Fourier transform of x 9 [n] = z[n]u;[Ti], where vi[n] is an JV-point rectangular window. 

N-l 

n=0 

N-l 

•i— we)n 



= E«-* 



Let w' = w — uiq- Then, 



A w {e>") = £e-*"'" 

n=0 

l-e-^' y 
1 - «-*"' 

i c J-''N/2 _ e -j*' Wjg-ju 1 N/3 

~ ( e -j*»7» - e ->«72)e->^/ 2 
sm(u>'Ar/2) ^(Af-n/a 

an(u//2) 
_ sjn[(h) - wo)^/2) j .. i(M _ M , H jtf-i ) / 2 

sin[(w - wo)/2] 

Note that X v {t?*) has generalized linear phase. Having established this equation for X v {^ u ), 
we now find X„[k]. Recall that X v [k\ is simply the Fourier transform X m {e i ' J ) evaluated at the 
frequencies u> = 2«-Jfc/7v", for A = 0, . . . , N - 1. Thus, 

Y m, _ sin[(2irfc/JV - wp)^2] j(art/w _ wa)( jf_ 1)/2 
Aw[Ki ~ aa[(2Kk/N-uo)/2] 

Note that the phase of X v [k\, using the above equation, is 

where the nj* term comes from the fact that the term 

m^(^k/N-wp)N/2] 
«n[(2irfcyW-wo)/2] 

can change sign (i.e. become negative or positive), and thereby ofiset the phase by jt radians. In 
addition, this term accounts for wrapping the phase, so that the phase stays in the range [-*,*]. 
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Re-expressing the equation for lX v {k.\, we find 



2{iX„[k] - mx) 2a-* 

"* = W^i + 1T 

Let XiJk] be the DFT of the 32-point sequence *j.[n] = i[n]u»i[n], and let X 2v [k] be the DFT of 
the 8-point sequence s*.[n] = x[n]w 2 [n). Note that the fcth DFT coefficient of X^[k] corresponds 
to Xi»(«]. Thus, we can relate the 8 DFT coeffients of X 7a [k] to 8 of the DFT coefficients in 
X lv [k], Using the Jfc = Oth DFT coefficient for simplicity, we find 

2(Z>T»it0] - mir) 2(LX w3 [0] - p*) 
"* ~ 32^1 8-1 

£X*i{0] - n»r lX Ki {Q] - jm 
15.5 3.5 

A solution that satisfies these equations, with m and p integers, will yield a precise estimate of 
wo. We can accelerate solving these equations by determining which values of m and p to check. 
This is done by looking at the peak of |JT.[Jb]| in a procedure similar to Part (c). Suppose that 
the indices for two largest values of \X„[k]\ are A™* and fc^. Then, we know that the peak of 
\X(e }u> }\ will occur in the range 

By re-erpressing the equation for IX u [k], we see that 



"Imin 



I 



a^. l [*^J+(^--flb)<^-D] 
2/Jf.i[*-.]+( 2 =^ 21 -flb)(^-«] 



In these equations, wo is the estimate found in Part (c). So we would look for values of m in the 
range [Lm m , B J, ["Will- Similar expressions hold for p. 

Once wo is known, we can find fio using the relation fto = wo/T. 
10.32. For each part, we use the definition of the time-dependent Fourier transform, 



m^— oo 



(a) Linearity: using i[n] = aii[nj + fcx 2 [n], 

ao 

J)T[n,A) = £ i|n + mHm]e-' >n 

m=— oo 
oo 

= ]T {axi[n + m] + bx 3 [n + m))w[m]e- :iXm 

m=-oc 

= a Y, *i[n + m]v>[m)c- iXm +b £ z 2 [n + m]u;(m]e-' Am 

m=-w «=— oo 

= o^i[n,A) + bX 3 [n,A) 

(b) Shifting: using y[n] = i(n - no]> 

Y[n,\) = £ y[n + mju;[m]e-^ m 
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= JT x l n ~ "« + m]w\m]e~ iXm 
= X[n~ no, A) 

(c) Modulation: using y[n] = e*"° n x[n], 

irfn + m] = e**« (B+m) *[n + m] 
y K A ) = £ V[n + m]w[m]e'' km 

m=— oo 

oo 

= H ^ wo(n+,B> x[n + m]u»[m]e~ jAm 

m=— oo 
oo 

m=— oo 

= ^""Arfn.A-wo) 

(d) Conjugate Symmetry: for x[n] and iu[nj real, 

^[n,A) = Y, x[n + m]w[m]e- jAm 



■L 



y] x[n + m]ti'[m]e J> 



= [X[n,-A)|* 
= A-(n,-A) 

10.33. (a) We are given that 4> e (r) = £{x e (t)x c (t + t)}. Since x[nj = x c (nr), 

<t>[m] = £ {x[n]x[n + m]} 

= £ {x c {nT)x c (nT + mT)} 
= 0,(mT) 

(b) P{u) and P c (fl) are the transforms of $m] and # e (T) respectively. Since $m] is a sampled version 
of 4> c {t), P(uf) and P e (£l) are related by 






(c) The condition is that no aliasing occurs when sampling. Thus, we require that P c (ft) = for 
|fl| > f so that 

P(") = fK (f) . M < * 

10.34. In this problem, we are given 

• x[n] = j4cos{u«n + 8) + e[n] 

• 8 is a uniform random variable on to 2*- 

• e[n] is an independent, zero mean random variable 
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(a) Computing the autocorrelation function, 

4„[m] = £{x[n]x[n + m]} 

= £ {(A cos(won + 0) + e[n]) (A cos(wo(n + m) + B) + e[n + m])} 
= £ {A 2 cos(u>on + e)cos(uo{n + m) + 8)} 

+ £ {Ae[n] cos(wo(n +m)+6)}+£ {Ae[n + m] cos(won + &)} 

+ £{e[n]e(n + m]} 
= A 2 £ {oos(wton + B ) cos(wo(n + m) + 6)} 

+ A£ {«[*]} £ {cos(cj<><n + m) + $)} + A£ {e[n + m]} £ {cos(u^n + 6)) 

+ £{e[n]e[n + m]} 

First, note that 

cos(o) cos{6) = - oos(o + b) + - cos(a - 6) 

Therefore, the first term can be re-expressed as 



A 2 £ | - cos (2won + w m + 20) + - cos(w<>m) | 



Next, note that 

£{e(n]} = 

As a result, the two middle terms drop out. Finally, note that since e[n] is a sequence of zero-mean 
variables that are uncorrelated with each other, 

£ {e[n]t[n + m]} = <r*j[m], where o\ = £ {e 2 [n]} 

Putting this together, we get 

*xxH = A 2 £ | - cos (2won + worn + 20) + - cos(wom) J + ^<5[m] 

Since £ / 2 * cos(2won + u*m + 2B)dB = 0, we have 

A 2 



*„(0 = /»«.(«) = 4^ l*(« " Wo) + *(« + WO)] + <7» 



(b) Since the Fourier transform of cos(wotn) is irS(ui — uq) + *<5(w + wo) for |w| < v, 

2 
I{k) = I(w k ) = ±\V[k}\ 7 



10.35. (a) Plugging in the equation 



into the relation 
we find that 



var 
var 



[\V[k)f 
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This equation can be used to find the approximate variance of \X[k]\ 2 . We substitute the signal 
X[k) for V[k\, the DFT length N for L, and use the power spectrum 

*»«(») = 4 

This gives 

*ar[|X[A]| s ]=Jv- 2 ^ 

(b) The cross-correlation is found below. 

£{X[k]X-[r)} = £ '^£{x[n 1 }x[m}}W^Wr i 



— rni 



n=0 



_ „2 



i-< (t " r) 



1 - wi k ~ r) 






Note that the cross-correlation is zero everywhere except when k = r. This is what one would 
expect for white noise, since samples for which Jk # r are completely uncorrelated- 



10.36. (a) The length of the data record is 



20,000 samples 

Q = 10 seconds r 

second 



Q - 200,000 samples 
<b) To achieve a 10 Hz or less spacing between samples of the power spectrum, we require 



N * m 

20,000 

- 10 

> 2, 000 samples 

Since N must also be a power of 2, we choose N = 2048. 
(c) 

K - 9. 
K ~ L 

200,000 
2048 
= 97.66 segments 

If we zero-pad the last segment so that it contains 2048 samples, we will have K = 98 segments, 
(d) The key to reducing the variance is to use more segments. Two methods are discussed below. 
Note that in both methods, we want the segments to be length L = 2048 so that we maintain the 
frequency spacing. 
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<i) Decreasing the length of the segments to ^th their length, and then zero-padding them to 
L = 2048 samples will increase if by a factor of 10. Accordingly, the variance will decrease by 
a factor of 10. However, the frequency resolution will be reduced. 

(U) If we increase the data record to 2,000,000 samples, we can keep the window length the same 
and increase AT by a factor of 10. 

10.37. (a) Taking the expected value of 



gives 



Using the relation 



we find 






Substituting u' = w - 9 in the inner integral yields 

,r- 9 

dd 






2*LU 



dS 



Note we can change the limits of integration of the inner integral to be [-ir.irj because we are 
integrating over the whole period. Doing this gives 

*<?H> = ^/.>» we> ' ffl [^/->-» ( ^' ) ^H <w 

= ^£*W**-<«--H>* 
(b) 
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By applying the sampling theorem to Fourier transforms, we see that 

r=— oo 

= ^ E «— [m + *-JV]*«[m + rJV] 

rm— oo 

which is a time aliased version of £ {?„["*]}. 

(c) JV should be chosen so that no time aliasing occurs. Since $„[">} is 21. - 1 points long, we should 
choose N > 2L. 

10.38. (a) For < m < M, 

O-m-l 

*«H = - £ x[n}x[n + m] 



n=0 
M-l 



^2 x[n]x[n + m}+ Y2 x[n]x[n + m] + . . . + £ i[n]x[n + m] 

Af-1 

£ g[n]x[n + m] 



,n=0 
M-l 



+ £ s[n + Jtf]*[n + Ar + m] + ...+ £ x[n + (K - l)M]x[n + (K - l)M + m] 



n=0 
K-lU-l 



~ n S X) x I n + ' ,M ] x i n + iM + m) 
" t=0 »=o 

1 K ~ l 



where 



for < m < M - 1 



Ci[m] = E I [" + «Af]*[n + iW + m] 
(b) We can rewrite the expression for Ci[m] from part (a) as 

d[m) - £ x[n + iM \ x i n + iM + m ] 

= ^]i[n + »Af]jt[n + «M + m]+ £ ■ x[n + 1 JW + m] 

ns=0 «=Jf 

= £*iHw ["+*»] 



where 



f i[n + iM], 0<n<Af-l 
E ' M ~ \ 0, M < n < N - 1 
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and 

yi(n] = x[n + iM\ for < n < JV - 1 

Thus, the correlations ci[m] can be obtained by computing JV-point linear correlations. Next, we 
show that for JV > 2Af — 1, circular correlation is equivalent to linear correlation. 

Note that the circular correlation of 2i[n] with Vi[n], 

N-l 



*»*H = £ *il«hh[(( n + m )M 



n=0 



can be expressed as 



c^H = CjJ-m] 



n=0 



where r'[n] = z[-n]. Note that this is a circular convolution of x;[-n] with y,[n]. Thus, we have 
expressed the circular correlation of Xi[n] with yi[n] as a circular convolution of ii[-n] with yj[nj. 
Now recall from chapter 8 that the circular convolution of two M point signals is equivalent to 
their linear convolution when JV > 1M - 1. Since we can express the circular correlation in terms 
of a circular convolution, this result applies to circular correlation as well. Therefore, we see that 
ifJV>2M-l, 

d[m} = Ci[m] for < m < M - I 

Thus, the minimum value of JV is 2Af - 1. 

(c) A procedure for computing #„ [«*] is described below. 

step 1: Compute X^k] and Yi[k], which are the JV* > 2M - 1 point DFTs of x,[n] and yi[n]. 
step 2: Multiply X t [k] and Y?[k] point by point, yielding d[k] = Ci[k] = *,■[*]*;* [*]■ 
step 3: Repeat the above two steps for all data (K times), then compute 

1 K_1 
*»W = hZ C, W for < fc < JV - 1 

step 4: Take the JV point inverse DFT of *xz[*] to get 4>„[m]. 

Assuming that a radix- 2 FFT, requiring y logj JV complex multiplications is used to compute the 

forward and inverse DFTS, the number of complex multiplications is 

2^1og 2 JVJf = ifJVlog 2 JV, forstepl 

JY JV., for step 2 

JV, for divide by Q operation in step 3 

£ logj JV for step 4 

So the total number of complex multiplications is {K + |)JVlog 2 JV + (K + 1)/V. 

(d) The procedure developed in part (c) would compute the cross-correlation estimate 4> Ty without any 
major modifications. All we need to do is redefine yi[n] as 

yi [n] - y[n + iM], < n < JV - 1 
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and Xi[n] is the same as it was before, namely 



. / z[n + 



iAf], 0<n<M-l 
M<n<N-l 



Note that for m < 0, 4>, v \m] = ^»[-mJ. 

(e) For N ** 2M, 

yi[n] = x[n + iM], for < n < 2M - 1 

= z[n + tAf](u[n] - «[n - M]) + x[n + iAf](u[n - M] - u[n - 2Jtf]) 

= x[n + »M](u[n] - «[n - M]) + x[n - M + (t + l)Jtf](u[n - M] - u[n - 2Af]) 

= ii[n]+* i+ i[n-Jl/] 

Taking the DPT of this expression yields 

Yilk) = X i [k] + {-l) k X l+1 [k] 

A procedure for computing 4>„ for < m < M - 1 is described below, 
step I: Compute the N point DFT Xi[k] for i = 0, 1, . . . , A". 

step 2: Compute Y$k) = *<[*] + {-l^^f/fc] for i = 0, 1 K - 1. 

step 3: Let j4o[Jc] = and compute 

J 4 i [Jfc] = J 4i_ 1 [Jt] + ^ i [Jt]y i *[Jfc] 1 t = 1,...,A--1 

step 4: Define V[k] = A K -i[k]. Compute v[m], the N point inverse DFT of V[Jt]. 
step 5: Compute 

4>x,[m] = Q»[m] 

Assuming that a radix-2 FFT, requiring ~ log 2 N complex multiplications is used to compute the 
forward and inverse DFTs, the number of complex multiplications is 

(K + l)% logjJV, for step 1 

0, for step 2 

(K - 1)JV, for step 3 

y log 2 N, for step 4 

N, for the divide by Q in step 5 

So the total number of complex multiplications is Kf^N logj N + KN. Note that for large JV and 
K, this procedure requires roughly half the number of complex multiplications as the procedure 
described in part (c). 

10.39. (a) Using the relations, 

<{«.•»] = ^y"V[n,A)|V A "\tt 
X[n,X) = £ *[» + mM m ]«~ jAm «*A 
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we find 

c[n,m] = ±f_\X{n,\)?J Xm d\ 

= _L f X{n,X)X{n,-X)e jXm dX 

« ^r(fx[ n+ tHfc~ tu ) ( E ^ n + ^w^ J ^ m «* 

(=-« r=-oo 

» E E *|n + WMn + rMr](i ; £e-^-'^^<iA) 

Using the Fourier transform relation, 

S[n- no] +-+«""■"* 

we find „,, a, 

c[n,m]= ^ £ x[n + /M0*[n+rM4$[m-I+r] 

J=-oor=-oo 

The S\m - I + r] term is zero everwhere except when m - J + r = 0. Therefore, we can replace the 
two sums of I and r with one sum over r, by substituting l-m + r. 

oo 

e[*> m ] = E *[" + m + r M m + r M n + r M r ) 

r= — oo 

oo 

= 52 x[n + r]«;[r]x[n + m + r]tu[m + r] 

r=— oo 

(b) First, note that 

\X[n,X)\ 7 = X[n,-X)X[n,X) 
= |A-[n,-A)| 3 

Starting with the definition of c[n, m], 

4n,m] = ±;f\X{n,X)\ 2 t iXm <& 
c(n, -m] = ^ f \X[n, X)\ 2 e~ iXm dX 
we substitute X' = -A to get 

= _L T |A-(n,-V)|V Vm dA' 

= ^ /" |Jr[n,A')[V v, "dV 

= cfn, m] 
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Thus, the time-dependent autocorrelation function is an even function o r tn for n fixed. Next, we 
use this fact to obtain the equivalent expression for c[n, m}. 

oo 
c[n,m] = ^ x[n + r]tu[r]x[m + n + r]w[m + r] 

r= — do 
oc 

= £ x[n + r]w[r}x[-m + n + r]w[-m + r] 

r= — oo 

Substituting r' = n + r gives 

OB 

= £ x[t']w{t' -n]x[r'-m]wi{r'-m)-n] 

OC 

= £ x[r']x[r' - m]w[r' - n]w[-(m + n - r')] 

T's-OO 

= £) :(r']f-«|Mn-f'] 

r's-oo 

where 

A m [r]=w[-rH-{m+r)) 

(c) To compute c[n,m] by causal operations, we see that 

/i m {r]=tu[-rH-(m + r)] 
requires that w[r] must be zero for 

-r < 
r > 

and uj[rj must be zero for 

-(tt» + r) < 

m+r > 

r > -m 

Thus, w[r] must be zero for r > min(0, — m). If m is positive, then wjr] must be zero for r > 0. 
This is equivalent to the requirement that ui[-r] must be zero for r < 0. 

(d) Plugging in 



into h m [r] = w[-r]w\-(m + r)J, we find 



J \ 0, r < 
1 

{a 2r + m , r>0,r> 
0, otherwise 



Taking the z-transform of this expression gives 



r=— co 




oo 




_ Y,a 7T+m z- 


-r 


r=0 




oc 




= *-£(.'« 


-t 
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Again we have assumed that m is positive. If \z\ > a 2 , then 

*» w = T^ 

M'l = a m 6\r] + 0*^-1} 
Using this in the equation for c[n, m] gives 

oo 

c[n,m] = Yi x[r]x[r-m.]h m [n-r] 

r=— oo 
oo 

= £ x[t]x[t - m] {a m 5[n - r] + c 2 M" - r - 1]) 

r=— oo 

oo 

= a m x[n]x[n~m] + a 2 £ x[r]z[r - mjA^n - r - l] 

r= — oo 

= a m z(n]i{n - m] + a?c[n — 1, m] 
A block diagram of this system appears below. 




(e) Next, consider the system 



r i J "'' r ^ 
I 0, r < 



fc»[r] = {rc't*[r]}{(r + m)a' +m u[r + m]} 

_J„Jr . _m „lr 



= a r o +o mra 



r > 0;r > -m 



c[n,m] 



To get the z-transfonn N m (z), recall the z-transform property: rx[r] ++ -*^}^' Using this 
property, we find 



ra 2r «[r] 
rVu[r] 



(1 - a 2 2-i)2 



(1 - a 2 *" 1 ) 3 
Again we have assumed that m is positive. Thus, 

*"<*> = ° 1 (l-A-ip j +m ° i (l-a»»-i)» J 
a-^'a-^l + a^" 1 ) + mc m <a a *-»)(l - q^-') 
(1 - a 2 *" 1 ) 3 
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o-+ 3 z- I fl +0 2 *- 1 +m- mo 8 *" 1 ) 

a m+2 (l + mjz- 1 + a m+A (l - m)z" 2 
1 - 3a 2 *- 1 + 3a«2- 3 - a 6 z~ 3 
Cross-multiplying and taking the inverse ^-transform gives 
^[r] - Sa*K\T - 1] + S^Knlr - 2] - o'/^fr - 3] = a m+2 <l + m)5[r - 1] + o m+4 (l - m)6[r - 2] 

*„(.-] = 3a 2 M>- - 1] - ^/ufr - 2] + o'Mr - 3] + a m+2 (l + m)5[r - 1] + a m+4 (l - m)tf[r - 2] 
Using this relation for A„,[r j in 

00 

c(n,m] = £ x[t\x\t - m]/^^ - r] 

r=—oo 

we get 

oo 

c(n,m] = Y, *Hx(r-m](3a a / lin [n-r-l]-3a 4 /i m [n-r-2] + o«A ln [n-r-3]) 

rs=— oo 

oo 

+ £ x[r]i[r - m] (o m+2 (l -(- m)*[n - r - 1] + a m+4 (l - m)*[n - r - 2]) 

r= — oo 

= 3o 2 c[n - 1 , m] - 3o 4 c[n - 2, m] + o*c[n - 3, m] 

+o m+2 (l + m)x[n - l]x[n - 1 - m] + o m+4 (l - m)x[n - 2]i[n - 2 - m] 

A block diagram of this system appears below. 



x[n] 



■#■ 



a^m+IJz" 



«■ 



a m+ *(1-m)z" 
> 



yln] 

9 - 



9- 



3a' 



-3a' 
— ^_ 



10.40. (a) Looking at the figure, we see that 

£ x[n - m]e^ A(n - m >ftoM 

B=-00 
OO 



-> c[n,m] 



Let m' = -m. Then, 



A-[n,A) = £ x{n + m']Ao[-m']e-' w 
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oo 
= 52 *[n + m']A [-m']c- ; ' W 

m'=— oo 

= X[n,X) 

if ho{-m] = w[m]. Next, we show that for A fixed, X[n,X) behaves as a lineax, time-invariant 

system. 

Linear: Inputting the signal aii[n] + 6i 2 [n] into the system yields 

£ (axi[n + m] + bx 2 [n + m])ho[-m]e-> Xm = 

m=— oo 
oo oo 

Y, «i[n + m]ho[-m]e-> Xm + £ Wn + m]M-m]e- jAm = a* l {n,A) + Mr 2 [n,A) 

m=— oo m=— oo 

The system is linear. 
Time invariant: Shifting the input x{n] by an amount / yields 

oo 
Y, x[n + m + l]hc[-m)e- jXm = X[n + 1, A) 

m=— oo 

which is the output shifted by I samples. The system is time-invariant. 
Next, we find the impulse response and frequency response of the system. To find the impulse 
response, denoted as h[n] t we let x[n] = 5[n], 



M n J = 52 *l n + m M m ] e ~ 



m=— oo 

tin 



Taking the DTFT gives the frequency response, denoted as H(e iu ). 

Hie''-) - H (e i < a - X) ) 
(b) We find S{e>") to be 

<[n] = (x[n]e- jAn ) * w[-n] 
S{e>*') = AT (e i(u+i) ) W(e~> w ) 
S(e*") = A" (e j( " +A) ) ff«{^) 

Note that most typical window sequences are lowpass in nature, and are centered around a fre- 
quency of u = 0. Since Ho(e? u ) = W(c~* w ) is the Fourier transform of a window which is lowpass 
in nature, the signal 5(e iw ) is also lowpass. 

The signal s[n] = X [n, A) is multiplied by a complex exponential e» A ". This modulation shifts the 
frequency response of 5(e' w ) so that it is centered at w = A. 

%] = *[n]e^ B 

H{e>") = S^~ x) ) 

Since S{e JW ) is lowpass filter centered at w = 0, the overall system is a bandpass filter centered at 
w = A. 
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(c) First, it is shown that the individual outputs j/t[n] axe samples (in the X dimension) of the time- 
dependent Fourier transform. 

Vt [n] = ^2 j[n + mjto[m]e~ jA * m 

00 

m=— oo 

= X[n,X)\ x=2rk/ff 
Next, it is shown that the overall output is y[n] = Nw[Q]x[n], 

N-l 

k=Q 
N-l oo 



= ]T Y, x[n + m]w[m]e-> 2 * km ' N 

i=0 m=-oo 
oo N-l 

= £ Y, x \- n+m ^ w i m i e '' 2Kkm/N 

m=-oo *=0 

oo N-l 

m= — oo 

= tfw[0]z[n] 



Nj|ml 



(d) Consider a single channel, 



x[n] 



■^ 



decimator expander 



"ot"l 



'!» 



T« 



i9„["l 



e ' k 
In the frequency domain, the input to the decimator is 

so the output of the decimator is 

i R ~ 1 

iJl X (e*<— fc, >'*+*»>) Ho (e«— »•*>/*) 

ta=0 

The output of the expander is 



«J> 



-> yjn] 
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The output Yk{e>") is then 

The overall system output is formed by summing these terms over A:. 



= - X! S) G ° («' tw ~** ) ) * (e*"-""* 1 ) ^0 (e«-*-*"/*>) 



1=0 i=0 

To cancel the aliasing, we rewrite the equation as follows: 



t=o 



+ £ X (e i{,J ~ 2r " R) ) j £go (*<"-**>) Ho (**"-*-«/*>) 



Aliasing Component 
Therefore, we require the following relations to be satisfied so that y[n] = x[n]: 

^Co(e> (w - A ' ) )£fo(e 3(w - A *" ^ " /i,, ) = 0, V w, and J = 1.....H- 1 

Jt=0 

£j^e*"- A *>)Go(e*'-*>) = n, v w 

t=0 

(e) Kes, it is possible. Goie*") = NH (e i "') will yield exact reconstruction. 

(f) See chapter 7 in "Multirate Digital Signal Processing" by Crochiere and Rabiner, 19S3. 

(g) Once again, we consider a single channel, 



decimator expander 



x[n] 



<x) ^V n l 



i« 



T* 



9oIn] 



-jX n 



Prom Part (a), we know that the output of the filter ho[n) is 



-J0 > yJ n i 



jX n 
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or, using A* = 2xkjN, 

■*[".*]= E i|m]Ao[n-m]e- J ' 2,ta/ " 
Therefore, the output of the decimator is 

X[Rn,k] = E *Hk>[Rn - m]e- J ' a ' w " 

m=— oo 

Recall that in general, the output of an expander with expansion factor R is 

«.W= E *[*]%-«] 

Is— oo 

This relation is given in chapter 3. Therefore, the output of the expander is 



Y, X[R£,k]S[n-tR) 
i], giving 
E E X[Rt,k]S[m~tR]goln-m}= £ X[Rl, k}g [n - IR) 



This signal is then convolved with 0o[n], giving 



oo oo 



m=-ex> l=~oa 

Therefore, 



»W = E E *l»-«l( E #o[«-».]e- i,ri - /N )^"' 

*=0 {=—00 \m=-oo / 

= E E *l"-«l E *M*o{«-™]e" ja "* <m ~ w)/W 



i=0 t=-co 



= E E 9o[n-tR]h [m~m}x[m]Y t ^ kin ~ m)/N 



t^—ao m= — go 



Now recall that EEi' e ^ T *< n - m)//v = yV5[((n - m))^], by considering it as a Fourier series ex- 
pansion, or as an inverse DFT of Ne-' 2wmi / N . Thus, 

J- j*.H*-m)/N =N £ {[n-m-rN] 

lc=0 r=-oo 

where r is an integer. Therefore, 

rf"l = fl 12 9o[n'tR)ho[eR~m]x[m]N JP S[n-m-rN] 

oo oo 
= N E E *»I B ~ *H|A«K* - n + rN]x[n - r/tTJ 

{s-oo r=-oo 

oo oo 

= N E I t fl-rJV l E 9o[n-£R]ho[(R + rN-n] 



451 
Therefore, if we want y[n] = x[n], we require 

£ flo[" - tR]h*[CR + rN-n}= 5[r] 

t=~eo 

for all values n. 
(h) Intuitively, we see that it is possible since we are keeping the necessary number of samples. If 
4o[nj = S[n] find that 

£ S[n-tR]ho[tR + rN-n] = ho[rN] 

f=-oo 

= «w 

since ho[rft] is zero for all values of r, except r = 0, where it is equal to 1. Thus, the condition 
derived in Part (g) is satisfied, 
(i) See Rabiner and Crochiere or Portnoff. (Hint: consider an overlap and add FFT algorithm.) 

10.41. Note that h[n] is real in this problem. 

(a) First, we express y[n] as the convolution of h[n] and x[n]. 

oo 

y [n]= Y, fc W*[»-*l 



Jfc=-oo 

The autocorrelation of y[n] is then 

4> n [m] = £ {y[n + m]y[n]} 



= £ S £ h[k}x[ n + m-k) £ M0*[« - 1 J 
- £ £ h{k\h{l}£{x[n + m-k}x[n-[\} 

fc=— oc J=- oo 

= £ £ *wMi*«-p+ m -*] 



k=—ea i=-ao 

Since x[n] is white noise, it has the autocorrelation function 

4> xx [l + m-k} = a 2 x S[l + m-k] 
Substituting this into the expression for ^[mj gives 



Jt=— oo(=— oo 

= °\ £ ap+«w] 

J=-oo 

Note that ^ 

l=-00 

is also a correct answer, since ^ n [m] = ^yy[- m J- 
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<b) Taking the DTFT of <l> n [m] will give the power density spectrum # w (w). 

*«<«) = E {<% E M'+^w} e "^ 
= A f>rc E ap +«]«-*■"" 

Substituting fc — / + m into the second summation gives 

*»(«) = *2 E Md E M^-*"*-" 

= <^ E M^' E *(*]«"** 



= o» E A[-(]c->"' 53 h[k]e' 



J=— oo i=— oo 

= aj|/f(^)| 2 

(c) This problem can be approached either in the time domain or the 2-transfonn domain. 
Time domain: Since all the a t 's are zero for a MA process, 

u 

y[n] = £>*[*-*] 

so y[n] is nonzero for < n < M. Note that the autocorrelation sequence, 

oo 

*v*H= E vE n + m ]yN 

n=— oo 

can be re-written as a convolution 

oo 

<t>n\ m ] = E *[™-n]yW 

where g[n] = y[-n]. Therefore, 

4>„[n] - y[-n] * y[n] 

Since y[— n] is nonzero for -Af < n < 0, and y[n] is nonzero for < n < M , we see that their 
convolution ^ TO [m] «s nonzero only in the interval |m| < M. 
Z-transform domain: Note that 

If all the at's = 0, then 

u 
H(z) = E 6 * 2 "* 

U M 

•„(*) = E^'E^' 

k=0 i»0 
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The relation for 9gy{z) above is found by multiplying two polynomials in z. The highest power 
of z in *„(*) is z u which arises from the multiplication of the k = and / = M coefficients. 
The smallest power of z in *„(z) is z -v which arises from the multiplication of the k - M 
and I = coefficents. Thus, <f> vv [m] is non2ero only in the interval \m\ < M. 



(d) For an AR process, 



Since 



H(z) = 



bo 



bo 



♦„<*) = aiH(z)H'(z) 



*„,(*) = 



K 



n£.i(i-«**- 1 )(i -<»**) 



Thus, the poles for * vs (*) come in conjugate reciprocal pairs. A sample pole-zero diagram appears 
below . 



Nth order zero 

Nth order zero at z = < 









X 




Im 






/ * 


x^ 










J Re 




\ x 


x , 




X 



By performing a partial fraction expansion on *„„{*) we find that each pole pair contributes a 



sequence of the form -AjtQ k 



M 



vT 



■ ooooQ<y^y?99?TfTl 



<P? 



ITrPPQooQf^v-v^^^ — n 



-M 



and therefore 



*™M = $>*** 



»n| 
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(e) For an AH process, with bo = 1, 



which means that 

The autocorrelation function is then 

4> n [m] = ^w[-m] 

= t{y[n -m)y[n]} 



= f|y[n-m]f^o t y[n-*] + i[n]j \ 

N 

= 51 a *£ {vh - m M n -*]} + £ {y[i - "*]*[*]} 
*=1 

= fT, °**yy[ m ~ *] + *n[~ m ] 

N 



For T7i = 0, 



The 4> xv \0) term is 



*„[0] = f{*(n]y[n]} 

= f; a ^{«[nJy[n-*]} + f{x[»]x[ B ]} 

*=i 

= £)o*£{x[n]y[ii-*J} + e£ 
*=i 

Note that x[n] is uncorrelaied with the y[n - Jt], for Jfc = 1, . . . , AT. Therefore, 
Thus, 

t=i 
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since 4>yy[k\ — 4>n[~ *]• *°r m ^ 1» 

*toM = H a ^nl m ~ *1 + **»H 



since ^ xv [m] is zero for all m > 1. 
(f ) By symmetry of the autocorrelation sequence, we know that 

tyylm-k] = 4> n [k-m} 
- ^llm-fcl] 



Thus, 



N 

I 

/b=l 



Using the result from part (e), we get 



for m = \,2,...,N. 
10.42. (a) Sampling x c (t) we get 



get 

^2a k 4> yy [\m - fc|] = <t>vvl m ] 



x[n] = x e (nT) 



16 ~. W 



Define the periodic sequence X[k] to be 



Jl 



I I Ttcioooo" ' — <~ 



m 



1/4 

\U ....... 9l\ 



li. 



-16 -4 4 

Then we see that we can write x[n] in terms of X[k\: 



16 



*[„] = lt^ (,,/W,iB 



= IV X[*]e* l * /ie| * n 
= rDFS{X[*]} 
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However, since the period we use in the sum of the IDFS is unimportant we can also write 



4=0 

= n>FS{X[jfc]} 

= IDFT^oI*]} 



where Xo[k] is the period of X[k] starting at aero, i.e., 



*«-{r 



Jfc = 0, . . . , 15 
otherwise 



Using this information we can now find G[k] 

G[k] = DFT{c[n]} 

= DFT{i[n](u[n] - u[n - 16])} 

= DFT{x[n]} 

= DFT{IDFT{Xo(fc]}} 

= X [k) 

Thus, G[k\ looks like 

<3M 



1/2 

9 



1/2 



1/4 



1/8 



1/16 



1/4 

V T I 



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

(b) We want to find a sequence Q[k] such that 



4 /ixl*! 



We can apply the same idea as we did in part (a), except now the DFS and DFT size should be 
32 instead of 16. Going through the same steps will lead us to the sequence Q[k] that looks like: 



91 



0M 



1/4 1M 

0000000000000000000 * 000 ' — ' — 



Hr 



8 



12 



16 



20 



24 



28 



31 
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(Here we have assumed a = 1). We see that we can interpolate in the time domain by zero padding 
In the middle of the DFT samples. 



10.43. (a) Using the relation, 



. _f *. 0<k<N/2 
Jk \ *-£, N/2<k<N 



where N is the DFT length and T is the sampling period, the continuous-time frequencies corre- 
sponding to the DFT indices k ~ 32 and k = 231 are 

f - 32 

132 ~ (256)(l/20,000) 

= 2500 Hz 

231-256 

' ai ~ (256)(1/20,000) 

= -1953 Hz 

(b) Since 

x[n] = x[n]wR[n] 

the DTFT of x[n] is simply the periodic convolution of X(e iw ) with Wr^*'). 
Me*") = ^f XW'W R W {v - e) )de 

(c) Multiplication in the time domain corresponds to periodic convolution in the frequency domain, as 
shown in part (b). To evaluate this periodic convolution at the frequency w 32 = 2jt(32)/I, (where 
L = N = 256) corresponding to the k = 32 DFT coefficient, we first shift the window W„ s {e> u ) 
to W3 2 . Then, we multiply the shifted window with X(e J *'), and integrate the result. In order for 

* os ,[323 = a*[31] + X[32] + <**[33] 
we must therefore have 

{1, w = 
a, u> = ±2*/L 
0, 2irk/L, for* = 2,3,...,I-2 

Note that we are only specifying WW**") at thc DFT frequencies w = 2*k/L, for k = 0, . . . , L- 1- 

(d) Note that the L point DFT of a rectangular window of length L is 

n=0 
~ 1 _ e -jS»*l 

= U\k\ 

W (e> u ) is only specified at DFT frequencies w = 2xk/L t and it can take on other values between 
the^ frequencies. Therefore, the DTFT of W„ t (e*") can be written in terms of W R (e>") and two 
shifted versions of W R (e iu ). 
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(e) Talcing the inverse DTPT of W„ t {t? u ) gives w s ^[n]. 

1 



w„ a [n] = ^[nle-^^ + lw^ + jWRln)^"^ 



= [z + T cos ( ? r)] u '* In] 



A sketch of w av$ [n] is provided below. 



2/256 



1/256 



*W nJ 




10.44. (a) After the lowpass filter, the highest frequency in the signal is Aw. To avoid aliasing in the 
downsampler we must have 

AwAf < % 

M < T~ 
. N 



A/n 



2Jfca 
2Jk a 



(b) The fourier transform of xi[n] looks like 



x,<en 



-x/6 



*/6 



so M = 6 is the largest M we can use that avoids aliasing. With this choice of M the foorier 
transform of x,[n] looks like 
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X,<e*) 



Taking the DFT of x z [n] gives us N samples of X t {^") spaced 2k (N apart in frequency. By 
examining the figures above we see that these samples correspond to the desired samples of X(c 3<J ) 
which will be spaced 2Aw/JV apart inside the region -&j < u> < Aw. 

Note that after downsampling the endpoints of the region alias. Therefore, we cannot trust the 
values our new DFT provides at those points. However, the way the problem is set up we already 
know the values at the endpoints from the original DFT. 
(c) The system p\n] periodically replicates X N [n] to create Xtt[n]. Then, the upsampler inserts Af - 1 
zeros in betweeen each sample of Xn[n]. Thus, the samples k e - k& and k e + k& which border 
the zoom region in the original DFT map to M{kc - Jt a ) and M(k c + k&,). The system h[n] then 
interpolates between the nonzero points filling in the "missing" samples. Since the linear phase 
filter is length 513 it adds a delay of M/2 = 512/2 = 256 samples so the desired samples of X NM [n] 
now lie in the region 

M(* e - k A ) + 256 <n< M{k c + * A ) +256 
*e ~ fc A S " < K + fc A 



where 



k' e = Afifcc + 256 
k f A = Mk& 



(d) A typical sketch of X(e>") and X N [k] look like. 
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? - T 



o k c -k A k c k c+ k A 



N-1 k 



After periodically replicating and upsampling by M we have a signal that looks like 



XJn] after upsampling 




M-1 zeros 



eee 



...? ?_ 

ooo'exjooooo ' ooQ 



eee 



-ee& 



©e& 



eee- 



M(k-k)Mk M{k,+k A ) 



M(N-1) n 



Filtering by h[n] then interpolates between the samples. X NM [n] is shown below if we assume that 
h[n] is the ideal zero phase filter. The points with an x correspond to the interpolated points. 




interpolated points 

i 



9 



TlllT.,...,»fll 



,91 



,9! 



M{k e -k d )Mk e M(k c +k A ) 



Thus, we need to extract the points 



M{N-1) n 
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ehere 



k' e - Mk c 

*A = Mk * 
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Solutions - Chapter 11 
Discrete Hilbert Transforms 
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11.1. Using the fact that x e [n] is the inverse transform of Tie we get 

Ke{X(e> w )} = 2-ae>» -ot- iu 

x t [n) - 2S{n]-aS{n+l]-a6{n-l] 

Since x[n] is causal, we can recover it from x c [n] 

x[n] = 2x«[n]u[n] - i«[0l* [n] = 2S[n] - 2aS[n - 1] 

This implies that 

Xo[n] = *t") Y 1 "" 1 = o*[n + 1] - aS[n - 1] 

and since jlm{X(e iu> )} is the transform of x [n) we find 

lm{X(e jv )} = 2asinu 

11.2. Taking the inverse transform of Tce^e*")} = 5/4 - cosw, we get 
Since x[n] is causal, we can recover it from x c [n] 



11.3. Note that 



i[n] = 2* e (n]t*[n] - x t [0}S[ n ) = |*W " % " *]» 



|X(e it ')t 2 = § - cosw 



- (-k-)(-W 

If jr(e**) = (1 - ie--'"} we get 

*W = *W-5*[n-l] 
but this does not satisfy the conditions on x[n] given in the problem statement. 
However, if we let X(e>") = (1 - ie->")e-> w we get 

x[n] = <J[n-l]-^[n-2] 

which satisfies all the constraints. The idea behind this choice is that cascading a signal with an allpass 

system does not change .the magnitude squared response. 

Another choice that works is X(e>") = |(1 - 2e- > *')e->" for which we get 

x[n]=\6[n-l]-&[n-2) 

The idea behind this choice was to flip the aero to its reciprocal location outside the unit circle. This 
has the same magnitude squared response up to a scaling factor; hence, the \ term. 
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11.4. Take the DTFT of x r [n] to get 

JT r (e*")= -- -cos2w. 

where X r (e> v ) = £[*(«*") + *'(e>")] is the conjugate symmetric part of X(e^). Since W) = for 
— T < w < we have 



Xiei") - / 2X r(e i "), 0<w<; 
1 \ 0, otherwis* 



otherwise 

l-cos2w, 0<w<ir 
0, otherwise 

Thus, 



■{ 



7U{X(t*>)} = i ; _cos2w ' 0£w<* 
1 v u \ 0, otherwise 

and 

Im{I(eJ")} = 0. 

j46ou( Notation: X^e*") with a capital ii is the real part of X{e' u ). X T {e^) with a small r is the 
conjugate symmetric part of X(e^ u ) which is complex- valued in general. 

11.5. The HUbert transform can be viewed as a filter with frequency response 

H{e^) = i - j > Q <"<\ 
v \ J, -* < w < 0. 

(a) First, take the transform of x r [n] 

X r (e*") = tS(u - wo) + ir6(w + wo). 

Now, filter with H(e>*') and take the inverse transform to get Xi[n] 

Xiie*) = B(e^)X r {e>") 

= ~jrS(u - wo) + jtS(w + wo) 

Xt[n] = sin won 

(b) Similarly, Xi[n] = - cos won. 

(c) x r [n] is the ideal low pass filter 

Mnj- ^ <~>{ , «*<M<* 
After filtering with the Hilbert tranformer we get 

{—j, < w < w e 
j, _w e < w < 
0, W e < M < T 

Taking the inverse transform yields 



467 



11.6. Using Euler's identity, 



jXj (e?" ) = j (2 sin w - 3 sin 4w) 






Since x [n] is the inverse transform of jXi{e? u } we get 

*o[n] = -|*[n + 4] + 6[n + 1] - *(n - 1] + ^[n - 4] 

Because x[n] is real and causal we can recover most of x[n], i.e., 

x[n] = 2x [n}u[n] + x[0]5[n] 

= x[0)S[n] - 26{n - 1] + 3% - 4] 

The extra information given to us allows us to find x[0], 

= x[0]-2 + 3 
Plugging this into our equation for x[n] we find 

i[n] = 5S[n) - 2i[n - 1] + ZS[n - 4] 

11.7. (a) Given the imaginary part of X (**"), we can take the inverse DTFT to find the odd part of x[n], 
denoted x-fnl. 



lm{X{e ju )} = sinw + 2sin2w 

2j 2j j J 

j 2; 2j j 

x {n] = vrr l [jim{x{^)}} 



= VTT- 1 



«!*- + ie> u - ie->" - e-' 2 "] 



i^_L-> 



= «tn + 2] + i%+lJ-^[n-l]-5[n-2] 

Using the formula x{n] = 2x [n]u[n] + *[0]%J, we find 

a:[n] = -8[n - l\ - 2% - 2] + x[0]S[n} 
Any x[0] will result in a correct solution to this problem. Setting x[0] = gives the result 

x[n] »= -6{n - 1] - 2S[n - 2] 
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(b) No, the answer to part (a) is not unique, since any choice for x[0] will result in a correct solution. 
11.8. Using Euler's identity and the fact that x [n] is the inverse transform of jXi(e } ") we find 

3Xi{J°) = 3jsin2w 

Because x[n] is real and causal we can recover all of xfn] except at n = 0, 



Therefore, 



x[n] = 2x [n]u[n] + x[0]$[n] 
= -iS[n - 2] + x[0]S[n) 



x e \n\ = 

{-38{n - 2) + x[0}S[n\) + (-3fln + 2] + x[0}S[n}) 
2 

= -|f[n + 2l + il0j*tn]-|*(n-2] 
Using the fact that Xr(c' u ) is the transform of x t [n] we find 

x R ^n = -§«*** +*[<>] -§e-*- 

= x[0]-3cos2w 
Thus, Xia^") and X/ai^") are possible if x[0] - -1 and x[0] = respectively. 

11.9. (a) Given the imaginary part of X(e>"), we can take the inverse DTFT to find the odd part of z[n], 
denoted xJn]. 



Zm{X(e> v )} - 3sinw + sin3^ 



2} 2j 2; 2j 

= ***- + 3 ^ _ 3 t -i* _ 1 e -js* 
2j 2j 2j 2j 



a.[n] = PF7~ J [jlm {W u )}] 



= PJT- 



2^ + 2^ 2 



-k-] 



= i% + 3] + ^[n+l]-|%-ll-^[n-3] 
Using the formula x[n] = 2x a [n]u[n] + i[0]<J[n], we find 

*[n] = -3*[n - 1] - S\n - 3] + x[0]%] 
Taking the DTFT of z[n] gives 

X{<? v ) = -3e- iw - e _i3w + *[0] 
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Evaluating this at u> = * gives 

A-{^)| w=# = -3e~J* - e~ i3 * + x[0] = 3 

3 + l + «fl>] = 3 
x[0] = -1 

Therefore, 

i[n] = -3S[n - 1) - S[n - 3] - S[n] 

(b) Yes, the answer to part (a) is unique. The specification of X{c? u ) at w = v allowed us to find a 
unique x[n]. 

11.10. Factoring the magnitude squared response we get 

[Me^tf = *""*" = *-«»"+? = (i-i e -J")(l-l e J-') 
1 * n 5 + 4cosw l+4cosw + 4 (1 +2«-J-)(l + 2e>«) 

mz)l ~ <l + 2*-*)(l + 2z) 
= JF<*)J5P(1/*") 

Since A[n] is stable and causal and has a stable and causal inverse, it must be a minimum phase system. 
It therefore has all its poles and zeros inside the unit circle which allows us to uniquely identify H{z) 
from \H{z)\ 2 . 

1 - iz -1 






i / i\ (n_i) 

11.11. Note that x,[ n 3 can De written as 

i i [n] = -4J[n + 3]+45[n-3] 

Taking the DTFT of Xi[n] gives 

*(«*") = _4e' 3 - + 4e- jJw 
= -4(2jsin3w) 
= — 8jsin3w 

Since X(e>") = for -w < w < 0, we can find X [e*") using the relation 



-{?*" 



v ' « n —K<w<Q 



470 

Thus, 



vi ™* ( 16sin3w, < w < * 
X{ * ) = I 0, -w < » < 



Therefore, the real part of X^") is 



■{ 



2 

8sin3«, < w < ir 

— 8sin3w, — jt < w < 



11.12. (a) Factoring the magnitude squared response we get 

m*)? - ^.|o-«-i-|«. w+ l-(i-|.-*')(i-i^) 



Thus, one choice for H(e> u ) and h[n] is 

J"T(e*") = 1 - |e~^ 

h[n]=«S[n]-|*[n-l] 

(b) No. We can find a new system by taking the zero from the original system and flipping it to its 
reciprocal location. This only changes the magnitude squared response by a scaling factor. If we 
compensate for the scaling factor the two magnitude squared responses will be the same. Thus, we 
find 

H(e>») = i(l-3e->-) 

h[n) = ±*[n]-3*[n-l] 

satisifies the given conditions. 

11.13. Expressing Xn(e } "') in terms of complex exponentials gives 

Xr{^) = 1 + cosw + smw- sin2w 

= 1 + \e> u + Je"* 1 + ^eJ" - ~e~^ ~ ±*P" + ^-e'^ 
2 2 2] 2) 2j 2j 

= - ^-^ + \e> u + ^eT + 1 + \t~^ - ~e-' u + ^e- j3w 
2} 2 2j 2 2j 2j 

Taking the inverse DTFT of Xn(t iw ) gives the conjugate-symmetric part of x[n], denoted as x e [n}. 

x.(n] = -^*[n + 2] + ^[n + 1] + i*[n + 1] + *fn] + ji[n - 1) - i*[n - 1] + l*[n - 2] 

Using the relation x[n] = 2x € [n]u{n] - x«[0)*[n], 

x[n] = $[n] + 5[n - 1] + #{n - 1] - j j[n - 2] 
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We then find the conjugate-antisymmetric part, x [n] as 

*.M = 5 (*[«)-*'[-»]) 

- \ (%] + s l n - 1] + J"'[n " 1] " i'[« - 2 ] - 'W " '["" ~ X l + #t" n - J l - J S l~ n ~ 2 D 

= 5 (*{n " 1] + #[« - 1] ~ #[» ~ 2 ] - fl« + 1] + #I n + *J ~ #I n + 2 ]) 

= -| (*In+ 1] - 6[n - 11) ^ | (*[n+ 1] + f[n - 1]) - i (fln + 2] + £[n - 2]) 

Taking the DTFT of x„[n] gives ;*/(«*■). 

jX t (e*) = -\ (e* - «"*) + * <e>" + «">) - i (e^ + e~^) 
= — jsinw + j cosw — jcos2w 

So 

■X/ (**"") = — sinw + cos a; - cos 2a; 

11.14. First note that, 

(a) The inverse transform of X R(e J ") is x t [n], the even part of x[n]. This is true for any sequence 
whether it is causal, anticausal, or neither. 

(b) jXi{e iu ) is the transform of x \n\, the odd part of x{n}. This is true for any sequence whether it 
is causal, anticausal, or neither. 

(c) For an anticausal sequence 

x[n] = 2i«[n]u[-n]-* < l0j*[n] 

Using Euler's identity and (a), 

i,W . j(„]+i£(l) («[„ + *] + %-*]) 

Using (c) and then taking the odd part we get, 

x[n] ~ 2i e [n]u[-n] - z e [0]<5[n] 

= *»] + £ (5V *[«» + *] 

, fnl - g t"3- J [-"I 

= if;(Tfw>+*]-*[n-*i) 
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Now taking the DTFT and using (b), 



>*(*) = |f Q)*<«"--^ 






sin(fcw) 
sin{&w) 



Thus, 



*'<«*"> = £(5) «<*") 



11.15. Given X^e**), we can take the inverse DTFT of ]Xi(e> u ) to find the odd part of x(n], denoted x B [n] 

lm{X(<P u )) = sinw 

2j 2j 



x e [n] = V7T- 1 ;Zm {X(e*")}] 



2 2 

= |*l« + II - |*[« - 1] 

Using the formula x[n] = 2x e [n]tt[n] + x[0]£[n], 

x[n\ = -J[n - 1] + x[0]<5[nj 
Since ^ 

ft=— oo 

-l + *[0] = 3 

x[0] = 4 

Therefore, 

x[n] = 4S[n] - 6[n - 1] 

11.16. Using Euler's identity and the fact that x e [n] is the inverse transform of Xn(e?*) we have 

Xnif**) = 2-4cos<3w) 

= 2-2(e>"+e--' w ) 

x t [n) = -2% + 3] + 2S[n] - 26[n - 3] 
Since x[n] is real and causal, it is fully determined by its even part x e [n], 
x[n] = 2x«[n]u[n]-x«lO]*[nJ 
= 48[n) ~ 4% - 3] - 2j[n] 
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Using this information in the second condition we find 

n=— oo 

= f) x(n](-l)- 

n=— Co 

= 2 + 4 

* 7 

Thus, there is no real, causal sequence that satisfies both conditions. 

11.17. There is more than one way to solve this problem. Two solutions are presented below. 

Solution 1: Yes, it is possible to determine x[n] uniquely. Note that X[k], the 2 point DFT of a real 
signal x[n], is also real, as demonstrated below. 

x 
X[k) = 53*[n]e-J»"»* /3 

x[k] = 2>[n)(-ir* 

Thus, 

X[0] = x[0j+x[l] 
X[l) = x[0]-x[l] 

Clearly, if x[n] is real, then X[k] is real. Therefore, we can conclude that the imaginary part X][k] 

is zero. 

Therefore, the inverse DFT of X R [k] is x[n], computed below. 



*M = \t,x R [k]{-\)<* 



xfO] = \{X R [Q] + X R \\\) 

= -1 

«W = \{X R [G\-X R \l)) 

= 3 

Thus, 

x[i»l = -S[n] + 36{n - 1] 

Solution 2: Start by making the assumption that X[k] is complex, i.e., Xt[k] is nonzero and X R [k\ = 
2S[k] - 4<S[Jt - 1], Then, because x^n] is the inverse DFT of X R [k] we find 
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and 



**v[0) = \(Xr[0} + X r {1)) 
= -1 

*ep[l] = \(X X iO}-X R [l]) 
= 3 

z tp \n] = -6[n} + 3S[ n -l) 
Because x[n] is real and causal, we can determine it from x^n] 

' Xcp \n), n = 
2x„[n], < n < N/2 
x^lN/2), n = N/2 
0, otherwise 

With N = 2 we have 

x[n] = -6{n] + 3S[n - 1] 

If we began by making the assumption that X\k] was real, i.e., Xi[k] = and X[k] = Xr[);] = 
2S[k] - 46[k — l] than by taking the inverse transform we find that 

x[n} = x ep [n] = -6{k}+ZS{k-l] 

This is the same answer we got before. Since there was no ambiguities in our determination of 
x[n], we conclude that x\n] can be uniquely determined. 

The next problem shows that when N > 2, we cannot necessarily uniquely determine x[n] from 
X R [k] unless we make additional assumptions about x[n] such as periodic causality. When N > 2 
the two assumptions we used above leads to two different sequences with the same Jfjt[&]. 

11.16. Sequence 1: For Jt = 0,1,2 we have 

x R [k\ = <m + «[* - 1] + WW* + dm 

and Xft[k] = for any other Jt. Using the DPT properties and taking the inverse DFT we find for 
n =-1,2,3 

= 3 + 4cos(2n-n/3) 

= 75[n)+6{n-l] + 6[n-2] 

If we let x[n] = x ep {n] we have the desired sequence. 
Sequence 2: If we assume x[n] is periodically causal, we can use the following property to solve for 



x\n] from x.Jnl: 



( x v % « = 
x[n]=l 2x„ln], 0<n<* 
\ 0, otherwise 



Note that this is only true for odd N. For even N, we would also need to handle the n = N/2 
point as shown in the chapter. We have 



{x„[0I, n = 
2*«„[n], n = l 
0, otherwise 

= 7S[n] + 2S[n - 1] 
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11.19. Given the real part of X[k], we can take the inverse DFT to find the even periodic part of x[n], 
denoted x C j>[ n ]- 
Using the inverse DFT relation, 



**M = jf £ x *w w 



we find 



Thus, 



*«p[0] = j(4+l + 2 + l) = 2 

**M = J(4 + J-2-i) = | 

*„[2l = i(4-l + 2-l) = l 

**[»] = i(4-i-2 + j)« | 



Iep [n] = 2*[n] + i«[n - 1] + 6[n - 2] + ±*[n - 3] 



2 ,-i -j -i j 2 
Next, we can relate the odd periodic and even periodic parts of x[n] using 



{ Xtp [n}, 0<n<N/2 
-XepH N/2<n<N- 
0, otherwise 



Performing this operation gives 

»*W = 5*[n-l]-|ff[n-3] 
Taking the DFT of z^n] yields jXj[k]. Using the DFT relation, 

N-l 
n=0 

we find 

jX,[Q] = (0+^+0-0=0 

i*/M - (o-i+o-0 i 

j*,[2] = (o + i + o-i)=o 

jX>[3] = ^O + i+O+0=j 

Thus, 

jX,[k] = -jS{k-l]+j5[k-3) 

11.20. As the following shows, the second condition implies i[0] = 1. 

fc=0 

= 1 
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This condition eliminates all choices except Xj[n] and xj[n]. 
The odd periodic parts of X2[n] &&d 13 [n] for n — 0, . . . , 5 are 

r U1 _ «»W-«it((-"))6) 

*opil n J = j 



= | (*[" - 4] - fl«n + 4)),1) - I (4[n - 5] - *[((n + 5)) 6 ]) 



_ x a W-«it(( -n)). 



2 
= I (*[n - 1] _ S[(( n + 1)) 6 ]) - | (*[n - 2] - *I«n + 2)),]) 

Forn < or n > 5, these sequences are zero. Since the transform of x„p[n] is jXj[k] we find for 
* = 5 

j Xj [k] - - ( e -i< 2 *M* k - eX 2 */" 4 *) - - ( e -J (2,r/6)s * - eX*"/ 6 )") 

= - y sin(4r*/3) + \j sin(5ir*/3) 

= j-^(-*i*-2] + *[Jb-4]) 

jX h [k] = - (e _i(2 * /6)i - e> {3 ' /6)k ) - - ('c" , ' (2 * /e,2 ' : - e> l2 * /6)2k ) 
= - 1 j sin(**/3) + |j sin(2* fc/3) 
= ,--^(_J[*-2]+*[*-4]) 

Thus, both i 2 [n] and 23 [n] are consistent with the information given. 



11.21. (a) Method 1: 
We are given 



S*«f = I£wehave, 



Since |£ = -Jg we have, 



Thus, 



= l + p -1 aeosw 



-r— = — ap cosv 
aw 

V = -ap~ 1 mnv + K(p) 



tf -*« 



op~ sinw 4- K'(p) = ap sinw 

K'{p) = 
AX/0 = c 
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Since x\n] is real V(p,u>) is an odd function of w. Hence, V(p,0) = 0, implying that C = 0. 
Therefore, 

X{pj") = U((,,v)+jV(p,u) 

= 1 + p _1 qcosw - jp -1 asinw 

= 1 + ap~ l (cosw-jsinw) 

ss l + ap^e"^ 

*(*) = 1 + az -1 

(b) Afet/iod 5: Since Jr^e*") is the transform of x t [n] we have 
XrW") = 1 + acosw 

,.(„] = JW + |j[n + I] + |j[n-l] 

Because x[n) is real and causal, we can recover x [n] from x t [n] as follows 

a: e [n], n > 
0, n = 

-x«[n], n< 

= -|*[n + l]+|$[n-l] 

Thus, 

x[n] - x t [n] + i,,[ti] 

= 5[n] + <*S[n - 1] 

X(z) = l + a*" 1 

Note that we could have obtained x[n] directly from x e [n\ as follows 

x[n] = 2x t [n]u[n]-x c [0]S[n] 

= (25{n] + aS{n + 1] + Q*[n - lj)u[n] - $[n] 
= <S[n] + a«S[n - 1] 



11.22. Taking the ^-transform of uff[n] we get 

1 _,-»/» + ,-* _,-*-«* 



2 2*-"/ 2 »« 



l-z-i 
Sampling this we find 



N#o 
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When k is even but Jt ^ we see that Un[k] = 0. For it odd, we get 

2 + 2e~> J "* /N 
Urf W = i _ e-J***/w 

2 e -J**/W( e J»*/J v + e -J>*/ N ) 

= -2;cot(*fc/JV) 

When * = we get 0/0 which, if the function was continuous, you would use 1'HdpitaTs rule. In this 
case the function is discrete so that is not available to us. One route to the answer is to use the definition 
oftheDFS 

U N [0] = £fi„[n]e-'»*- 

N 

= $3«jvM 

= N 
Putting it all together gives us the desired answer 



= { -2j« 



Jk = 0, 

U N [k] = { -2jcot(itk/N), Jt odd, 

jfc even, Jt / 



11.23. (a) Because x tp [n] is the inverse DFT of Xft[k] we have for n = 0, . . . , N - 1 and k = 0, . . . , N - 1 

, , x[n)+x'{((-n)) N ] 
x tp[n\ = 2 

or equivalently, if we periodically extend these sequences with period N 

_ i[n] + x\-n] 

x.N - ^ 

Note that since the signal is real **[-«] = *E -f *]- 

The first period of i[n] is zero from n = Mton = N-l. JfN = 2(M-l) there is no overlap of 

x[n] and x[-n] except at n = and n = N/2. We can therefore recover x[n) from z e [n] with the 

following: 

- -- - ■ ■ , N/2-l 



{2i e [n], n = l N/2-l 
£,[n], n = 0,N/2 
0, n = Af,...,iV-l 



If we tried to make N any smaller, the overlap of x[n] and x[-n] would prevent the recovery of x[n] 
Consequently, the smallest value of TV we can use to recover X [k] from Xn[k] is N = 2{M - 1). 

(b) If JV = 2(M - 1), 

..JV/2-1 



C 2xep[n] n = l,...,/ 
[n] = x«pWu W tn] = { x^>[n), n * 0, N/2 
( 0, otherwise 
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where 



«w 



{2, n = l,2 W/2-1 
1, n = 0,N/2 
0, otherwise 



= 3u[n] - 2u[n - N/2] - 6[n] + 6[n - N/2] 
Taking the DFT of x[n] we find 



where 



X[k] = X R [k] ® Uff[k] 

U N [k] = DFT {2u[nj - 2u[n - N/2] -S[n] + S[n- N/2]} 
1 -(_!)*+«- W*- e -J»'*/»(-l)* = 

j_ e -j2»t/N ' '""' 

^[ fc ] = ^ -2jcot(xk/N), 0<k<N-l,kodd 
otherwise 



f * 

= < -2jCOt(7TJS 



11.24. We are given 






^[n] <— > Hi(e>") = Hc(e' u )+3HD(e iw ) 

where k^n], AJn], if^e*"), JT/fe*"), F£R(e>"), fToBt^"), tfwCe**), and H i{^ u ) are real. 
Begin by breaking Hie* 1 *) into its real and imaginary parts H R (e?") and Htie**') 

= We*V") + Honied)] + j[#£/(0 + Boi{J w )\ 
Now solve for the conjugate symmetric and conjugate antisymmetric parts of H{e }U } 

{grate**) + go«(e*")] + j[g g ;(e jw ) + gpj (tf ")] 

2 
. \Hbr{J") - go«(e>")] - 3\Hbi{J") - go/fr**)! 
+ 2 

= HjB^J + jJo/le*') 

*<«*, . ^)-g'(^) 

tggj»(e*") - gpji(e*')l - 3[BBi(t>») - H 01 (e**)) 



Thus, 



^(e> tf ) = g«(e»") Hci.*") = gwte* 1 ) 
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11.25. (a) By inspection, 



*(=*") =j(2%(e""- f * , )-l) 

v»>- '' w r~ t ' > 

(b) Find h[n]: 

Taking the inverse DTFT of JJ(e> w ) yields 

h[n] = i[2 C -><-/ 2 >"h lp [n]-*[ n ]] 

= j [2 cos(m/2)ft lp [n] - ;2 sin(irTi/2)fci p [n] - *[n]] 
= 2sin(wn/2)/ii_[n] 

The simplification in the last step used the fact that /ij p [n] = "(W a > is Mr0 for even n and equals 
1/2 for n = 0. 

Find hip[n] : 

Taking the inverse DTFT of Hi p (e^) yields 

Using the fact that h[n] is zero for n = and n even we can reduce this to 
1 r 1 sin(im/2) , , , 1 „ . 

(c) The linear phase causes a delay of n d = M/2 in the responses. If nj is not an integer, then we 
interpret Aj p [n] and h[n] as 

"inl* 1 — n «»J 7 N 

' ' * (n — n<j) 

Then, 

ft[n] = A[n — *mjttf[nj 

= 2sin(ir(n - nj)/2) Aj p [n - nj]tt>[n] 

= 2sin(jr(n-n d )/2)A lp [n] 
where h[n] and hj p [n] are the causal FIR approximations to h[n] and hj D [nj. Similarly, 



{ sin(T{n-Tu)/2) tf _, 1 
2 Ahl + jfl" 
am(*(n - n tf )/2)AlnJ, 



-5[n — n*]w[n], Af even 
A/ odd 



(d) The lowpass filter corresponding to the first filter in the example looks like 
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&ye»">i 




M = 18. B = 2.629 



0.8k 



The lowpass filter corresponding to the second filter in the example looks like 



Wye*")! 



M = 17, 8 = 2.44 




11.26. (a) The example shown here samples at the Nyquist rate of T = «/<ft . + AO) «j^ f^f* 
example, but the bandpass signal is such that Afi/(Q e + AO) = 3/5. Then, 2*/{AOr) _ 10/3- 
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1- 




s c (|n) 



c c c 



£2 





2/T-- 




S(e^ 



-2* w -Jt 



-w * 2it 



2/(3T)i 




(b) If 2ir/(Afir) = M + e, where M is an integer and e some fraction, then using the Nyquist rate of 
2w/T = 2(fl e + AJ1) will force decimation by M. As just shown, this choice for T causes S tt (c iw ) 
to have intervals of zero. Instead, choose T such that 2jr/(AfiT) is the next highest integer 



2* 

Anr 



= Af + l. 



Then decimating by {M ■+ 1) produces the desired result. 
11.27. Yes, it is possible to always uniquely recover the system input from the system output. Although 
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Y(cJ») contains roughly half the frequency spectrum as X(e>"), we can reconstruct X{t?«) from Y(f)- 
We can accomplish this b, recognizing that since z[n] is real, *(e*) must be conjugate symmetric. 

The output of the system, y[n], has a Fourier transform y(e*0 that is the product of X(e><") and 
Hie**). Therefore, Y{e> u ) will correspond to 

Y (J<\-1 X ^^ OS"** 
1 ' ~ \ 0, otherwise 

At first glance, it may seem like X(**) = Y{+) + V(*-*). This is close to ^g*^*^ 
doesn't take into consideration the fact that Y(e?>) is non-zero at w = and a ' =J .Thus, the solution 
X(<J») = net") + y( e -**), will be incorrect at u> = and u = », smce y(e» ) and y (e ) wiu 
overlap at these frequencies. It is necessary to pay special attention to these frequencies to get the right 
answer. Let t _ _ 

^ ; ~ \ y^"), otherwise 
Alternatively, we can express Z(e*") with the constants a and 6 defined as 

o = r^L-o = E »W 

n= — 00 
n=— oo 

Z(e**) = Y(e> w ) - a*M ~ w (" - *) 
We can construct a conjugate symmetric *(«*") from Y(e>") and Z(e> w ) as 

X{e> u ) = Y{j") + Z-(t-n 

In the time domain, this is 

x\n} = y[n] + z-[n] 

Or, since .„ 

i a 6 (-l)" 
s{n] = y(n] + y-[n] - ^ - -£- 

11 28 Since J?(z) corresponds to a real anticausal sequence h[n], F{z) = JI(l/z) corresponds to a real 
stabTe, cfusll sequence /[»]. We can apply the equation developed in the book for causal sequences to 

where v = e* is the integration variable; i.e., the closed contour C is the unit circle of the t^plane. Now 
find H{z) 

H(z) = F(l/») 

where H R (v) = Ke{B{*P)}. 
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11.29. (a) We have 



H{x[n}} = x[n] * h[n] 
n{H{x[n}}} = x{n] * h[n] « h[n] 



We need to show thai %]*A(n] = -S[n]. Alternatively, we need to show that H(e> u )H(e> u ) - -1, 
which is easily seen from 



mvM - I ~i ° < u < * 



(b) In Paiseval's theorem, 



Let /[n] = H{x[n]} and 5 *(n] = *[nj. Then 

£ H{x[n]}x[n) = ±f Hi^Xi^W-nd" 

n=— oo * 



where 






but the integral = since the integrand is an odd function over the symmetric interval, 
(c) Since W{x[rt]} = x[n] * h[n] 

«{*[«] *y[n]} = (x[n] • y[n]) * h[n] 
= (s[n]«A{n])*y[n] 

= x[n] * (y[n] * h[n]) 



by the commutativity and associativity of convolution. 



11.30. 




h[n] is an ideal Hilbert Transformer: 



ipm, B9 £ 



\ j, -w < w < 



#(«*-) 



(a) In the frequency domain, 



*,.„(0 = |F(«*')| a »,^(e*'J 



Therefore, ^ IiI% [m] = $*„,,. [m]. 
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(b) The doss-correlation between input and output is just the convolution of #*„.,. (m] and k[m], 

t=— 00 

The following shows that it is an odd function of m: 

*>-. f H»] = E *(*]*--«-[-"* - fc i 

oo 

= . Y, h[-e\<t>, r ,A-m + e\ 

i=-oo 

t=-oo 

= - E *M*«— !"»-<! 

fc-oo 

since h[n] = -h[— n] and ^«,«,[m] = #x,x,[-*n]- 

(c) Starting from the definition of the autocorrelation and using the linearity of the expectation oper- 
ator we get 

= £[{x r [n] + jxi[n]){x r [n + m] - j*j[n + m))] 

= 2*,.,,lm]-2j#« r « i [m] 

The last line was found using the results from parts (a) and (b). 

(d) Taking the transform of both sides of the equality from part (c) we find 

P»H = 2* M ,(e**) - 2j#, F » i (e*') 



Since 






we get 

„ , ^ f 0. 0<W<JT 



4# I ^ Ir (e'' rf ), -* < w < 



11.31. (a) As shown in the figure below, the system reconstructs the original bandpass signal- As in the 
example, T = */(U c + Aft) and M = 5. 
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2/(5T) 



YV^-SVe*") 




2/T 



M**> 




- Jt <o 




1/T| 




^. - " 7t CJ 



V e (p) = S c (j£l) 




-fi c -Mi -CI 

(b) In the frequency domain 



[ 0, otherwise 
Note that H^c"") = SGfe*"-'"/ 5 )), where 

C(e i«, = (J, M 
v ' \ 0, oth 



otherwise 
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g[n] = 



sin(jrn/5) 



We can therefore write hi[n] as 

hi[n] = 5- 



eifn 



5cos(^n)sin(fn) . 5sin(^-n)sin(fn) 



+3' 



Kiln] 



hu[n] 



(c) Using the information from part (b) we find 
y[n] - y e [n]*hi[n) 

- (yr.W + jifefn]) * (M»] + iM n l) 

= (y„[n] * hnJTi} - jfafn] » M"l), +j(y«[n] * M"] + y„[n] * A«[n]) 

We can now redraw the figure using only real operations: 

ideal 
yjm s| TM I rr-^ W H—| TT^i D/C ] » y 6 « 



yjr 



(d) From comparing the top and bottom figures in the answer to part (a), it is evident that the desired 
complex system response is given by: 





TM 




ry"! 






ideal 

D/C 

Converter 


yjnj 




y,N 

.-1 










™ 


r^n] 






yjn] 









H & ' ~ \ 0, < w < x 



11.32. (a) We know 

X(z) = log[JT(z)] 

When X"(z) has a «ro or a pole, the term log[.X (z)j goes to negative infinity or infinity respectively. 
Therefore, X (z) has a pole at these locations. 

If x[n] is causal, X (z) has a region of convergence that is the outside of a circle corresponding to its 
largest pole. However, we require the region of convergence to include the unit circle, i.e., X {e 3 ") 
is defined. These two conditions imply that the poles of X(z) must be inside the unit circle. 
But the pole locations for X(z) correspond to the pole and zero locations for X{z). We conclude 
the poles and seros of X(z) must be inside the unit circle, i.e., x[n] most be minimum phase, 
(b) This argument is similar to the last, bat in reverse. Start with the fact that x[n] is minimum phase 
and must have its poles and zeros inside the unit circle. Then, as shown in part {a), the poles of 
X{z) must also be inside the unit circle. Because the region of convergence must include the unit 
circle, we know it lies outside the circle defined by its largest pole. Thus, x[n] must be causal. 



(c) 



u. 



fla-a**- 1 )!!* 1 -***) 



X(z) = log 



,1=1 



fxti-cjtofio-diz) 
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= log(yl) + Y, logU - *kz~ x ) + £ log(l - M 

- Y, k>g(l - ft*" 1 ) - £ log(l - <* 4 z) 
Jb=l t=l 



(d) Using the power series expansion 



log(l-*) = -£- 



we find 



log<l-aO = -E^ _n . W>M 



0\» 



11=1 



From the equations above we can identify the following z-trausform pairs 

_fL u [ n _i] +__* log{l-az _i ), J*) > |a| 
n 

£Z u [_ n _i] <_^ log{l-/fc), lzOJ/3- 1 ! 



We can now take the inverse transform of X(z). 

f logW, 



n = 






bz n 



N. 



<*r 



~ n ^ n 



(e) From the results of part (d), we see if x[n] is causal, all the b k and d k terms must be zero. But the 
expression for X(z) shows these terms correspond to the zeros and poles outside the unit circle. 
We conclude that all the zeros and poles of X(z) are inside the unit circle, i.e., x[n] is a minimum 
phase sequence. 
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HW#1: P2.1 fa), (c), (e), (g); P2.4; P2.24 

P2.1 

(a)T(x[n]) = g[n]x[n]; 

• Stable if g[n] is bounded; 

• Causal - output is not decided by future input; 

• Linear - T(ax[n] + by[n]) = ag[n]x[n] + bg[n]y[n] = aT(x[n]) + bT(y[n]); 

• Time variant - T(x[n-m]) = g[n]x[n-m]; 

• Memoryless - output only depends on x[n] with same n; 

(c)T(x[n])= "f>[£]; 

k=n-n„ 

• Stable; 

• Causal only if n = 0, else non-causal; 

• Linear - T(ax[n] + by[n]) = aT(x[n]) + bT(y[n]); 

• Time Invariant - T(x[n - m]) = V x[k] = V x[k'-m] ; 

k=n-m—n k'=n-n 

• Memoryless only if no = 0; 

(e) T(x[n]) = e x[n] ; 

• Stable; 

• Causal; 

• Nonlinear - T(ax[n] + by[n]) ^ aT(x[n]) + bT(y[n]); 

• Time Invariant - T(x[n - m]) = e x[n ~ m] ; 

• Memoryless - output only depends on x[n] with same n; 

(g)T(x[n]) = x[-n]; 



• Stable; 

• Non-Causal - output depends on future input; 

• Linear - T(ax[n] + by[n]) = aT(x[n]) + bT(y[n]); 

• Time Variant; 

• Not Memoryless; 



P2.4 

3 1 

As y[n] y\n - 1] + —y\n - 2] = 2x[n - 1] , the Fourier transform is 

4 8 

Y(e ,w )--Y(e ]W )e-' w +-Y(e JW )e 2]W = 2X(e JW )e JW 
When x[n] = S[n] => X(e ]W ) = 1 , thus 
Y(e JW ) 2l ' 



l-(3/4)e^ w + (l/8)e 



y[n] = S 



1 



1 



-2jw 



1 1 (1 



\-{ll2)e~ iw l-(l/4)e" 
u[n] 



P2.24 

As h[n] = [1111-2 -2] for n from to 5 and x[n] = u[n-4], the system response is: 
y[n] = x[n] * h[n] = [0000123420 ]; The sketch is shown as follows: 




12 3 



HW#2: P2.5; P2.18; P2.29 (a), (c), (e) 



P2.5 

(a) The roots for polynomial l-5z _1 +6z 2 =0 are 2 and 3, so the homogeneous 
response for the system is: 

y[n] = A l 2" +A 2 3" 



(b) As y[n] - 5y[n - 1] + 6y[n - 2] = 2x[n - 1] and x[n] = S[n] , the impulse response of 

the system is: 

2e~ jw ( 1 1 

H(en = ^ = 2 — - 

\-5e JW +6e- 2jw [\-3e- JW \-2e 

=> h[n] = 2(3"- 2" )u[n] 

(c) As y[n] - 5y[n - 1] + 6y[n - 2] = 2x[n - 1] and x[n] = u[n] , the step response of the 
system is: 

2z~ ! _ _J 4__ 3_ 

(l - 5z _1 + 6z~ 2 \\ - z' 1 ) ~ 1 - z" 1 l-2z _1 l-3z~ 
j;[«] = (3" +1 -2" +2 +1)m[«] 



P2.18 

(a) /2[«] = (l/2)"w[«] 

Causal, the output of the system does not depend on future input; 

(b) h[n] = (l/2)"u[n-l] 

Causal, the output of the system does not depend on future input; 

(c)h[n] = (\/2f 

Non-Causal, the output of the system depends on future input; 

(d) h[n] = u[n + 2] - u[n - 2] 

Non-Causal, the output of the system depends on future input; 

(e) h[n] = (1 / 3) " u[n] + 3"u[-n-\] 

Non-Causal, the output of the system depends on future input; 



P2.29 

As x[n] = [1 1 1 1 1 1/2] for n from -1 to 4, 

(a) x[n-2] = [11111 1/2] for n from 1 to 6; The sketch is: 



1 .6 
1 .4 
1 2 
1 
0.8 
0.6 
0.4 
0.2 



a a a a a 



(c) x[2n] = [11 1/2] for n from to 2; The sketch is: 



2 
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n] 
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- 


0.3 












- 


6 
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c 


:■ 


: 


0.2 














- 



-1 -0.5 



(e) x[n-l]5[n-3] = x[2]; The sketch is: 



2 


K[n -1]B[n-3] 








1 a 




- 


1 B 




- 


1 .4 




- 


1 2 




- 


1 


C 


> 


- 


OS 






- 


OB 






- 


0.4 






- 


0.2 






" 



1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 



HW#3: P2.40, P2.41, P3.27 (a), (c) 
P2.40 



x[n] = cos(mi)u[n] = (-l)"u\ri\ 
h[n] = (j)"u[n] 



(-1) 



Lfu[k](-iy k u[n-k] = (-iyf j ( ''- 

k=-i /,-=-«> 2 k=0 

„l-(-7/2)" 



y[n] = h[n]*x[n]= ^Kk]y{n-k] = ^(^) k u[k](-ir k u[n-k] = (-iy^(-^) 



i-(-y/2) 



_. .. l-(-772)" +1 1 

Since hm- 



l-(-j/2) 1 + 772 
The steady state response to the excitation x[«] = (-1) "*/[«] is 
1 _ cos(^w) 

1 + 7/2 ~ 1 + 7/2 

P2.41 

Given a periodic impulse train x[n] = ^S[n + kN] , we can write its Fourier transform as 

k=-m 

lir m 
X{e ]CO ) = — Y,S{c) + 27tklN) (1) 

(Refer to Signal and Systems, 2 n edition by A.V. Oppenheim and A.S. Willsky, Page 371 for its proof) 

In problem, 2.41,/V=16, so its Fourier transform is 

lir °° 
X(e Ja, ) = — '£ i S(a + 27tkl\6) (2) 

16 k =-x. 

Let Y{e ,a ) denotes the output of the system, then 
Y(e i °) = X(e j °)H{e i ") (3) 

If \0\<3x/%,H(e JW ) = e- ja ' 3 

= e J ° 3 — YS((O + 2nk/\6) = —[S(co) + e j3 ' !l *S(cD+7r/8) + e- j3 ' !n S(0-7r/8)] (4) 
16 k= ^o 16 

If |<9|>3;r/8,/7(O = 0,thus Y(e J °) = 0, (5) 

So Y(e J °) = — [S(co) + e j3x,s S(co + ir /8) + e j3jr/ *S(to - x /&)] (6) 

16 

Take the inverse Fourier transform, we can get 

^[ w ] = J-(l + e > 3 - / V"' /8 +e- J ' 3 ' /8 e"* /8 ) = — (l + e^ 3) * /8 +e ( "- 3) ' /8 ) 
16 16 



1 •„ ^ • „> 1 1 ,71 , 

— (1 + 2cos — (n - 3)) = — + -cos(— (n - 3)) 
16 8 16 8 8 



(V) 



Note: Take a look at (3), H(e JW )is band limited, X(e ;tt, )is infinite pulse train. If we 

multiply them together, we can only consider those pulses falling into the band 

( - 3n 1 8 , 3n 1 8 ). The rest pulses are cancelled due to the multiplication with 0. There are 



2k 2k 2k 

three pulses falling into the band — S{(o), — Sip +k /8), — S(co -it /8) , so we get 

16 16 16 

(6) 

P3.27 
{a} 

w 1 A B C D 

x(z) = — i = — i + — i — + v~' r^ + r~ r^~ 

(l + -z- i ) 2 (l-2z- 1 )(l-3z- 1 ) (1 + -Z- 1 ) 2 1 + V 1 1_2z 1_3z 
X (z)'s poles are z=-l/2, 2, 3, if it is stable, the ROC is | z |e (1/2,2) 

A = X(z)(l + ^z- l f\ 2 

C = X(z)(\-2z l )\ z=2 
D = X(z)(\-3z l )\ z=3 







1 


1 


1 


12 


(1- 


■2z _1 )(l-3z" 

1 


') U 


^ 1/2 35 
1568 


(1 + -Z 

2 


-'^(l-Sz- 1 ) 
1 


1225 
2700 



(l + -z- 1 ) 2 (l-2z- 1 ) Z 1225 



Also, 


Let z 


1 = at both sides, 


X(z)| 


z~'=0 ~~ 


l=A+B+C 


+ D 


Thus, 


B = \ 


-A-C-D= 


58 
1225 


X(z) 


- 


1 





1/35 58/1225 1568/1225 2700/1225 

■ + — + - 



(l + -z- 1 ) 2 (l-2z- i )(l-3z- 1 ) (1 + -Z- 1 ) 2 1 + -Z- 1 1 ~ 2z ~* 1_3z ~' 

Since the ROC is | z |e (1/2,2), 

r n 1 , ,w U„ r , -, 58 , 1 „ r n 1568^„ r „ 2700 „ „ r 

x[«l = — (n + 1)( — ) u\n + 11 + ( — ) u\n\ + 2 u\-n - 11 3 u\-n - 11 

35 2 1225 2 1225 1225 



Note: To get the inverse Z-Transform of second-order term or multiple order term, we 

can use the differentiation property nx[n] <-> -z (Refer to page 122 of textbook f 

dz 

its proof) 

E.g. right side sequence x[n] = a"u[n] <-> —(ROC: | z |>| a |) 

1-az 

d (, t)/ az- 1 , z- 1 

„a»[„] «* - r [ l-az / j so na[n]<^- — 

/ az (\-az ) (1 - az ) 

x[«] <-> X(z) = = z +2z+- 



z-2 \-2z~~ 



X(z) has its only pole at z=2. If x[n] is a left-sided sequence, the ROC is | z \< 2 
x[n] = 5[n + 2] + 25[n + 1] - 2(2)" u[-n - 1] 
or x[n] = 5[n + 2] + 25[n + 1] - 2" +1 u[-n - 1] 

P3.1 

igi 

1 9 1 

(—)"(u[ri\ -u[n- 10] = ^ (—)"<?[«] is a finite length sequence, so its ROC is | z |^ . The 

2 „=o 2 
solution in the textbook is right. 

HW#4: P3.6 (d), (e); P3.20; P4.1; P4.3 
P3.6 

wxw ^-^'K H>i/2 

l-(l/4)z~ 2 ' ' 



X{z) 



Partial Fraction Expansion: 

l-(l/2)z _1 l-(l/2)z _1 1 



l-(l/4)z~ 2 (l-(l/2)z _1 )(l + (l/2)0 l + (l/2)z" 



• Power Series Expansion: 

X(z) = ^ '—— = l-(l/2)z^+(l/4)z" 2 -(l/8)z" 3 +(l/16)z" 

l-(l/4)z~ 2 

=>x[n]= -- u[n] 



• Fourier Transform exists as the ROC including unit circle. 



\-az , , , 

(e)X(z) = — H >1/a 

z -a 

• Partial Fraction Expansion: 

T ,. . \-az~ l 1 az _1 1 a 2 -1/a a 

X(z) = — = — = — a = — - a + 

z -a z -a z -a z -a z -a \-(\la)z l-(l/a)z 

riY +1 riv -1 riv +1 riv -1 

=> x[n] = - \ — \ u[n]-aS[n] + \ — \ u[n] = - — u[n\ + — u[n-l] 

• Power Series Expansion: 



X{z) 



\-az 



z — a z — a z — a 



z -a \ a )\ a a a 

ClZ~ X -1,1-2,1 -3,1 -4 

— : =Z H Z H -Z H -Z 

-1 2 3 

z -a a a a 



x\[n] 



- - u\n\ = - - | u[n] 

a A a J \a 



x2[n] = | — | u[n -1] 
a 



i Y ( i 

x[n] = x\[n] + x2[n] = -| — u[n] + \ — | u[n-\] 

a J \a 



• Fourier Transform exists when the ROC including unit circle, which means 

\a\<\ . 



P3.20 



(a) As the ROC of X(z) is |z| > 3/4, and the ROC of 7(z) is |z| > 2/3, the ROC of #(z) 
should be |z| > 2/3 ; 

(b) As the ROC of X(z) is |z| < 1/3, and the ROC of Y(z) is 1/6 < |z| < 1/3, the ROC of 
H(z) should be |z| > 1/6; 



P4.1 



As jc c (0 = sin[2;r(1000] and T = 1/400 sec, 



x[n] = x c (nT) = sin[2/r(100«r)] = sin — 



P4.3 

As x c (t) = cos[4000/rf] and x[n] = cos 

(a) Let x[n] = x c (nT) => T 



12,000 



(b) T is not unique, for example, T 
HW#5: P4.5; P4.7; P5.2; P5.3 



12,000 



P4.5 

(a) From Nyquist Sampling theorem, to avoid aliasing in the C/D converter, the sampling 

frequency Q. s = — > 2Q m = 2* 5000Hz = \0 4 Hz , so T s <\0 4 s 



£b)Q -^_Q = ^Ilio 4 = 625Hz 

(c)Q = Zf^# Q =— 2xl0 4 = 1250Hz = 1. 25kHz 

Q / 

Note: The relation between digital frequency / and analog frequency Q is — = — , 

Q. s 2/T 

where Q x is the sampling frequency, / is in radians. 
P4.7 

(a) 

x e (t ) = s c (*) + os^. (* - r d ) 

x c (yn) = s c (yn)(i + ae-' Q ") 

Consider sampling, x[«] = x c (nT) , in frequency domain (refer to Eq4.i9 in textbook, P147), 
x{e'- T )=^±X c (m~)) 

J- fc=-ao J- 

(b) 

(c) 

M«] = — [H(e j °)e imB d(D=— \(\ + ae - jaTd/T )e jnm dco = — \e ]na da+— \ae^ m ^ Td/T) dco 
2n I 2tz I 2x1 l7t I 

_ sin(w^) sin[(w -r d l T)tt] 

nit {n-T d IT)it 

i\n(ruc) sin[(w - l);r] 

if r d = i , «[«] = — - — - + a — = 8 [n] + ao\n - 1] 

nit (n - l)/r 

sin(>/r) sin[(w-l/2);r] sin[(«-l/2);r] 

if r d = T 1 2 , h[n] = — - — - + a — - 1 = o[n] + a — — ~^- 

nn (n-X)7t {n-X)K 

P5.2 

y\n - 1] - — y[n] + y\n + 1] = x[n] 



H(z) 



Y(z) 
X(z) 



■3/5 



3/! 



10 



(l-(l/3)z- 1 )(l-3z- 1 ) l-(l/3)z _I l-3z 



(a) H (z) has two zeroes: 0, oo ; two poles: 1/3, 3 



1.5 


i i i i 


- 


0.5 




- 





-/ i--x i-~- 


_ x . _ 


0.5 




- 


1.5 


1 1 i 1 1 





0.5 1 1.5 

Real Part 



(b) The system is stable, so the ROC includes the unit circle. The ROC is l/3<|z|<3 

3 1 3 

tfn] = ~(-) «W -~yu[-n - 1] 

o J o 



P5.3 

y[n-l] + -y[n-2] = x[n] 

z- 1 Y(z) + ^z- 2 Y(z)) = X(z) 



H(z) 



Y(z) 



1 



1 



X(z) Z - l +(\/3)z- z z 1 (l + (l/3)z^ 1 ) l + (l/3)z _1 
The poles are: 1 / 3 , there are two ROC, 0<|z|<l/3,|z|>l/3 

( 1 ) <| z |< 1 / 3 : h[n] = -(- -) " +1 u[-n - 2] , choose (d) 

(2) | z |> 1/3 : h[n] = {--) n+l u[n + \], choose (a) 
HW#6: P5.10; P5.12; P5.15 

P5.10 

As one of the zeros of H(z) is at z = oo , the corresponding pole of Hi(z) will be also at 
infinity. The existence of a pole at z = oo implies that the system is not causal. 



P5.12 

(a) 



«- ; i \ o «— 



As the poles of H(z) are 0.9, -0.9, ROC includes the unit circle, the system is stable, 
(b) 



H{z) 



(l + 0.2z^)(l + 3z^)(l-3z^) 

(l + ./0.9z- 1 )(l-./0.9z- 1 ) 
-9(l + 0.2z" ! )(l + (l/3)z" 1 )(l-(l/3)z" 1 ) {z- 1 + H3){z l -1/3) 



(l + j0.9z- l )(l-j0.9z l ) 



{\ + {\l3)z')(\-{\l3)z^) 



H l( z) 



H v {z) 



H,(z)H(z) 



P5.15 

Generalized Linear Phase - GLP; 
Linear Phase - LP; 

(a) As h[n] = 2S[n] + 8[n - 1] + 28[n - 2] => H(jw) = (1 + 4cosw)e~ JW , 

A(Jw) = l + 4cosw and a = 1,/? = 0, it is a GLP, but not LP as ^4(yw) is not always 
nonnegative for all w; 

(b) It is not a GLP or LP as it is not a symmetric filter; 

(c) As h[n] = S[n] + 35[n - 1] + S\n - 2] ^> H(jm') = (3 + 2 cos w)e JW , 

A(jw) = 3 + 2cosw and a = l,j3 = 0, it is a GLP and also LP as ^4(jw) is always 
nonnegative for all w; 



(d) As h[n] = 5[n] + 8\n - 1] ^> H(jw) = 2 cos(> / 2)e 



-jXw/2) 



A(jw) = 2cos(w/2) and a = 1/2, /? = , it is a GLP, but not LP as A(jw) is not always 
nonnegative for all w; 

(e) As h[n] = S[n]-S[n-2]=> H(Jw) = 2sinw<T J ' (w ^ /2) , 

A{jw) = 2 sin w and a = \,fi = n 12 , it is a GLP, but not LP as ^(yH')is not always 

nonnegative for all w; 



HW#7: P6.7; P6.8; P6.ll; P6.25; P7.15 
P6.7 

The difference equation is: y[n] y\n - 2] = x[n - 2] x[n] 

Z-Transform: 7(z)--7(z)z~ 2 = X(z)z~ 2 --X(z) 



Transfer function: H(z) 



1 

■ — + z 
4 



r(*) 

X{z) x _\_ z 
4 



x[«] 

o ►o- 



-1/4 
->o ►o- 



1/4 „ 



y[n\ 

— ►o 



P6.8 



>>[w] - 2y\n - 2] = 3x[« - 1] + x[« - 2] 


P6.ll 




#(*) = — 


(1 - 2z _1 )(1 - 4z~ : ) z- x - 6z- 2 + 8z~ 3 

l-Iz- l-iz- 

2 2 


(a) 

o 


►O ►O O HD 



1/2 v 



-+-0 



( b ) x[n] 

o ►o 



->o ►o 



1/2 



,- -6 



-+.0 



P6.25 



(a) H(z) = [H l (z) + H 2 (z)]H 3 (z) = [- 



- 2 7 + (l + 2z- 1 +z- 2 )](- T ) 



The Z-Transfer function 
tf(z) 



.9 ,9 _ 2 11 _ 3 7 4 

2h Z H Z H Z H — z 



, 11 _, 5 _ 2 7 _ 3 

1 z H — z z 



(b) 

The difference equation: 

y[r> 

(c) 



11 5 7 9 9 11 7 

y[n]-—y[n-l] + -y[n-2]--y[n-3] = 2x[n] + -x[n-l] + -x[n-2] + —x[n-3] + -x[n-4] 

o 4 o o o o o 



x[n] 2 y[n] 
o ►o ►o hd ►o 



1/8 | 9/8 

O-* O K> 



5/4 „ 9/8 



7/8 | 11/8 
o^ o ►o 



7/8 



P7.15 

Specifications: 

(a) Pass band ripple: S p = 0.05 , A p = 201og<^ = -26.02dB 
Stop band ripple: S S =0.\,A S = 20 log ^ = -20dB 
Pass band edge: to = 0.25;r 
Stop band edge: a s = 0.35;r 



Cutoff: o c = 03?r 

The peak approximate error 201og 10 8 < -26.02dB 

Among the windows in Table7.1 (Page 471), Hanning, Hamming, Blackman can be used 

(b) 

Hanning: 0.1/r=— , M = 80, L =M + 1 = 81 
M 

Hamming: Q.bt = — , M = 80, L =M + 1 = 81 

M 

\2k 

Blackman: 0.1;r = , M =120, L = M + l = 121 

M 

Note that the estimation is not accurate. We can use MATLAB to find the minimum of 

filter order to meet the requirements. 



